




MATHEMATIC S 


A Textbook for Class XI 

Part I 


IZHAR HUSAIN U. B. TEWAR! 

M.S. RANG AC H AR I D. D. JOSH1 

V. KANNAN B. DEOKINANDAN 



NATIONAL COUNCIL OF EDUCATIONAL RESEARCH AND TRAINING 




Pint Editto* 

August J99S SnnvHu / V/W 


-OFFICES OF THE PUBLICATION DEPARTMENT, NCERT 


NCERT Campus 
Sri Aurobindo Marg 
NEW DELHI 110016 


CWC Campus 
Chitlapakkam. Chromepef 

MADRAS 600064 


Navjivan Trust Building 
P.0 Navjivan 

AHMEDABAD 300014 


CWC Campus 

32, BT. Road, Sukchar 

24 PARGANAS 743179 


N>Wi»< ot tho hMkmim Department By On Starioyy. HoUoool ComboI cf B Obo Om bb I t aaai r ch mdTrmninfr 
AwrdbMn Mart Now Ddhi 1 10 016, laaotypaa* at bdiaa fculitute of Saapoa, B«galora 560012 «4prinl®d «c 
M'PunOHodCftyftto IM. lid.. 90. D8IDC Aid. OkhU bdutfriaL EBote. Fttusc n. Now Ddhi 1 10 020 



Foreword 


In keeping with the National Policy on Education (NPE) l <>86, the National Council of 
Educational Research and Training (NCERT) developed a new curriculum in mathematics 
covering the entire school stage It brought out new textbooks and other related instructional 
materials. The textbooks were developed by teams of authors consist ingot* eminent mathematicians 
with active interaction with user teachers. These textbooks have been in use in the schools 
affiliated to the Central Bohrd of Secondary Education (CBSE) since 1088 Several states have 
also adopted/adapted these textbooks 

The Department of Education in Science and.Mathematics(DESM) of the NCERT collected 
a lot of information from selected schools regarding the classroom use of the materials. In 
addition, very useful feedback was received by t lie DESM as well as by the authors themselves from 
several quarters. In the light of the feedback obtained, it was felt that the mathematics textbooks 
for Classes XI and XII needed some revision. Consequently, a small group consisting of Professor 
M. S. Rangachari, Professor A M, Vaidyaand Professor V. Kannan was set up to revise the books 
Each of these authors separately consulted the teachers teaching Classes XI and XII through 
special workshops and finally the books were revised. I am grateful to all of them for consenting 
to take up the responsibility of revising the books and doing a good job within the short time 
available 

I also thank Prof. K. V. Rao, Dr B Deokinaudan. Shri Mahendra Shanker. Dr S. K S 
Gautant, Dr Rant Avtar, Dr Hukum Singh and Shri G D Dluill of the DESM who, besides 
contributing to material development took lots of pains to sec the books through the press. I am 
indebted to the teachers, students, parents and institutions who favoured us with valuable 
comments and suggestions which formed the basis for the revision. 

Though seine improvements have been made in the present revised books, there will always 
be ample scope for further improvement So. suggestions/conmieiHs from users and others are 
most welcome. 


A. K. Siiakm a 
three tor 

National Council Of Educations! 

Research and Training 



SCIENCE RELATED VALUES 


Curiosity, quest for knowledge, objectivity, honesty and 
truthfulness, courage to question, systematic reasoning, 
acceptance after proof/verification, open-mindedness, 
search for perfection and team spirit are some of the basic 
values related to science. The processes of science, which 
help in searching the truth about nature and its 
phenomena are characterised by these values. Science 
aims at explaining things and events. Therefore to learn 
and practise science : 

* Be inquisitive about things and events around you. 

* Have the courage to question beliefs and practices. 

* Ask 'what', 'how' and 'why' and find your answers 
by critically observing, experimenting, consulting, 
discussing and reasoning. 

* Record honestly your observations and experi- 
mental results in your laboratory or outside it. 

* Repeat experiments carefully and systematically if 
required, but do not manipulate your results under 
any circumstance. 

* Be guided by facts, reasons and logic. Do not be 
biased in one way or the other. 

* Aspire to make new discoveries and inventions by 

sustained and dedicated work. j 


Preface 


The textbooks of mathematics for senior secondary classes developed during 1987-88 by the 
author-team constituted by the NCERT have been generally appreciated by their users in schools 
as well as by others interested in mathematics education However, in course of time, some good 
suggestions have been received by the authors. Also, the Department of Education in Science and 
Mathematics, NCERT gathered some feedback from various schools in which the textbooks have 
been taught. 

The NCERT desired that these textbooks be revised in the light of the feedback received from 
several quarters and entrusted the job of revision to Prof A M. Vaidya (as a non-author). Prof. 
Kannan and myself (as among the authors of these textbooks). We three went through the 
textbooks critically. Further, all the three of us conducted small workshops separately inviting 
teachers teaching these materials in their schools and other experienced in teaching at the senior 
secondary and highei levels to discuss the revision. After revising the material in the workshops 
they were further more closely scrutinised with the help of Dr V. K Krishnan and Kum. R. 
Vijaylakshnii before they were passed on to the NCERT for printing. 

The main features of the revision are: 

(i) Change of sequence of topics/concepts in the textbook of Class XI to ensure more 
logical development and inclusion of historical references at the appropriate places in 
the text itself rather than as an appendix 

< ii) Inclusion of some additional concepts like moment of a couple, Bayes' formula, etc. either 
introduced by CPSE and or let t ds or toping kopliol n in the earlvi version of the text. 

(The concept of rank of a matrix is introduced to treat more precisely the consistency of a 
system of equations. ) 

(iii) Inclusion of additional exercises 

(iv) Elimination of errors that had inadvertently crept into the earlier version of the 
textbooks. 

1 am very grateful to Prof. A. M Vaidya and Prof. Kannan for the pains they have taken to 
complete the work in a short time in spite of their various other commitments. 1 must make special 
mention of the valuable contribution made by Dr V K. Krishnan and Kum. R. Vijaylakshmi who 
went through the minute details in the revised manuscript and helped in the further refinement 
of the manuscript. I must thank Prof. K. V. Rao, Dr B. Deokmandan and Shri Mahendra Shanker 
of the Department of Education in Science and Mathematics, NCERT who initiated the revision, 
gave all support to us and finally sawthe revised books through the press. Lastly, 1 am very grateful 
to the teachers who attended the workshops for revision of the textbooks and many other 
friends who made valuable comments/suggestions that helped in the revision of the 



textbooks. The production team of the Publication Department of the NCERT deserve ait 
appreciation for the good quality of production and expeditious printing. In spite of all the care 
taken so far it is possible that there are still some shortcomings in the revised textbook. I shall 
be grateful for any suggestions or comments which will help the forther improvement of the 
material. 


M.S.Ranuachnu 
T he Ramanujan Institute 
University of Madras 
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CHAPTER 1 


Sets, Relations and Functions 


1.1 Set 

This chapter is intended mainly as a review of the topics discussed in the textbooks of 
lower classes. You have now become familiar with the concept of *set\ As you know a 
set goes along with the concepts: “objects”, “belongs to” or “does not belong to” the 
set. If S is a set and a belongs to the set S , we write “a € S" } which is read as ‘a belongs 
to S' or *a is an element of S' or ‘a is in S'. In Fig. 1.1 if S is a set of points of which a 
is one, then a € S. 

If a does not belong to S, we write a ($ S , 
a is then not an element of S. In mathe- 
matics, we are mostly concerned with sets 
of numbers, or sets of other mathematical 
entities e.g. sets of polynomials, sets of. 
fractions, sets of lines, sets of circles and 
so on. A rigorous theory of sets has been 
developed on the basis of axioms but for 
our purpose an intuitive approach known 
as “naive set theory”* would be enough. 

A set is determined, if, given any object, 
it can be said whether the object belongs 
to or does not belong to the set. 

In any context, we have in mind some set and we consider different subsets of this 
set. This set is called the universal set . For example, when in two dimensional geometry 
we discuss sets of lines or triangles or circles, then the universal set may be the plane 
in which the lines, circles and triangles lie. Suppose we are discussing integers, positive 
integers, or prime numbers, then we can take the universal set to be Z, the set of integers. 
We can also take R, the set of real numbers, as the universal set in this case. Thus the 
universal set is determined by the context of the problem discussed. You also know what 
is meant by the empty set or the void set, or the null set which is denoted by the symbol 
which is the letter 4 oh’ of the Scandinavian alphabet. 


S 



a es 




♦ A steely written book with this title by P.R. Hslmaos is recommended for further study. 
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If A and B arc two sets such that every element of 4 is also an element of B, then 
we say that ‘ A is a subset of B\ In symbols, wc write A C B (See Fig. 1.2). . 

For example, ZcQ, (where Q denotes 
the set of rational numbers), since every 
integer is a rational number. It may be 
noted that A C A and the empty set is 
a subset of A for every set A. If A C B, 
we sometimes write B D A and read ‘B 
contains A' or ‘B is a superset of A\ We 
can also say K A is contained in B\ 

Two sets are said to be equal if they have 
the same elements, more precisely, ele- 
ments of A are in B and vice versa. You 
can see that if A C B and B C A } then 
A » B. „ , 

Let us recall that the union of two sets A 
and B is the set consisting of all the ele- 
ments of A together with all the elements 
of B. There is no point here in repeating 
the elements more than once. The union 
of two sets A and B is written as A U B 
(See Fig. 1.3). 

In symbols, we have 

A U B = {x|x € A or x E B) 



AU B 

Fk 1.3 


The intersection of two sets A and B, de- 
noted by AO B is the set of elements com- 
mon to A and B (See Fig. 1.4). In sym- 
bols, wc imvo 

A O B = {x|x € A and also x € B) 



For example* if A is the set of positive A HB 

integral multiples of 2 and B is the set of Fk 1 4 

positive integral multiples of 3, 

i. e. f A = {x|x sp 2n, n = 1,2,3, . . .} = {2, 4, 6, 3, . . .} 
B = {x|x = 3n,n = 1,2,3,. . .} ={3,6,9,.,.} 


then 

AUB * {x|x is a multiple of 2 or a multiple of 3} 
- {2,3,4,6,8,9,10,12,14,15,...} 
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and An B {x|x is a multiple of both 2 and 3 } 

* { 6 , 12 , 18 ,...} 

= {all the multiples of 6} 

We can similarly define the union and intersection of any number of sets. 

If U is the universal set and A C U , then the complement of A with respect to U 
denoted by A* t is the set of all those elements of V which do not belong to A (See 
Fig. 1.5). 

In symbols, 

A ' = {x|x € U,x $ /!} 

Evidently 

{A<y = A 
U f = (f) 

De Morgan’# Laws 
If A and B are two subsets of V t then it can be shown that 

{AvBy = >i e n b* 

and {An BY =A'UB' 

These relations are true even for more than two sets. These results may be verbally 
stated as follows: 

Complement of union is equal to intersection of complements and complement of 
intersection is equal to union of complements. 

n 

We use the notation (J A % to denote the union of n set!* AiyA^A^ Thus, 



(J A, - A) U A 2 U A 3 • • • U A„ 

l=* l 


Similarly, we use the notation f) t0 denote the intersection of n sets A\ % A 2 , ...» A n . 

t*i 

Thus, 

n 

Pj At ac A\ O A 2 n A$ • . . n An 

j* 1 

The difference of two sets A and B, denoted by A - B, is defined by 

A — B a*.{x|x € A and x & B) 


A- B is also denoted by A\B. 
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It may be noted that unions and intersections are commutative, associative and each 
of them is distributive over the other, i.e. 


Au B = Bu A 
AH B = Bn A 
(AuB)uC — AU(BUC) 
(AnB)nC = An(BnC) 
(AuB)nc ~ (AnC)u(BnC) 
(AnB)uC m (AuC)n(Bu C) 


Remarks 

(i) The words ‘family*, ‘class’, ‘collection* are also used as synonyms for the word ‘set* 

(ii) If A n B = <t> y we say A and B are disjoint. If Ai, A2 . . . is a sequence of sets, it 
is said to be a pairwise disjoint family of sets if and only if any two sets of this 
family are disjoint. For example, if A is the set of all odd integers and J B, that of 
even integers, then A and B are disjoint. The class of sets { A 2 , A 3 , A 5l A 7 } t where 
A2, As, A&, Ay are defined by 


A2 
A 3 
Ax> 

a»d"j4r 


2 , 2 3 1 2 3 , 2 4 , 2 5 , 

3, 3 a ,3 3 ,3 4 ,3 6 , 


is pairwise disjoint. 

Note that 0 is such that 0 C A for any A and 0 n A = <t> for any A. i.e; the null 
set is contained in every set and at the same time disjoint from every set. 

(iii) A set S is said to be a finite set if the number of elements of 5 is finite. The nuD 
set 0 is regarded as a finite set 

Example LI 

Show that (i) A C A U B 
(ii) AnB C A 



A C AuB 

PklJ 
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Solution 

(i) Let x € A. Then x € A certainly, 
while x may belong to B or may not 
belong to B. So in either case, 
x 6 AuB* Hence, A C AuB. 

(See Fig. 1.6). 

(ii) If x € A ft B t then x € A and x € 

B. So in particular, x € A, Hence 
AC\ B C A. Similarly An B C B 
(See Fig. 1.7). 

Remark 

You might have used Venn diagrams in lower classes to verify set theoretic facts. It is, 
however, necessary to draw the diagrams in the most general way. For example, suppose 
we have to represent three sets. Then Fig. 1.8 does not represent the general case, since 
it would follow that AnBnC = <f> , which need not always be the case. Fig. 1.9 represents 
the general case. 



AnB C A 
AnBcB 
Fig. 1.7 



Fig.lA 


Fig. IS 


1.2 Cartesian Product of Sets, Relations 

The procedure of considering union or intersection of a .class of sets and the difference 
between two given sets is to create more sets out of given sets. Yet another procedure is 
to consider what is known as the Cartesian product of two or more sets. For simplicity, 
let A t B be two sets. By an ordered pair of elements we mean a pair (a, h), a € A, 
b je B in that order, (a, 6), (5, a) are different unless a * b i.e. a and b are one and the 
same object. The set of all ordered pairs (a, 6), of elements a € A, b € B is called the 
Cartesian product of the sets A and B and is denoted by Ax B. In symbols, 

AxB~{(a,b) \aeA,b€B) 
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We say (a, 6) « (c,d) if and only if a « c and 6 « d. Clearly, A x B and B x A are 
different sets if A £f . Also A x B = <t> when one or both of A, B are empty. Conversely 
if A x B — 0, either A = ^ or B = <f>. Again, A x B ** B x A if and only if A * B or 
A = <t> or B = <(>. 

If there are 3 sets X, K, X, then choosing 3 elements x t y and z such that x € X, 
y € Y and z G Z, we form an ordered triplet (x, y, *). The set of all such ordered triplets 
is called the Cartesian product of the three sets X , Y , Z and is denoted by X x Y x Z. 
We can, similarly, form the Cartesian product of n sets. Clearly, each element of the 
Cartesian product of n sets A\ , A2 , . . . , A n is an ordered n-tuple (aj, 02, 03 , . . . , a„) where 
oj € A] , a>i € A? and so on. The Cartesian product of n sets Aj, A2 , . . A n is denoted 

by A] x A 2 x x A n or briefly hy fj A,. 

1*1 


Example 1.2 
I^et A = {1,2,3} and 

Find Ax B and show it graphically. 

Solution 

Clearly A x H ~ {(1, 2), (1, 4), (2,2), (2, 4), (3, 2), (3,4)} 

It may be guessed from the above example 
that n(A x B) — n(A)xn(/J), where n(A) 
and n(B) denote the number of elements 
of A and B respectively and n(A x B ) 
denotes the number of elements of the set 
Ax B. 

lo show A x B graphically, we draw two 
perpendicular lines, one horizontal and 
the other vertical. On the horizontal line, 
we represent the elements of A and on the 
vertical line, the elements of B(Fig. 1.10). 

If a € A, b € B, we draw a vertical line through a and a horizontal line through 6. 
They will meet in a point which will denote the ordered pair (a, 6). The set of points so 
obtained graphically represents Ax B. 

In particular, if A is the set of all real numbers, we can deem A to consist of all 
points in a line. Ax A will then consist of all points in the plane. If P is a point in the 
plane, then a and b in the corresponding ordered pair (a, b) are called the coordinates of 
P. 

We now consider a set B of persons, as follows: 


2 

Set A 
A X B 

P%.1.10 


B = {Asha, Zarina, Mary, Sushma) 
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Let ue consider another aet A of their brothers as follows: 

A s= {Ram, Kedar, Jamil, Albert} 

There is a relation ‘is a brother of* between the elements of the sets A and B. If We write R 
fpr the relation “is a brother of and if Asha has two brothers Ram and Kedar, Zarina has 
a brother Jamil and Mary has a brother Albert, then the above information can be repre- 
sented as: 

Ram R Asha, Kedar R Asha, Jamil R Zarina, Albert R Mary. 

Omitting the letter R between the pairs of names and writing the pair of names as an 
ordered pair, the above information can also be written as a set of ordered pairs R where 

R ® {(Ram, Asha), (Kedar, Asha), (Jamil, Zarina), (Albert, Mary)} 

= {(x,y)\x £ A,y £ B,xRy) 

Thus we see that the relation “is a brother of *’ from set A to set B gives rise to a subset 
R of A x B such that (x,y) € R if and only if xRy . Let us consider another example. 
Let N be the aet'of natural numbers. Consider the relation ‘has as its square* from the 
set-N to N. If we write R for ( has as its square*, then we get the statements: 

1 J?1 , 2R4, 3/29, 4 W16 . . . 

Again, we omit R between the pairs of numbers and write them as ordered pairs. We 
thus find that the relation ‘has as its kpiaie 1 gives rise to a set R of ordered pairs where 

R = {(1,1), (2, 4), (3, 9), (4, 16), (5, 25)...} 

« {{x,y)\x y y £ N and y = x 5 *} 

The set R obtained from the relation ‘has 
as its square* from N to N is subset of 
N x N. Again we note that (x,y) £ Rif 
and only if y = x 2 . 

Keeping the above examples in the back- 
ground, we can now define a relation. 

Fig .1.11 

Definition 

A relation R from a aet A to a set B is a subset of A x B. A is called the domain of R 
and B is called the co- domain of R . 

The set of second entries of the ordered pairs in a relation is called the range of the 
relation. 

Then in the example in Fig. 1.11 

domain * {1,2,3,.,.} 
and range = {1,4,9,...} 
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If (a, 6 ) e A, then we write it as aRb and read it as ‘a is in relation R to b\ If A m JEf, 
then the relation is called a relation defined in A or simply a relation in A, 

A relation A in A is said to be reflexive if aRa for all a € A* It is said to be 
symmetric if aRb implies bRa. It is said to be transitive if aRb and bRc together imply 
aRc. Let a, 6 be two triangles in a class of all triangles in a plane and let aRb be *a 
is congruent to V* . Then we know that A is a relation which has all the properties 
mentioned above. Any such relation which is reflexive, symmetric and transitive is called 
an equivalence relation . 

Not all relations are equivalence relations. In the set N of natural numbers aRb 
o ,6 € N defined by ( o divides 6 ’ or in symbols, o| 6 , is a reflexive relation but not 
symmetric. It is, however, transitive. So it is not an equivalence relation. 

An important property of an equivalence relation is that it divides the set into 
pairwise disjoint subsets whose collection is called a partition of the set. Note that the 
union of the subsets in the collection is the whole set. We illustrate this point by the 
following example. 

In the set N of natural numbers, we define a relation A as follows: 

For n,m C* N, nAm if on division by 5 each of the integers n and m leaves the same 
remainder i.e. one of the numbers 0 , 1 , 2 , 3 and 4. It is easily seen that A is an equivalence 
relation. For, aRa for all a € N (Reflexive). If aA 6 , then bRa for a, 6 € N (Symmetric). 
If aA 6 , and 6 Ac, then aRc (TVansitive). 

Let A 0 ={ n|n € N and on division by 5, n leaves the remainder 0 } 

Ai ={ n|n € N and on division by 5, n leaves the remainder 1 } 

Similarly, we define sets A 2 ,A 3 , and A 4 . Since there can be only five remainders viz. 
0,1 ,2,3,4 on division by 5, we shall not get any other sets. 

Now, 


A 0 = {5,10,15,20,...} 

A\ = {1,6,11,16,21,...} 

A a « {2,7,12,17,22,...} 

A 3 = {3,8,13,18,23,...} 

A 4 = {4,9,14,19,24,...} 

It is evident that the above five sets are pairwise disjoint and 

4 

Ao U A\ U A a U A 3 U A 4 = Ai m N 

1=0 

We have thus seen that the equivalence relation A, defined in this example, has 
divided the set N into five pairwise disjoint subsets. 

Conversely, a partition of a set defines an equivalence relation. If . . .S„ is a 
partition, this equivalence relation is aRb if and only if a, 6 € Si for some i * 1, 2, . . . , n. 
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Example 1.8 

If A * {1,2} ,B = {3,4} ,<7 = {4,5} , what is .4 x (BuC)? 

Solution 

BUC = {3,4,5} So, A x (BUC) « {(1,3), (1,4), (1,5), (2, 3), (2, 4), (2, 5)} 

Example 1-4 
Prove that 

4x(flnC)=:(>ixfi)n(/lxC) 


Solution 

If (x, y) G x (if n C), then x£A and y G B O C. 

So, x G A, y G B and x G 4, y € C i.e. (x, y) G .A x B and (x, y) 6 AxC 
Hence, (x, y) G {A x B) n {A x C) 

Hence, Ax(BnC)c(AxB)n(AxC) (i) 

Conversely, if (x, y) G (A x B) n (A x C), then (x,y) €. A x B and (x, y) G AxC. 
So,x G A, and y G B and y G C i.e. x G A and y G B n C. 

Hence, (x, y)GAx(BflC) 

Hence, (AxB)fl(AxC)C Ax(BnC) (ii) 

From (i) and (ii), we get 


Ax(BnC) = (AxB)fl(Ax C) 


Example 1.5 

If a, 6 G N and ii is “a is a divisor of 6”, then ii is a relation on N. The subset S of 
N x N which corresponds to the relation is 

S = {(n, m) :n € N t r £ N] 

For instance (1,3), (3, 15), (4,4) are in S while (2, 5), (3, 7) do not belong to S. 

Example 1.6 

If a, b € R, the set of all real numbers and Ria "\ a — 5 1 is a rational number”, then R 
is a relation on R. The subset of.R x R which define the relation is 

S — {(o, g + o) : a € ii,fl 6 Q, the set of all rational numbers } 

Here (l,2j), (-v^. § - V5), (w,w - J) 
are in S. (t/2,ir + y/S) # S. 
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Example 1.7 

If a, be NjukI oRbiCh -a is divisible by a fixed number m € N" then R is a relation 
on N. The subset S of N x N corresponding to the relation is 

5 =* {(n, n + rm) : n € Af, r € N} 


If m = 3, (2,8), (5, 11 ) € S while (3,8) £ S. 

Note : A relation S which is a subset ofAxfi may not be such that the ordered pairs 
in 5 exhaust A in their first entries. 


1.3 Functions 

The concept of a function is a special case of that of a relation. To be specific, while a 
relation may relate an element of the domain to more than one element of the range, a 
function relates each element of the domain to one and only one element of another set 
viz. the co-domain. In other words, a function is a single-valued association of all the 
dements of the domain with elements of the co-domain. Thus, if R + denotes the set of 
all non-negative real numbers, /, defined by 

f(x) — square root ofx,x€ R + , 
defines only a relation while the definition 

f(x) as non-negative square root of x,x 6 R + , 


gives a function. 

If / : A — * B is a function, by the graph of f is meant the subset {(a, /(a))|a G A) 
of Ax B. Two functions f t g : A -* B are equal (or the same) if and only if for each 
o € A, /(a) = 9 ( 0 ). This is equivalent to saying that the graph of / and the graph of g 
are one and the same set. We need not, therefore, distinguish a function from its graph. 
If / : R — > R, we note that the graph of / is precisely the graph in the usual.sense with 
reference to a pair of rectangular axes. Hence the terminology. Incidentally, the graph 
of a function / : A -* B is precisely the subset of A x B which is determined by the 
relation which is given by the function /. 

Let / : A —» B be a function. Then A = domf and B = codim f. f is said to be A 
function defined on A (or map of A) into B( See Fig. 1.12). 
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Into function Onto function (cuijection) 

Fig 1.13 Plg.l.U 

If the range of / i.e. ran/, is such that ran/ = jB, / is said to be a function defined 
A (or map of A) onto B (See Fig. 1.13). Note that / : A -* B, which is onto, to 
into B. 

Such a function is also sometimes said to be surjective. If distinct dements of A are 
taken to distinct elements of B by /, i.e. 

If ii,x 2 6 A,xi / x 2 implies /(x i) / /(x 2 ),/ is said to be one-to-one or, sometimes, 
injective function or map (See Fig. 1.14). 1 

A map (or function) which is both one-to-one (injective) and onto (surjective) to said 
to be a bijective map (or function) or simply a bijection (See Fig. 1.15). 



One-one into function (Iqjective) Obmm onto function (bfjccUoa) 

Fig 1.14 F!g.l.V 

If /(a) — b far every a € A and far a fixed b € B, / to said to be constant map 
(See Fig. 1.16). A constant map cannot obviously be one-to-one, if its domain has mss* 
than one dement. If / : A -» B to a map and C C A, then we write D » /(C) * 
(i|6e B,6**/(c)forsomec€C) and call /(C) the image af C by / (See Fig. 1.17). 
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Constant function D = /(C), image of C by / 

Pi*.l.l« F|g.U7 

In this notation /(A) =Ton/. / is a map of A onto B if and only if /(A) = B. If 
D C B, then we write 

f~ l (D) a® {o|o € A, /(a) = d for some d€ D) 
and call / -1 (D) the pre-image, total original or pull back of D (See Fig. 1.18). 



Pie-image of D C =s f~ l (D) 

Rg.1.11 

A word of caution about the notation / -1 (Z>). This should not be compared with the 
notation /(C) as if there were a function f~ l (always). Again, the definiton of / -, (Z?) 
does not preclude there being an element d € D for which there exists no a € A such 
that /(a) a d. For that matter can be empty too. For instance, if A a B a R. 

and / : A -* B is defined by /(a) a [oj, the largest integer less than or equal to a € A, 

and C - { }} €R, then /-‘(C) - d- 

Let us now consider a bisection / : A -* B. It is then dear that for any b € B there 
exists one and only one a € A such that f(a) a b. Define the association f~ l of elements 
of B with dements of A as follows: 

/ -1 (6) a o if and only if /(o) a b. 
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The observation made just above shows that this association is a function or map; viz. 
/“* : B A. It is easy to verify that / -1 is a bijection too. The function /’ 1 is called 
the inverse of the function / (See Fig. 1.19 (a) and (b)). 



Fig. 1.19 (a) Pig. 1.19 00 

To sum up, any bijection of a set onto another has inverse which is also a bijection. 

It is not difficult to see that (/ -1 ) -1 “ /• Let f : A B, g : B —* C, be twd 
functions. Then the function go f defined by 

($ o /)(“) = 9 (/(«)) .« 6 A. 

gof:A-*Cia called the composition of / and g (See Fig. 1.20). 

For example, if A = B — R and C — Z, the set of all integers, /, g defined 
respectively by 


/(*) = **>* e R i 

g(v) = Ip)-» 6R - 

have for their ooibposition go f defined by 

gof(x) * [**} ,x € R. 

The identity map of a set A into itsdf, 
denoted' by I At is defined by 



Ja(«) =* «,« 6 A, 
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Similarly, / B o / = /. 

In particular, if / : A — ► A is a map (called fay some authors a self map), then 


foI A = I A of = f. 

Moreover, for any two maps f,g:A-+A 9 gof\B defined and g o / : A — * A. If now, 
/ : A — * B is a bijection so that it has inverse /- 1 , then 

f~ l of m I A and / o /“* =s l B 

If, in particular, A ;= J3, so that / is a bijection of onto itself, then 

r'ofmfor'-lA 



FIk.1-33 


ffeUt 
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(See Fig. 1.23 and 1.24). Moreover, if 
f : A *-* A, g : A A an mappings 
which are such that 

/Offajo/e/^ 

(See Fig. 1.25) then /, g are injections 
which are inverse to each other. Justify 
this assertion. 


19 



Remarks 

At this stage we can rigorously define a set to be finite if there exists a bisection of the 
set on to the set N„ = {1,2, 3,..., n} for some natural number n. The void set ^ is 
taken to be finite. 

Example 1.8 

If A » {1, 2, 3} and /, g are relations corresponding to the subsets of A x A indicated 
against them, which of /, g is a function? Why? 

/ = {(1,3), (2, 3), (3, 2)} 
g = {(1,2), (1,3), (3,1)} 


Solution 

f is a function since each element of A in the first place in the ordered pain goes with 
only one element of A in the second place, g is not a function because 1 is related to 
both 2 and 3. 

Example 1.9 

If / =* {(6, 2), (6, 3)}, g = {(2, 5), (3, 6)}, what is the range of / and gl Find / o g. 
Solution 


ran f — {2,3} ,ron g ** {5,6} 
fog{2) =/(fl(2)) - /(5) - 2 

/o*(3) =/(*( 3)) ~/(6)~3 

Hence,/ o g * {(2, 2), (3, 3)} 
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1,4 Binary Operations 

A function / : A —► A , where A is a set can also be thought of as a unitai'y operation 
in the sense .that an element of A(co-domain) is associated to each singleton subset of A 
(domain). If an element of A (co-domain) is associated uniquely with every subset of 
two elements of A (domain) , the order of the elements being taken into account, we 
obtain a binary operation on A, i.e. a map A x A — ► A is called a binary operation in 
A. Formally, for n = 1 , 2, . . . and n-ary operation on the set A is a map /;AxAx.,.xA 
(n times) = A n — ► A. For simplicity, we consider here unitary arid binary operations 
only. If A = R + , the set of all positive real numbers, taking reciprocals, or, what is the 
same, the map x — ► £ : A — ► A is a unitary operation. 

If A = R, the set of all real numbers, (x, y) = x + y : R 2 — ► R, or, what is 
the same, addition of two real numbers, is a binary operation on R. Multiplication is 
also a binary operation on R. However, division is not a binary operation on R, since 
division by 0 is not defined. But division is a binary operation on R\ {0}. We can think 
of other binary operations in terms of these known binary operations. For instance, 
(m,n) — ► m 4- n 4- mn : Z 2 — ► Z, Z being the set of ail integers, is a binary operation 
on Z. Keeping the map involved in the background, we prefer to speak of the binary 
operation 4 +* or addition instead of the map (x,y) x + y or of the binary operation 
or multiplication instead of the map (x,y) — » xy. With an analogous notation we can 
speak of the binary operation ‘o’ by writing mon = m 4- n + mn on Z. 

We pointed out that when defining a binary operation the order of the elements is to 
be taken into account; in other words, the map which defines the binary operation on A 
is on the set A 2 of all ordered pairs of elements of A. If o is the operation, for a, b € A, 
aob and boa may be different elements of A. If, however, for every pair a, b of elements 
A. 

a o b = b o a, 

then the binary. operation is commutative. For example, the binary operations +,-, 
on R are commutative. Is the operation o defined at the end of the last paragraph 
commutative? The operation of division in R— {0} is evidently not commutative. If the 
binary operation * m on Z is detined by 

m * 7i - m — n + mn 

then 1*2=51— 2 + 1 • 2 = 1 while 2*1 --2 — 1+2-1= 3 so that l * 2 ^ 2 * 1 and * is 
not a commutative binary operation. 

If o is a binary operation on a set A and a, 6, c are three elements of A, with due 
regard to the order in which a,6,c occur, we can consider the two elements 

ao(6oc), (aob)oc. 

There is no prima facie reason for these to be one and the same. If, however, they aie 
one and the same for every ordered triplet a, 6, c of elements of A, then o is said to be an 
associative operation. As examples of associative binary operations, we have addition 
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and multiplication defined on R. Clearly, division on Ii— {()} is not an associative 
operation (Why?). The operation * defined in the? preceding paragraph which is not 
commutative is not also associative. If X is the 9et{«, b) let the binary operation o be 
defined by 

aoa = a,6ob ^ b,aoh-^ Moo ~ a. (1.1) 

This operation is associative but not commutative (Verify). If the binary operation o is 
defined on Z by 

t + rn 

tom = — — , /, m G /, 

the operation o is evidently commutative. It is easily verified that this operation is not , 
however, associative. To sum up, the concepts of associativity and commutativity of a 
binary operation are independent. 

If o is a binary operation on X and if there is e G A .such that ao<’ - coa = a, e is 
said to be an identity element for the operation. For instance, for the binary operation 
of addition in R, 0 is the identity element. For multiplication it is 1. 

Remark 

It is sometimes convenient to write down a binary operation by means of a table. For 
instance, the operation defined by (1.1) above is written in the form : 

The presence of one or more binary oper- 
ations in a set gives a structure for the set 
which could be studied. For instance, we 
have because of the availability of such op- 
erations, the concepts of group, ring, vec- 
tor space, field, etc. The study of these 
structures is generally known as algebra. 

Example 1.10 

In the set N of natural numbers, define the binary operation o by 

mon = g.c.d (m, n),m,n G N. 

Is the operation commutative, associative? 

Solution 

The operation is clearly commutative since 

g.c.d (m,n) « g.c.d (n,m) 

It is also associative because for /, m, n G N , 

g.c.d (l,g.c.d (m,n)) = g.c.d ((g.c.d (/,m),n)) 


0 

a 

b 

a 

a 

b 

b 

a 

b 




5 * 
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Example 1.11 

Let N* be the set of all ordered k-tuples of natural numbers. If z = (xi,...,®*), 
= (ifl,- ••,»*), x„y, € N,* = 1,2,...,* define x + y = (*i + »i,...,*fc + yt)- Then + 
a commutative and associative binary operation in N*. 

Solution 

It is easily verified .that these properties are carried over from the corresponding prop- 
erties of addition in N. 


EXERCISE 1.1 


1 . Prove that A’ — B r = B — A 

2. Prove that An {B - C) = (Xfl B) - (AnC) 

3. If R is the relation “less than” from A — { 1 , 2 , 3, 4, 5} to B = {1,4,5}, write down 
the set of ordered pairs corresponding to R. Find the inverse relation to R. 

4. If R is the relation in N x N defined by (a, b)R(c,<f) if and only if o-f d = b+c, show 
that R is an equivalence relation. 

5. If N 7 = { 1 , 2 , 3, 4, 5, 6 , 7), which of the following two is a-partitkm giving rise to an 
equivalence relation? WTiy? 


(i) A\ = {1,3,5}, A 2 — {2}, .As = {4,7} 

(ii) Bi = {1,2, 5, 7}, B 3 — {3}, B s = {4,6} 

6. If / : A -* B, g : B -* C, are one-to-one or injective functions, show that go f is 
also one-to-one. 

7.ltA = {a, b, c, d) and / corresponds to the Cartesian product {(a, b), (6, d), (c, a), (d, c)] 
show that / is one-to-one from A onto A. Find / -1 . 

8. Define the binary operation o in N by 
mo = (m,n),m,n € N. 

Is the operation commutative and /or associative? 
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9. Does the table below give a commutative binary operation on the set {a,5, c}? 


o 

a 

b 

c 

a 

b 

c 

a 

b 

c 

a 

b 

c 

_ 

a 

b 

c 


10. Establish the De Morgan's laws stated in section 1.1 

11. (i) Prove that if a set has only one element, then it has 2 subsets. 

(ii) If B C A and if A has one element more than B y prove that A has twice 
as many subsets as B. 

(iii) Deduce from these two results that a set with 2 elements has 2 2 subsets, 
a set with 3 elements has 2 3 subsets and so on. How many subsets does a 
set with n elements have? 

12. Give an example of a map 

(i) which is one-to-one but not onto, 

(ii) which is not one-to-one but onto, 

(iii) which is neither one-to-one nor onto. 

13. If A is a non-empty set and f,g: A~* A are such that /oy = yo/ = /^, show that 
/ and g are bijections and that <;=*/" *. 

14. For any relation R in a set A , we can define the inverse relation R 1 by aR~ l b if 
and only if bRa. Prove that 

R is symmetric if and only if R = R ‘ 1 

15. In N x N , show that the relation defined by (a, b )R(c 1 <t) if and only if ad = be is an 
equivalence relation. 

16. If / : R — ► 5. is defined by /(x) = x 2 - 3x -f 2, find / (/(x)). 

17. f,g : R -♦ R are defined respectively by /(x) = x 2 + 3x 4- l,£(x) — 2x — 3, find 

(0 fog 

00 9° f 
(iii) /o/ 

Ov)0oy 

18. What is the set {x|x € R, x 2 — 9 and , 2x = 4}? 
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19. b inclusion of a subset in another, i.e., AiftB if and only if ACB, in the context of 
a universal set, an equivalence relation in the class of subsets of the universal set? 
Justify your answer. 

20. How many relations are possible from a set A of m elements to another set B of n 
elements? Why? 

21. If A s= {1,2,3}, B s= {4}, C — {5}, then verify that 

(i) A x (B U C) * (A x B) U (A x C) 

{ii) A x (B O C) = (>4 x B) n (/I x C) 

(iii) >1 x (B-C) = (.4 x B)-(4 x C) 

22. V is a binary operation defined on Q. Find which of the binary operations are 
commutative 

(i) a * b = a — b for a, b € 0 

(ii) a * 6 - a 2 + 6? for a, 6 € Q 

(iii) a * 6 = a 4- ab for a, b 6 Q 

(iv) a * 6 = (a — b) 2 for a, b 6 0 

23. V is a binary operation defined on 0* Find which of the binary operations are 
associative 

(i) o * fc = o — 6 for a, 6 € Q 

(ii) a*b= Bp for a, b € Q 

(iii) a * b = a — 6 4- ab for a, 6 € Q 

(iv) a * b s= ai 2 for a, 6 € Q 



CHAPTER 2 


Trigonometric Functions 


2.1 Introduction 

We shall now begin the study of trigonometry It is convenient to use trigonometry to 
measure distances between two landmarks or widths or depths of rivers or heights of 
mountains, etc*. 

Trigonometry means the science of measuring triangles. (liven some of the sides and 
angles of a triangle, trigonometry helps us to calculate the remaining sides and angles. 
The congruence results of geometry tell us that two sides and the included angle (SAS) 
completely determine the triangle. That is, if we know two of the three sides and the 
included angle of a triangle, the remaining one side and two angles become fixed. So we 
should be able to calculate these, but how? School geometry does not tell us how. We 
have to study trigonomet \ v to be able to do that.. In the* same way, given three sides of 
a triangle (SSS), trigonometry will show us how to calculate the angle's, etc. 

You will be happy to know that the study of trigonometry was first started in India. 
Elements of the subject can be found even in Rigvrda. All the ancient Indian Mather 
maticians like Aryabhata, Bhaskara I and II and Brahmagupta got important results. 
All this knowledge first went from India to middle cast and from there to Europe. The 
Greeks had also started a study of trigonometry but their approach was so clumsy that 
when the Indian approach became known, it was immediately adopt ed throughtout the 
world. 


2.2 Angles 

An angle is considered as the figure obtained by rotating a given ray about its end-point. 
The original ray is called the initial side and the ray into which the initial side rotates is 
called the terminal side of the angle. The sense of an angle is derived from the direction 
of rotation of the initial side into the terminal side. If this direction is counter-clockwise, 
the sense of the angle is said to be positive and if this direction is clockwise then the 
sense is negative. 

The measure of an angle is the amount of rotation required to get to the terminal 
side from the initial side. We place the vertex -of the angle at the centre of a circle of some 
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fixed radius. Divide the circumference of the circle into 360 equal parts, called degrees. 



Fig-2.1 

The number of degrees on the circumference between the initial and terminal sides of the 
angle is its degree measure. For additional precision, each degree is subdivided into 60 
equal parts, called minutes and each minute is divided into 60 equal parts called seconds. 
The symbol ° is used to denote degrees, ' is used to denote minutes and " is used to 
denote seconds. 



Remark 


In our discussion in the above paragraph wc considered a circle of fixed radius. However, 
the measure of an angle does not depend on the radius of the circle. 
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Some of the angles are shown in the foliowing figure. Note that the Unninal suit' 
has to be rotated so as to have more than one revolution if the corresponding angle is 
greater than 360°. 


Radian Measure 


There is another unit of angular measurement called the radian tnt a**uri , which is of 
particular importance in higher mathematics and its applications. This is hasini upon 
the fact that the ratio of the circumference of circle to its diameter is constant. This 
constant it is an irrational number having the non* recurring decimal expansion n 
3.14159 . . . ; 22/7 is taken as an approximate value of n . 

As shown in Fig. 2.3 we place the ver- 
tex of the angle at the centre of the circle 
of radius r. If the length of the arc sub- 
tending the angle at the centre is s, the 
radian measure t of the angle is defined 
to be p. Note that the length of the arc 
is taken to be negative if we measure it in 
the clockwise direction. We again remark 
that the measure of an angle is indepen- 
dent of the radius of the circle considered 
because of the fact that the ratio of the 
circumference of a circle to its diameter is 
constant. 

The radian measure t of the angle formed by one complete revolution of the initial 
side is = 2n. Thus 2n radians = 360° or n radians “ 180 . Hence 



Fig. 2.3 


1 radian = 


180" 


= 57° 16' approximately 


and 1° = ygg radian = 0.01746 radian appproximately. 

Note that the definition ~ can be used to find one of s, t and r provided the other 
two are given. 


Example 2.1 

Find the length of the arc of a circle of radius 5 cm subtending an angle measuring 45' 

/ 

Solution 


t = 


x 45 = ~. Hence s = r x t =* 
180 4 


5 n 

— cm 
4 
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!vt ample 2.2 

Suppose* arcs of the same length in two circles subtend angles of 60° and 75° at the 
centre. Find t h<* ratio of their radii. 


Solution 

bet. ri, V'i denote t lie radii of the two circles. Now 


fit) - - x fit) ~ — and 75° x 75 =■ — 

ISO W 180 12 


Let ,s be the length of the arcs, Then 


,v ri 


07T 

12 rj 


lienee r i : r v = 5 : 1 

Radian measure ol some common angles are given in the following table: 


Kadians 4~ S’ 5 ^ 4^ 2?r 


Degrees M) 15° tiO 90° 180° 270° 560° 


Note that wiien an angle is expressed in radians, the word ‘radians’ is often omitted. 
Thus >r ~ 180° is really a short form of writing n radians = 180°. 


EXERCISE 2,1 

1. Find the radian measure corresponding to the following degree measures 
(a) 15.° (b) -22" MY (r) .MO" (d)42(T 

2. Find the degree measure corresponding to the following radian measures 

(a) \ (h) -2 (<:) (<l) f 

3. Find the length of an arc of a circle of radius 5 cm subtending a central angle 
measuring 15°. 

4. In a circle of diameter 40 cm. the length of a chord is 20 cm. Find theiengthof minor 
arc of the chord. 

5. A wheel makes 180 revolutions in one minute. Through how many radians does it 
turn in one second? 
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6. Find in degrees the angle subtended at the centre of a circle of diameter 50 cm by 
an arc of 11 cm (use ir = ^). 

7. Find the angle through which a pendulum swings if its length is 50 cm and the tip 
describes an arc of length (a) 10cm (b) 16 cm (c) 26 cm. (use 2?). 

8. Find the angle between the minute hand of a clock and the hour hand when the time 
is 7.20. 


2.3 Circular Functions or Trigonometric Functions 

Let 0 be the angle XOC as shown in Fig. 2.4 and let P(x,y) be any point other than 
O on its terminal side OC. Let length of OP = r. Wo take always r to be > 0. Wc 
define the following functions known as circular or trigonometric functions. These are 
also called trigonometric ratios. 



Note that these ratios may be positive or negative depending on x and/or y. 


We observe that the above functions depend only on the value of the angle 0 ar*d 
not on the point P chosen on the terminal side of the angle 0. For example, if we take 
another point P'(x', y 1 ) on OC with OP ' = r' then considering similar triangles we obtain 

y _ y # x x 1 y _ y' 
t t* * r r 1 * x x 1 

This is also true if the terminal side coincides with one of the axes with the only difference 
that if It coincides with x&xia, then cosec and cot are not defined while in case it coincides 
with y-axis, then sec and tan are not defined. From the definition and Fig. 2.5, it is clear 
that 
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sin0 = sin(0427r) sin(— 0) = -sin0 
cos 0 = cos(0 4* 2 tt) cos(-0) = cos 0 
tan0 = tan(0 4- 2n) tan(-0) = - tan 0 

At this state, let us notice two important 
properties of trigonometric functions. Let 
us briefly introduce the notion of even and 
odd functions and that of periodic func- 
tions. A function / is said to be even if 
f(x) = /(— x) for all x. 

Fig. 2.5 

A simple example of an even function is a constant function. 

Any polynomial function p(x) = oo + aix 2 4 a^x 4 -f . . . 4* OnX 2 " (in which there are only 
even powers of x) is an even function. 

We have already seen that cos (—0) = cos0 for all 0. Thus cosine function is also an even 
function. 

A function / is said to be odd if /(— x) = -/(x) for all x. 

It can be easily verified that the function /(x) = x, /(x) = x 3 are odd functions. In fact 
any polynomial function in which the coefficients of even powers of x arc zero is an odd 
function. We have also seen that 

sin(-0) = - sin 0 and 
tan(-0) = — tan 0 for all 0. 

Thus sine and tangent functions are also odd. 

The property of functions being even or odd is very useful in the study of such 
functions. It also helps in drawing graph of such functions as once we draw the graph 
for x > 0, we can complete the graph of / for all x easily. 

The other important property of trigonometric functions which we want to observe 
now is that of periodicity. A function / is said to be periodic if there exists a real T > 0 
such that /(x + T) = f(x) for all x. We have already noted that 

sin(0 -f 27r) = sin 0 

and cos(0 4 2n) = cos 0 

Thus sine and cosine functions are examples of periodic functions. If a function / is 
periodic then the smallest T > 0, if it exists, such that 



f(x 4 T) = /(x) for all x 
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is called the period of the function. It can be easily seen that the period of the sine and 
cosine functions is 27r.’ We shall see later that the period of the tangent function is n. It 
is interesting to note that a constant function / is periodic as f(x + T) = f(x) for all 
T > 0 , however it does not have a period because there is no smallest T > 0 for which 
the relation holds. 

The periodicity of a function is also very useful concept. In particular, it follows that 
the graph of such a function is completely known once we know it over an interval whose 
length is equal to the period of function. The periodicity of trigo nomctric functions helps 
us to compute the value of these functions for large 0. For example, 

sin 785° = sin (2 x 360° 4 * 65°) = sin 65° 

and cos (-2070°) = cos (-2070° + 6 x 360 n ) * cos 90° 

Values of Trigonometric Functions for the Angles 0 °, 30°, 4 5 °, 60°, 90°. 

FYom the definition of trigonometric functions it follows that the values of all trigono- 
metric functions for given angle are known, once we find the sine and cosine or the angle. 
It is clear from the definition that 

sin 0 a = 0 , cos 0 ° = I, sin 90° = 1 , and cos 90° =_- 0 . 

Let us calculate the values of these functions for 30°, 45°, 60°: 

In Fig. 2 . 6 , PM = M P'. The two triangles OPM and OP'M arr congruent. Hence, the 
triangle OPP ' is an equilateral triangle. Therefore, if PP' = 2a, t hen OP = 2 a, PM = a 

and OM = asfz, Hence, sin 30° = j and cos 30° = 

In Fig. 2.7, angles POM and OPM are equal. Hence, OM -■ PM ~ a(say). Then 

OP = ay/2 and sin 45° = - 7 . and cos4f> y = - 7 -: 

y/2 s/2 

In Fig. 2 . 8 , OM = MM\ the triangles OPM and M r PM are comgruent and the triangle 
OPM ' is equilateral. Hence, if OM = a, then OP = 2 a and PM = a\/3. Therefore, 

sin60° = ^ and cos60° = y 



Fig 2*0 


Pit 2.7 


Ffc2J 
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Thus we have the following table: 


e 

0° 

30® 

45“ 

Ci 

o 

c 

90° 

sin 

0 

2 

V 2 

4 

1 

cos 

i 

4 

1 

72 

1 

2 

0 

tan 

0 

1 

73 

not defined 


Notational Convention 

Since angles are meas ured either in radians or degrees, we adopt the convention that 
whenever we write cos .0°, we mean the cosine of the angle whose degree measure 'is 9° 
(and similarly for othe r ratios) and whenever we write cos/3, we mean the cosine of the 
angle whose measure i:n radians is 0. If no such convention used, it should be clear from 
the context, which meaning is being used. 

Signs of the Drigono metric Functions 

The signs of the trigonometric functions depend on the quadrant in which the terminal 
arm of the angle lies. 'Thus sin# = has the sign of y as r is always positive. Therefore 
sin# is taken as positive if the angle is in first or second quadrant, while it is negative 
for the angles in th«: third or fourth quadrant. Similarly cos0 is positive in the first 
and fourth quadrants and negative in the remaining two quadrants. In fact we have the 



FVom the definition of trigonometric functions we observe the following useful facts. 
If P is the point on the circle with centre at origin O and radius 1 unit and if angle POX 
is 9 then sin# « y and cosfl = x, where (x, y) are coordinates of P. It is also clear that 
— 1 < sin0 < 1 and - 1 < cos# < 1 for all 9 . 
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In the first quadrant as the angle increases from 0° to 90", miii0 increases from 0 to 
1. In the second quadrant as 0 increases from 90 r to 180°, sin f ^ decreases from 1 to 0. 
In the third quadrant as 0 increases from 180° to 270° , sin0 dea rases from 0 to —1 and 
finally in the fourth quadrant sin 0 increases from - 1 to 0 as 0 increases from 270° to 
360°. In fact wc have the following table: 



I quadrant 


II qudivnt 

sine 

increases from 0 to 1 

sine 

decreases from 1 to 0 

cosine 

decreases from 1 to 0 

cosine 

decreases from 0 to —1 

tangent 

increases from 0 to oo 

tangent 

increases from -oo to 0 

cotangent 

decreases from oo to 0 

cotangent 

decreases from 0 to — oo 

secant 

increases from 1 to oc 

secant 

increase from -oo to -l 

cosecant 

decreases from oc- to 1 

cosecant 

increases from 1 to oo 


/// quadrant 


IV quadrant 

sine 

decreases from 0 to - 1 

sine 

incroastss from -1 to 0 

cosine 

increases from - 1 to 0 

cosine 

increases from 0 to I 

tangent 

increases from 0 to cx 

tangent 

increases from -oo to 0 

cotangent 

decreases from oo to 0 

cotangent 

decrease from 6 to — oc 

secant 

decreases from -1 to -oo 

secant 

decreases from oo to 1 

cosecant 

increases from - oo to —1 

cosecant 

decrease from -1 to — oo 


Remark 

In the above table we see the symbol oc. Observe that oo is not a real number and is just , 
a symbol. Statement like tan0 increases from 0 to cx for 0 £ ( 0, j) simply means that 
tan0 increases t\s 9 increases in the interval (0, % ) and assumes rirbitrarily large positive 
values as 0 increases to Similarly, to say that cosecant decreases from -1 to -oo in 

the fourth quadrant means that cosec 0 is a decreasing function for 0 C (^jri2fr) and 
assumes arbitrariiy large negative values as 0 approaches 2?r. 


2.4 IWgonometric Identities 

An equation involving trigonometric functions which is true for all those angles for which 
the functions are defined is called a trigonometric identity. For example, aec0 = cos# 
a trigonometric identity. It holds for all 0 except those for which cos0 = 0. 

An equation of the form sin 0 = cob0 is a trigonometric equation but not a trigono- 
metric identity because it is not true for all 0. Trigonometric identities and solutions 
of trigonometric equations are very important and are useful in various problems of 
engineering and science. 
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Fundamental Identities 



sin0 = 


1 

cosec 0 


tan 0 = 


sin0 
cos 9 


tan 0 = 


1 

cot 9 


cot 9 = 


cos0 

sin0 


sin 2 9 + cos 2 0=1 
1 + tan 2 0 = sec 2 0 


1 -f cot 2 0 = cosec 2 0 


All of the above identities are very easy to prove and the proofs are left as an exercise. 
From these we also observe that given one of the six trigonometric functions, all others 
can be found numericedly and their signs can be found by seeing in which quadrant the 
angle lies. 


Example 2,3 

Given cot0 = ^2, 0 in quadrant III, find the values of the other five functions. 
Solution 

tan<?=— , sec a 0=l+tan J 0=l + — = — 

Now in quadrant III, sin 0, cos 0, sec 6 and cosec 8 are all negative. Therefore 

„ I 3 „ 12 . . „ „ . 5 / — 12\ -5 

sec* = --, cose = , 8 in0 = tan0cos0 = -^— J ==— , 

a ~ 13 

Example 2,4 

= sec A — tan A 

Solution 


>/l — sin A Vl — sin A 1— sin A _ 1— sin A 

Vl + sin A vT^si nA y/\ -sin* A 


cos A 


sec A — tan A 
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Example 2.5 
Prove that 


sin# ^ tan0 
1 - cos 0 1 + cos 9 


= sec 0 cosec 9 4 cot 9 


Solution 


__ sin 0 tan 9 

1 — cos 9 14- cos 9 

sin 9 4- sin0cos0 4- tan0 - tan0cos0 
1 — cos 2 9 

sin 9 4- sin 0 cos 0 4- tan 9 — sin 9 
sin 2 9 

_ sin 0 cos 9 4 tan 9 
sin 2 9 

= cot 9 4- sec 9 cosec 9 = Il.H.S. 


Example 2.6 
Prove that 

can A 4 sec A — I __ 1 4- sin A 
, tan A — sec A 4 1 cos A 

Solution 


L p j g _ tan A 4- sec A - 1 __ sin ^4 4- 1 — cos A 

tan A — sec /I 4 1 sin A — 1 4- cos A 

(sin A 4- 1 - cos >4) (sin^ 4 1 4 cos >4) 

(sin A 4 cos >4 — 1) (sin >4414 cos A) 

(sin >4 4 l) 2 - cos 2 >4 _ 1 4 2 sin A 4 sin 2 A - cos 2 A 

(sin >4 4 cos >4) 2 — 1 sin 2 >4 4 cos 2 >4 4 2sin A cos >4 — 1 

— A- 2sin 2 >4 

2sin>lcos>4 

= l+i!ZLd = R .H.S. 
cos A 

EXERCISE 2.2 

Find the values of the other five trigonometric functions in each of the following 
problems: 

1. cos# at 0 in quadrant II 
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2. sin# a= 0 in quadrant I 

3. tan 0 =s jj, 0 in quadrant III 

Prove the following trigonometric identities: 

4. tan 2 0 — sin 2 0 = tan 2 0 sin 2 0 




6 - ,/EsJ— » 


7 tajjig - cot g 
' sin 0 cos 0 


= sec* a — cosec 


2 0 


8 -st f+&r- c “" 

9 ■^?fx^ = '- 2 »“‘ , '"* +w# 


10. 


1 — cos# 
sin 0 

i 


sin# 

1 4- cos 9 


1 1 . sec 4 9 — sec 2 9 = tan 4 9 + tan 2 9 


12. sin 8 6 — cos® 9 = (sin 2 9 — cos 2 0)(1 — 2 sin 2 0cos 2 9) 

13. 2 sec 3 9 — sec 4 9 — 2 cosec 2 9 + cosec 4 9 — cot 4 9 - tan 4 9 


2.5 Cosine of the Difference of Two Angles 

We begin by establishing a formula for the cosine of the difference of two angles in terms 
of sines' and cosines of the individual angles. We shall see that this helps us in proving 
several other important identities. 



R( 3.10(1) 


W* 3.10(0) 
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Recall that the terminal side of any angle cuts the circle with centre at O and unit 
radius at a point whose coordinates are respectively the cosine and sine of the angle. In 
Pig. 2.10 OI\ and OI\ are the terminal sides of the angles A and B respectively and OP$ 
has been drawn to be the terminal side of the angle .4 — B. It is now clear that the chords 
I’qPs. and P\P'i subtend the central angles of same size and hence are equal in length. 
Therefore, we obtain [cos(/l - B ) — 1 ] 2 4- sin ? ( .4 - B) — (cos B - cos .4) 2 4- (sin B - sin v4) 2 . 
This on simplification yields 

cos (4 — W) ar cos A cos B 4* si ii A sin B . 

The method of proof of the above formula applied to all values of A and ZJ. Hence, 
the formula holds for al! angles A and B t positive, zero or negative. 

Example 2.7 

Find the values of cos 15” and cos 75°. 

Solution 


cos 1 5° s cos(15° - 30”) •= cos 45° cos 30° + sin 45° sin 30° 

1_ \/3 J_ 1 _ >/3+l 

\/2’ 2 + vT2 “ 2\/2 

/ 


Similarly, cos 75° * cos (4.7' - (-30°)) 

= cos 45° cos 30° -f sin 45° sin(— 30°) 
= cos 45° cos 30° — sin 45° sin 30° 

_1_ v/3 vff - 1 

y /2 2 ” v /2 2 ~ 2>/2 


Ratios of Complementary Angle 


cos(9O°-0) =■ cos 90° cos 0 + sin 90° sin 0 
= min# p 

sin(90° - 0) « cos (90° - (90° - 0)) cos 0 


Hence, we have 




ain(90° -9) =* 

coo 9 

coaec(90° — 0) 

— sec 0 

coa(90° -9) * 

sinfl 

sec(90° - 9) 

= cosec 0 

tan(90° — 9) *= 

cot 9 

cot (90° - 9) 

= tan0 
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Vtom the above, replacing 0 by - 0 and recalling the formulas on section no. 2.3, we 
obtain 

sin(90° 4 0) = co s0 cosec(90° -1- 0) = sec0 

cos(9U n 4 9) ’= - sin 9 scc(90 r 4 - 9) ~ - coser 9 

tan(90° 4 0) ™ - cot 0 cot (90° 4 0) = — tan 9 

Formulas for Functions of Sum and Difference of Two Angles 


cos(/t 4 B) 


sin(>4 — B) 


sin(/l 4 B) 


tan(A 4 B ) 


cos(4 - (~B)) 

cosAcos(-B) 4 sin >tsin(— B) 
cos A cos B - sin A sin B 
cos(90° - {A ~ B)) 
cos((90° - A) 4 B) 

cos(90 c - A) cos B ~ sin(90° - A) sin B 
sin A cos B - cos A sin B 
sin(A - (~B)) 

sin A cos(~ B) — cos A sin(-B) 
sin A cos B f cos A sin B 
sin(i4 4 B) 
cos(>t 4 B) 

sin A cos B 4 cos A sin B 
cos A cos B - sin A sin B 
tan>l 4 tan B ... 

a d (divide numerator and 

1 - tan tan denominator by cos A cos B) 


Similar computations yield 


cot(A 4 B) 
tan(yl - B ) 
cot (A - B) 


cot A cot B — I 
cot B 4 cot A 
tan A — tan B 
1 4 tan A tan B 
cot A cot B 4 1 
cot B - cot A 


Using above formulas, we get 


sin(180° — 9) = sin0 

cos(180° — 9) = — cos 9 

tan (180° — 9) = — tan 9 

sin(180° 4 0) = - sin 9 

cos( 180* 4 0) = — cos 0 

tan(180° 4 0) = tan0 


cosec(180° — 0) 

= 

cosec 0 

sec(180° - 0) 

= 

— see 9 

cot(180° - 0) 

=r 

— cot 9 

cosec(180° + 0) 

= 

— cosec 9 

sec(180° + 0) 

= 

— seed 

cot(18O° + 0) 

= 

cot 9 
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FVom this we conclude that the period of the tangent function is n. All •hear can lw* 
directly deduced from the definitions given in section 2.3. 

Also, 


2 sin A cos B = sin(A 4 3) 4 sin(A - B) 
2 cos A sin B = sin(A 4 B) - sin(A - B) 
2 cos A cos B = cos(A -I- fl) 4cos(A - /i) 
2 sin A sin B = cos(A - /?) - cos(A 4 /?) 

These are called product formulas. 

We also have the following sum formulas. 


sin A 4* sin B 


( 

A + B 

A 

= sin 1 

2 

4 — 

= 2 sin 

A + B 

/ 

2 

cos - 



t\ f A + B A ~ B\ 

-) +S ‘ n (- 2-j 


Similarly, 


. , . „ „ A+B . A-B 

sin A - sin B — 2 cos — - — sin — - — 

j „ „ A+B A-B 

cos A 4 cos B = 2 cos — - — cos — - — 

. „ „ . A + B . A-B 

cos A — cos B = — 2sin — — - sin — ~ — 


Values of Functions at 2A, jA and 3 A 

sin2A = sin(A 4 A) = 2 sin A cos A 
cos 2A = cos (A 4 A) = cos 2 A - sin 2 A 
= 2 cos 2 A — 1 

. =1—2 sin 2 A 

tan 2A — tan(A 4 A) 

2 tan A 
* 1 — tan* A 


From the above 2 cos 2 A = 14 cos 2A and 
2sin 2 A = 1 — cos 2A 
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Hence, replacing A by in the above formula, we get 


sln-A 


±V 


/ 1 — cos A 


cos 


S'- 4 s 


cos A 


tan ^A 
2 




— cos .4 


cos A 


Abo tan -A 


Again sin3A 


1 — cos A sin A 
sin A 1 4- cos A 
sin(A + 2A) 

sin A cos 2A 4* cos A sin 2A 

sin A(1 — 2 sin 2 A) 4- 2 sin A(1 - sin 2 A) 

3 sin A t- 4 sin 3 A. 


Similarly we can show that 
cos3A = 4 cos 3 A — 3 cos A 
„ m 3 tan A — tan 3 A 

tan 3 A * s . The student is advised to prove these. 

1-3 tan 2 A 


Values of sine and cosine for Some Special Angles 


We have already found the values of cos 15° and cos 75°. Recall that once we know the 
values of cos 15° and cos 75°, it is easy to find the values of sin 15° and sin 75°. Thus 

sin 15° = sin(90° - 75°) = cos 75°, = 


and sin 75° = cos 15° = 


V5+ 1 

2V2 


Trigonometric Functions of an Angle of 18° 
Let 0 = 18°. Then 20 = 90° - 30 
Therefore 

sin 20 = cos 30 

or* 2sin0cos0 = 4cos 3 0 - 3cos0. 

Since cos 0 £ 0, we get 

2sin0 = 4cos a 0 — 3 * 1 - 4sin a 0 

or 4sin a 0 4-2sin0 — 1**0 
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Hence sin0 = — 

Since 0 = 18°, sin0 > 0. Therefore sin 18° = 

Also cos 18° = \/ 1 — sin 2 18° = y^l — — yj 

II ,oo \/\0 + 2S5 

Hence, cos 18 = — ^ . 

Now we can easily (ind cos 36°, sin 36°. 


cos 36' = 1 — 2 sin 2 18° 


Hence, cos 36° 


_ 2(6 - 2n/5) 

16 

2 + 2\/l v/5 + 1 

8 4 

n/5 + 1 

4 


Also sin 36° 


v/T- cos 2 36° = \J7- — ] ~ - 

v/lO- 2>/5 
4 


Example 2.8 
Prove that 

sin 75° — sin 15° = cos 105° 4 cos 15° 

Solution 

cos 15° = sin(90° — 15°) = sin 75° 
cos 105° « cos(90° 4 15°) = — sin 15° 

Therefore, cos 105 ° 4* cos 15 ° = sin 75 ° — sin 15 ° 

Example 2.9 
Prove that 

sin(x — y) tan x — tany 
sin(x4y) tan x 4 tany 

Solution 

t H S = 8 } nxcos V ~ 

sin x cos y 4* cos xsin y 

Dividing the numerator and denominator by cos x cosy, we get that 

L.H.S. = tani ~ Uni/ * R.H.S. 

tan x 4- tan y 
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Example 2.10 
Prove that 


Solution 


sin 5 A - sin 3 A 
cos 3 A -f cos 5 A 


= tan-4 


L.H.S. 


2 cos 4 A sin A 
2cos4>l cos A 


= tan A 


R.H.S. 


Example 2.11 
Prove that 


Solution 


0 90 50 

cos 20 cos - — cos 30 cos — = sin 50 sin — 


1 r 0 §0 

L.H.S. = - 2 cos 26 cos - — 2 cos 30 cos — 

2 2 2 


1 

2 

1 

2 

1 

2 . 


^20 + 0 + cos ^20 — 0 — cos ^30 + — cos (30 - 


50 30 150 30 

cos — + cos — - cos — - cos — 


50 150 

cos— — cos— - 
2 2 


. 50 + 150 . 150-50 

= sin sin 

4 4 

50 

=±= sin 50 sin — = R.H.S. 


Example 2.12 
Prove that 


sin 2 A 
1 + cos 2-4 


tan A 


Solution 


L.H.S. 


2 sin A cos A 
2 cos 3 A 


tan A = R.H.S 


Example 2.13 
Prove that 

sin4A = 4 sin A cos* A — 4 cos A sin 3 A 


90, 
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Solution 

L.H.S. = 2 sin 2A cos 2A 

— 4 sin A cos /l (cos 2 /I — sn/ /I) 

— 4 sin /t cos 4 A — 4 cos .1 sin’* ,4 
« R.1I.S. 

Example 2.14 
Find the value of tan 22°30' 

Solution 


Let 0 = 45° Thru - -= 22 M)' 


0 0 0 
q sin — 2 sin — <. os - 

Now tan- = 

cos - 2 cos - 


sin 0 


1 

\/2 


1 4- cos 0 ^ J_ 

>/2 


v 2 4- 1 


1 


%/2 - i 

t / 2 + 1 v ^-1 


= y/2 - 1 


Hence, tan 22°30' = s/2 - 1 


EXERCISE 2.3 

1. If sin or = -Jy and cos/? = yj, find the values of si u(a + /?), cos(<» — /?} and tan(a + /?). 

2. Prove that 

cos(45° — A) cos(45° — B) — sin (45° — >1) sin(45° — B) = sinful 4- B) 

3. Show that 

sin 105° 4- cos 105° = cos 45° 
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I. Provo t hat 


r». Prove t hat 


sin(n *4- l)/lsin(?i 4- 2 )A + cos(n 4- l)i4cos(n 4- 2)A = cob A 


tan(45° -4 x ) 
tan(45° — x) 


1 4- tan x 
1 - tanx 


(i. „ tan 24 

cos A 4 cos A A 

■■ as&Hsf - «“»"»* 

9. cos 4 x ss 1 — 8 si n 2 x cos 2 r 

10 . ta„ \0 — 

1 — htair 0 4- tan 4 0 

1 1 . (sin A A 4- sin A) sin A 4- (cos 3 A - cos A) cos A = 0 

1 2. 2COS ylj cos ^ 4- cos ^ 4- cos ^5 0 


Find sine, cosine and tangent of j if 0 < x < 27r in the following problems;^ 
13. tanx = — 3, x in quadrant 11 
M. cosx = — j,x * n quadrant III 

15. sinx = ^,x in quadrant II 

16. Find sin 7^,003 7^- and tanll~p 
Prove that 

17. sin 2 72° - sin 2 60° = ^ g ~ * 

18. sin £ sin \ sin ^ sin ^ ^ 

Prove that 

19. sinf[j+sin^f = " £ 

20. (cosa + cos0) 3 4- (sin a + sin 0) 3 — 4co e 2 - g $ 

21 . cos 2 4 4- cos 2 (4 + 120°) + cos 2 (4 - 120°) = \ 

22 «?9? ± + cos 2x , o 

ll " sin 4x + sin 3x + sin 2x col,yt 

23. sin 34 + sin 24 - sin 4 = 4 sin 4 cos ^ cos 

24. cos64 = 32cos 6 A — 48cos 4 A + 18cos 2 4—1 

25. tan 34 tan 24 tan 4 = tan 34 - tan 24 - tan 4 
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2.6 Tables ofTrigono metric Functions 


In order to deal with many problems in trigonometry, it is necessary to find the values of 
trigonometric functions for various angles. Trigonometric functions of any angle can be 
computed to any desired degree of accuracy . Tables are available which give appro** 
imate values of the sine and tangent of angles from 0° to 90°. The values of cos 9 and 
cot 9 can also be easily read out by using formulas like sin(90° — 0) =* cos 0, tan(90 p ~ 0) m 


cot 0; sec 9 and cosec 0 can be found out by noticing that sec0 


E5b co * c *“SIn?’ 


.There are tables which give the values ol six trigonometric functions of angles from 0* to 
90° For angles larger than 90° we use various formulas to reduce the value of trigonpmet" 
ric function to the numerical value of some trigonometric function of an angle between 
0° and 90°. For example sin 124° = sin(90° 4- 34°) = cos 34°. If sine of some angle is not 
given in the table we can use linear interpolation to find its value. We illustrate these by 
some examples. 


Example 2.15 
Find cot 131°20'. 


Solution 
First we observe 

cotl31°2<y = -tan41°20' 

We are using cot(90° 4- 0) = — tan0 

FYom the table, we see that tan41°20' * .8796. 

Hence cot 131°20' = —.8796 


Example 2.16 

Find the angle 0 if sin0 = .7071 
Solution 

In the table of sines, we see that sin 45° * .7071 
Hence, 9 == 45° 

Example 2.17 
Find the value of sin23°26'. 

Solution 

FYom the table we see that 

sin 23°20' = .3961 

and sin23°30' = .3987 .\ difference ^ 0.0026 

difference on lO' is .0026. 
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Hence, the difference for 6' = — x .0026 = .00156 

= .0016 (approx.) 
Hence, sin23°26' * .3961 + .0016 
* .3977 


Example 2.18 
Find 0 if cot 0 = .5750. 

Solution 

tan(90° - 0) * cot 0 = .5750 
fYoin table we sec .5735 = tan 29°50' 
and .5774 = tan 30° 

difference = .0039 Also .5750 - .5735 = .0015 

For .0039 difference angle is 10' 

For ,0015 difference angle is — » = 4' approx. 

Hence 90° - 0 = 29°54'. Therefore 0 = 60°6'. 


EXERCISE 2.4 

1. Find the following: 

(i) cos20°10 / (ii) sin 48° (iii) tan 54°30' (iv) cot 33°40' 

2, Find the angle 0,0° < 0 < 90°, if 

(i) sin 0 = 0.5373 (ii) cos 0 = .0087 


(iii) tan0 = 34.37 

(iv) cot 0 = 3.018 

3. Find the following: 



(0 

sin 34°22' 

(») 

cos 64°34' 

oh) 

tan 42°6' 

(iv) 

cot 47°26' 

4. Find 0 where 



(0 

sin0 = .5240 

(ii) 

cos 0 — .0424 

(iii) 

cot 0 = 1.246 

(iv) 

tan 0 = .1362 


2.7 Graphs of Trigonometric Functions 

We have already seen that all trigonometric functions are periodic. For example, the 
period of the sine and cosine functions is 2ft, while that of the tangent functions is ir, 
Often, we have to deal with functions of the form sino$, c cos (ax 4- 6) and so on. These 
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functions are also periodic with period as can be easily verified. For example, the 
period of 5sin(3x + 4) is 3^. 

The graph of any periodic function with period T need to be sketched only in an 


interval of length T, as once it is drawn in one such interval, 
completely by repeating it over other intervals of length T. 

it can be easily drawn 

The graph of y = sin x. 

We have the following table 




R 

o 

o 

30° 45° 

60° 

90° 

sinx 0 

1 £- 7or 

Y = -866 

1 


We also have sinOr — t) = sin t and sin(7r + 1) = — sin t. To draw the graph of sin a: 
in [0 t 27r], we first draw it in [0, using the above table, recalling that in this interval 
the function is increasing. Then in we draw it using sin(7r — t) = sint. Finally, in 

[^,7r], we draw it using the fact sin(7r + 1) = -sint. The graph is now sketched in Fig. 
2.1 1 . The graphs of other trigonometric functions y = cos x,. y = tan x, y = cot x> 
V ~ wc x , y — cosec x are also given in Fig. 2.11. 

Note: Ohserve that sinfl = 0 for 0 = nn and cos0 = 0 for 0 = (2n + l)^r» where n is any 
integer. 

Example 2.19 

Graph /(x) = 3 cos 2x 

Let y = 3 cos 2x - 3 < y < 3 

Period of / = ^ = 7r. 

The graph of the curve in the interval [0,7r] is sketched in Fig. 2.12. 



Fig 2.12 
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Example 2.20 


Lot y = 3sin(2x - 1) 


Uifipli J(x ) = 


0 


Period of / = — = jr 
range — 3 < y < 3. 

Suppose we wish to write 
y = 3sin(2x — 1) = 3 sin 2 / 
or 2 x - 1 = 21 

ort = x-\ 

1 

or x — t + - 

Thus if we draw the graph of 3 sin 2 1 and 
‘shift’ it by 5 to the right, we get the re* 
quired graph. The graph is drawn in Fig. 
2.13. 



Example 2.21 

Sketch the graph of y = sinx and y = sin 2 x on the same axes. 


y 

* 



Fig 2.14 
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Solution 

y = sinx 

Range = {y : “1 < y < 1} 

Period = 2n 

y = sin 2x 

Range = {y : —1 < y < 1} 

Period = n 

The graphs are drawn in Fig. 2.14. 


EXERCISE 2.5 

Sketch the following graphs: 

1. y — tan3x . 2. y = 3 sin 2x 3. y — cos(x — 

4. y = 3sin(3x -f 1) 5. i/ = xsin 2 x 6. y = cos 2 x 

Sketch the graph of the following pair of equations on the same axes: 

7. y ~ cosx, y = cos 8. y = sinx, y = sin(x -4- 45") 

9. y = tan x, y = tan(x — . 45°) 10. y = cos 2x, y = cos(2x — 7r) 

2.8 Conditional Identities Involving the Angles of a Triangle 

When A,B,C are angles of a' triangle, many identities hold between their trigonometric 
functions. We illustrate the method of proof by some examples. 


Example 2.22 
If A 4- B 4- C = 7r, prove that 


L.H.S. = 2 sin 


A + B 
2 


A — B 
COa ~~2~ 


+ sinC 


0 . A 0 C\ A-B n . C C 

= 2 sin I 90 — — ) cos — h 2 sin cos — 

V 2 / 2 2 2 

= 2COS J (cos - — - +C 08 ^90° - j) ) 


Solution 
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„ C ( A-B A + B\ 

= 2 cos — ^cos - |- cos — 

o C U A ]i \ 

- 2coa 2\ 2C ° S 2 Cm '2) 

, A B C 

= 4 cos — cos — cos = R.H.S. 

« z / 

Example 2.23 
IF A + B 4- C = tt, show that 

cos 2 A 4- cos 2 if 4- cos 2 C = — 1 — 4 cos A cos if cos C 

Solution 


L.H.S. = 2cos(>l 4- if) cos(/l — B) -f cos2 C 
= 2cos(7r — C) cos(A - B ) -f cos 2C 
= -2 cos C cos (A — if ) 4- 2 cos 2 C — 1 
— —1 4- 2 cos (7 {cosC - cos(A — if)} 

= -14- 2 cos C [cos {tt — (A 4- if)} — cos (/l — 7f)j 

= - 1 — 2 cos C {cos( A 4- if) 4- cos( A - if) } 

= — 1 — 2cosC {2 cos Acos if) 

= -1 — 4 cos A cos if cos C = 1141. S. 


Example 2.24 
If A 4- B 4- C = ir, show that 


Solution 


A B B C C A ' 

tan — tan — 4- tan — tan h tan tan = 1 

2 2 2 2 2 2 


tan 


A + B 
2 

>14- B 


Hence, 


Also tan* 


A B 
tan — 4- tan —• 


tan(90° — “) = cot ~ 

« A 

A B 
tan — + tan — 
z z 

7^ _ F 

1 — tan — tan — 

2 2 


, 3 B 

1 — tan — tan — 
2 2 


2- . 


tan - 
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dr tan ^ tan ^ + tan ^ tan Y s 1 - tan ^ tan ^ 

of ' tan ^ tan ^ + tan ^ tan y + tan ^ tan ^ = 1, 

which la What we wanted to prove. 

EXERCISE 2.6 

If A + R + C a w, show that 

1. sin 2^4 + sin 2£ + sin2C a 4 sin A sin B sin C 

2. cos 2 A + cos 22? — cos 2C — 1 — 4 sin A sin B cos C 

3. «0Sj4 + cosB + cobC a 1 +4 sin ^ sin ^ sin ^ 

<.coJA + cae 2 B — cob 2 C * 1 - 2 sin >1 sin B cos C 

6. riti* ^ + sift 2 ^ - sin* ^ = 1 - 2cos ^ cos ^ sin tj- 

6i tot | + col cot ^ = cot ^cotf cot ^ 

7. cot B cot C + cotCcot;4 + cot.4cotfl = 1 

8. tan v4 + tan B -f tan C a tan A tan B tan C 

*• ri & ^A i S ?+s i |n( j C = 8sin 4 8in f sin 9 

10. tan 2i4 + tan 2B + tan 2C a tan 2A tan 2B tan 2C 

2.9 i H mmiwtrie Equations 

In solving trigonometric equations, we come across situations of the type sin 0 = sin a or 
cos# «* coso or tan# = tana. Before illustrating the technique of solving trigonometric 
equations by some examples, we find the general value of all angles having a given sine, 
Cosine or tangent. 

It Suppose sin# * sin a 
Then sin# - aiha *= 0 
or2tos£|*sitt*-^«0 

Hence, either cos * 0 or sin & g = 0. 

Therefore, either 

» any odd multiple of ir/2 

nr V as kny multiple of n (See section 2.7) 
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Thus either 

0 = —or 4- any odd multiple of n 
or 0 = -h any even multiple of tt 

Thus the general value of 0 such that sin 0 = sii\a is given by 
0 = n7r 4- ( — l) n a, where n is an integer. 

2. Suppose cos 0 = cos a 
Then cos 0 — cos a = 0 
Hence, — 2sin — sin --T j- — = 0. 

Therefore, either & any multiple of 7 r. 
or = any multiple of 7r . 

Hence, the general solution for 0 such that cos 0 = cos or is given by 

0 = 2nn r h or, where n b an integer. 


3. Suppose tan 0 — tan or 
Then Sial _ sm« 


cos V cos Of 
or sin 0 cos t* — sin or cos 0 = 0 


or sin(0 — or) = 0 
or 0 — Of = 71 7T. 


Hence the general solution for 0 satisfying tan0 = tan or is 
0= 7i7T 4- or, where n is an integer. 


Example 2.25 
Solve the equation 

sin 0 4- sin 30 4- sin 50 * 0 


Solution 

Given sin 0 4- sin 30 4- sin 50 = 0 


or 

or 

or 

or 

or 


(sin 0 4- sin 50) 4- sin 30 =0 
2 sin cos + Bin 30 =0 

2 sin 30 cos 20 + sin 30 = 0 
sin 30(2 cos 20+1) =0 

sin 30 = 0 or, cos 20 = 
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When sin 30 — 0, then 30 ~ nn or 0 — 

When cos 20 = then 20 = 2ri7T ± y or 0 = titt ± y 

This yields 0 ~ (^5n 4- 1)~ or 0 = (.'In - 1)~ 

•i •) 

These solutions arc; contained in the solution set of sin 30 = 0. 

Hence the required solution set is given by <0:0= ^,n an integer 

Example 2. 26 
Solve 

vS cos 0 4- sin 0 — v^2 


Solution 

Divide the equation by 2 to get 


~ cos 0 — i sin 0 = 

2 2 J2 

n _ . 7T . _ 7T 

or cos — cos 0 4- sin — sm 0 = cos — 

6 f> 4 

,7T 7 r . 7I\ 7T 

or cos(- — 0) = cos'— or cos(0 — : ) — cos — 
f » 4 fi 4 


N (> _/ 4 

Hence, the solution is 0 — g- “ 2mn ± ^ 


or 

or 

or 


, n 7 r 

0 — 2m?r 4: [■ — 

4 6 

- 7T 7T 7T 7T 

0 = Imn — - 4- — or 2m7r 4- — 4- — 
4 0 4 6 

_ _ 5vr 

0 = 2m 7r 

12 

0 = 2m 7r — _ZL 
12 


Note: The above method can be used to solve equations of the form 

a cos 0 4- 6sin0 = c 

Divide the equation by >Ja 2 + hP to get 
a 


y/cP 4-fc 2 


cos 0 4- 


: sin 0 = 


yj a 2 4- 0 2 \ZaM-h 2 


Let tana — Then 


sina 


y/aTTtf 


, cos a j 
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The equation now becomes 


cos a cos 0 4- sin a sin 0 = 


yja 2 t b 2 


Hence, cos (0 — a) — — y OL „ • 
\/ a 2 + P 

This will have solutions if 


\/ a 2 4- b' 2 


< \ f because, in this case, we can find (0 - a) = ft (say), so that 


COS /? = — 

\/a 2 -f b 2 


'he equation can be easily solved now. 


Example 2.27 
Solve 

2 cos 2 i 4- 3 sin £ =• 0. 


olution 

The equation yields 

2(1 — sin 2 i) 4- 3sint ~ 0 
r 2sin 2 / — 3sint - 2 =0 

r (2 sin t 4- l)(sini — 2) — 0 


ence, either 2 sin £ 4- 1 = 0 or sin £ — 2 = 
nt = — j = sin 

'herefore, the solution is t =■ n7r 4* (— l) n 


0. But this last situation cannot occur. Hence, 


7tt 

X* 


5lve the following equations: 

1 . cos 0 4- cos 30 — 2 cos 20 = 0 

2. sin20 4-cos0 = 0 

3. sec 2 20 = 1 — tan 20 

4. sin0 = tan0 

5. sin 30 4- cos 20 = 0 

6. sin x 4- cos x = yj 2cos^4 

7. 4cos0 — 3sec0 ~ tan0 


EXERCISE 2.7 


8. sin mO 4- sin nO = 0 


9. 2tan0 - cot 0 = — 1 

10cot2l + siih + 3 = 0 



CHAPTER 3 

Mathematical Induction 


3.1 Introduction 

The word ‘induction’ means the method of inferring a general statement from the vali< 
of particular cases. We must be cautious here that in mathematics this kind of inferc 
is not allowed, even when a huge list of particular cases have been verified. Mathemat 
induction is a principle by which one can conclude a statement for all positive integ 
after proving certain related propositions. 

Let us see an example to explain the need for our caution. 

We know that the numbers 13, 23, 43, 53, 73, etc. are prime numbers. And 
numbers 33, 63, 93, etc. are composite. From these particular cases we formulal 
general statement: A. member of the form lOn 4- 3 is prime if n is not divisible by 3 
this a true statement? 

Even if there are hundreds of particular cases where this is known to be true, 
cannot conclude that this general statement is true. 

In fact this statement is not true in general when the number 143 Is of the 
lUn 4* 3 with 7i = 14, but it is not a prime. 

We say that 143 is a counter example to the statement. 

Even when we do not have a counter example, we cannot conclude that a gen 
statement is true simply because it has been found to be true in all its particular 
that have been verified. We can at the best say that it is a reasonable conjecture. 

This raises the question: How shall we prove a general statement after that is knc 
to be true in some particular cases? We shall formulate in the next two sections, 
such method called the principle of mathematical induction. 

3.2 Preparation for Induction 

A notation: Consider the statements of the form: 

1. n is divisible by 3. 

2. The number lOn + 3 is prime. 

3. 2" > n. 
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All these are statements concerning the natural numbers n — 1 ; 2, 3, We use the 

notations P(n) or Pi(n) or Pifa) etc. to denote such statements. When we give values 
for n » 1, 2, . . . , we obtain particular statements. If in the statement P(n), we substitute 
n = 3, the particular statement so obtained, is denoted by P( 3). Let us see some more 
examples. 

Example 3.1 

If P(n) is the statement “n(n 4- 1) is even”, then what is P(4)? 

Solution 

P( 4) is the statement “4(44*1) is even” i.e., “20 is even”. 

Example 3.2 

If P(n) is the statement “n 3 4- n is divisible by 3”, is the statement P(3) true? Is the 
statement P(4) true? 

Solution 

P( 3) is “30 is divisible by 3”. It is true. 

P(4) is “68 is divisible by 3”. It is not true. 

Example 3.3 

Let P(n) be the statement “3" > n.” Is P(l) true? 

Solution 

P(l) is the statement “3 1 > 1”, i.e. “3 > 1”, so P(l) is true. 

Example 3.4 

Let P(n) be the statement “3 n > n”. What is P(n 4- 1)? 

Solution 

P(n 4- 1) is the statement “3 n+1 >n4 1”. 

Example 3.5 

Let P(n) be the statement “3 n > n.” If P(n) is true, prove that P(n 4- 1) is true. 

are given that 3" > n, and we wish to prove that 3 n+1 > n 4- 1. 

3” +1 = 3.3 n > 3.n. 

3n > n 4- 1 (because for every natural number n, 2n > 1). So 3 n+1 > n 4- 1. 
proves that if P(n) is true, then P(n 4- 1) is true. 
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EXERCISE 3.1 

1. If P(n) is the statement “n(n 4- l)(n + 2) is divisible by 12” prove that P( 3) and 
P( 4) arc true, but that P(5) is not true. 

2. If P(ii) is the statement, “n 2 > 100,” prove that whenever P(r) is true, P(r 4- 1) is 
also true. 

3. If P(n) is the statement “2 n > 3 n,” and if P(r) is true, prove that P(r 4* 1) is also 
true. 

4. If P(n) is the statement w 2 3b — 1 is an integral multiple of 7,” prove that P(1),P(2) 
and P(3) are true. 

5. If P(n) is the statement as in problem 4, and if P(r) is true, prove that P(r 4- 1) is 
true. 

6. Give an example of a statement P(n) such that it is true for all n. 

7. Give an example of a statement P(n) such that P(3) is true, but P(4) is not true. 


3.3 The Principle of Mathematical Induction 

Now we are ready to state the principle of mathematical induction: 

Let P(n) be a statement such that 

(a) P(l) is true 

(b) P(r 4- 1) is true whenever P(r) is true. 

Then P(n) is true for all natural numbers n. 

Wc shall illustrate this principle by numerous examples. 

Example 3.6 

Let P(n) be the statement “n 2 4- n is even” . 

Then (a) P( 1) is the statement M 2 is even”. It is true, 

(b) If P(r) is true for some r, then to prove that P(r 4*1) is true, consider 

(r+l)*+(r+l) = r* + 2r + l+r + l 
= r* + r + 2(r 4- 1) 

= an even number 4* 2(r 4- 1) (because P(r) is true) 

= sum of two even numbers 
= an even number 

Thu 9 P(r 4* 1) is proved to be true, assuming that P(r) is true. 

Therefore (since we have proved both the steps (a) and (b) required for the princip 
of induction), it follows by the principle of induction that P(n) is true for all n. Nc 
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that the conclusion is so strong that it contains infinite number of statements one for 
each n. 

Example 3.7 

Let P(n) be the statement “n 3 -f- n is divisible by 3’’. 

Here, P(l) becomes “2 is divisible by 3”. This is not true. 

Therefore, the principle of induction does not apply. 

Example 3.8 

Let P(n) be the statement u ri z > 100.” 

Here, P(l) is not true. 

Therefore, the principle of induction does not apply. Note, however, that the second 
part namely ‘if P(r ) is true, then P(r -f 1) is true’, can be proved here. Still, because 
P(l) is not true, we conclude that P(n) fails for some values of n. 

Example 3.9 

Prove that 7 divides 2 3n — 1 for all positive integers. 

Solution 

Let P(n) be the statement that 7 divides 2 3w ~ 1. 

Then (a) P(l) is the statement “7 divides 2** — 1”. This is seen to be true. 

(b) Suppose P(r) is true. Then to prove that P(r 4- 1) is true. 

Consider 2 3 * r+l * — 1 = 2 3r + 3 — 1 
5 = 2 3r .2 3 - 1 
= 2 3r .8 — 1 
= ( 2 3r - 1)8 + 8 - 1 

= ( a multiple of 7) -f 7 (because P(r) is true) 

= a multiple of 7. 

Therefore, by the principle of mathematical induction, P(n) is true for all natural num- 
bers n. 


EXERCISE 3.2 

Prove the following by the principle of induction: 

• n(n 4* 1) 

1. The sum of the first n natural numbers is — j — ■ 

2. n(n + l)(n + 2) is divisible by 6, where n is a natural number. 

3. 1 + 4 + 7 + . . . 4- (3n — 2) = 

4. If 3 2 * 1 , where n is a natural number, is divided by 8, the remainder is always 1. 



MATIIUMATirS 


5 6 


5. 4 4* 8 4- 12 4 . . . 4- 4n =* 2n(n 4- 1). 

6. If x and y arc any two distinct integers, then x n - y n is an integral multiple of * — y. 

7. The sum S n =* n 3 4* 3n 2 *4 5n 4- 3 is divisible by 3 for any positive integer n. 

8. I 2 4- 2 2 4* 4- n 2 as ^n(n 4- l)(2n -f 1) for every positive integer n. 

9 - A + 3?5 + 5!7 + + (2n-l) 1 (2n + l) = 2STT 

10. If a set has n elements, prove that it has 2 n subsets. 


MISCELLANEOUS EXERCISE ON CHAPTER 3 

1. Prove by induction that the sum of first n odd natural numbers is n 2 . 

2. If we take any three consecutive natural numbers, prove that the sum of their cubes 
is always divisible by 9. 

3. Prove by induction the inequality (1 4- x) n > 1 4 nx whenever x is positive and n is 
a positive integer. 

4. If P(n) is the statement n 2 - n 4 41 is prime, prove that P(l), P(2) and P(3) are 
true. Prove also that P(41) is not true. How does this not contradict the principle 
of induction? 

5. Prove by induction that 2n + 7 < (n 4 3) 2 for all natural numbers n. Using this, 
prove by induction that (n 4- 3) 2 < 2"+ 3 for all natural numbers n. 

6. Prove that for n € N 

10" 4- 3.4"+ 2 + 5 is divisible by 9. 

7. Prove that 10 2n ~ 1 + 1 is divisible by 11 and for all n G N. 

8. Prove that 

+ 2?3 + 33 + ' • • + = iZTT ' 11 € N - 

9. Prove that 

l 3 4- 2 3 4- 3 s + . . . 4- n 3 =s - ■ fejt’ f or every positive integer n. 
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Cartesian System of Rectangular Coordinates 


4.1 Introduction 

The geometry you have been studying thus far in earlier classes is called Euclidean 
Geometry . Its approach, as you would recall, was to start with certain concepts, like, 
the concepts of points, lines and planes; attribute certain properties to them which wc 
called axioms or postulates (suggested by physical experience); and then using the 
methods of deductive logic to derive a number of theorems which formed the main fruit 
of our mathematical activity and revealed to us the interesting and useful properties of 
the geometric figures under consideration. This approach was first presented by the Creek 
mathematician Euclid , around 300 BO, in his famous treatise ‘‘Elements” comprising 
thirteen books, and is being followed since then. As you would also recall, this made 
essentially no use of the process of algebra, and is called the synthetic approach to 
geometry. 

This was the only approach to geometry for some two thousand years till the French 
philosopher and mathematician Rime Descartes ( 1 596- 1 665) published Ln Gcornetinc. in 
1637 wherein lie introduced the analytic approach (as against s\ nthetic) by systematically 
using algebra in his study of geometry. This was achieved b> representing points in the 
plane by ordered pairs of real numbers (railed < 'n 1 V- •■/ rml* s named after Rene 
Descartes), and representing lines and curves b> algebraic equations. This wedding of 
algebra and geometry is known as analytic or coordinate geometry , and this is what 
we propose to study here. 

4.2 Cartesian Coordinate System 

In this section we shall establish a 1-1 correspondence between points on a straight line 
and the real numbers, and subsequently a 1-1 correspondence between points in the 
Euclidean plane and ordered pairs of real numbers. This would make it possible t6 apply 
the methods of algebra to study problems in geometry. 

We are familiar with the representation of real numbers on a line, which we call 
the real line , or the number line, and denote by R} (or R). This was achieved through 
directed line segments and fixing a unit for length measurement. Fix a point O on the line, 
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which we shall call the origin from where all distances should be measured. This divides 
the line into two parts, the points on the left and right of the origin O. The distances 
measured (in terms of the fixed units) in the two parts are taken to be of opposite signs. 
This gives us the idea of directed line segments where not only length, but directions are 
also taken into account. If A is any other point on the line, then the line segment OA 
will be called directed line segment, directed from O to A. Obviously then, as directed 

line segments, OA = — AO. Distances measured to the right arc conventionally taken 
as positive, and those measured to the left as negative. Thus every point P on this 
line corresponds to a real number x whose magnitude is the length OP measured in the 
prescribed units, and whose sign is -f ve or —vc according as P is to the right or left of 
the origin O. Conversely, given a real number x we can always find a point P on the 
line on the right or left of O depending on the sign of x, such that the length OP equals 
|.t| units. T’his establishes a 1-1 correspondence between the points on the line and real 
numbers. 

We now proceed to define a 1-1 correspondence between the points in the Euclidean 
plane and the set of all ordered pairs of rexil numbers ( a , b). This can be done by 
defining what is called a Cartesian Coordinate System on the Euclidean plane, which 
we do as under: 

In the Euclidean plane draw a horizontal 
line X'OX , a vertical line Y'OY intersect- 
ing at O, the origin . We select a conve- 
nient unit of length and starting from the 
origin as zero, mark otr a number scale on 
the horizontal line,, positive to the right 
and negative to the left. We mark ofF the *T 
same scale on the vertical line, positive 
upwards and negative downwards of the 
origin O. 

The horizontal line thus marked is called 
the x-axis and the vertical line the y- 
axis y and collectively they are called the 
coordinate axes . 

Let P be any point in the plane. Draw perpendiculars from P to the coordinate 
axes, meeting the x-axis in M and the y~ axis in N (Fig. 4.1). Let x be the length 
of the directed line segment OM in the units of the scale chosen. This is called the 
x- coordinate or abscissa of P. Similarly, the length of the directed line segment ON in 
the same scale is called the y- coordinate or ordinate of P. The position of the point 
P in the plane witli respect to the coordinate axes is represented by the ordered pair 
(®, y) of* real numbers, writing the abscissa first in the parenthesis. The pair (x, y) is 
called the coordinates of P, and this system of coordinating an ordered pair (x,y) with 
every point of the plane is called the (Rectangular) Cartesian Coordinate System . 

We thus see that to every point P in the Euclidean plane there corresponds a unique 
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ordered pair (x,y) of real numbers called its Cartesian Coordinates. Ponvcisely. given 
an ordered pair (x,y) and a cartesian coordinate system, we mark of! a directed line 
segment OM =*= x on the x-axis and another directed line segment. CW ~ y on y- 
axis, draw perpendiculars at M and N to x and y~axes respectively, and their point 
of intersection shall uniquely locate the corresponding point P in the Euclidean plane. 
This estabilishes a 1-1 correspondence between the set of all ordered pairs (x,y) of real 
numbers and the points in the Euclidean plane. The set of all orderal pairs (x, y) of real 
numbers is called Cartesian plane or simply plane and is denoted by li 2 . 

Finally we observe (Fig. 4.2) that the 
two axes divide the plane into four regions 
called the quadrants. The ray OX is 
taken as positive x-axis, OX 9 as negative 
x-axis, OY as positive y-axis and OY' as 
negative y-axis. The quadrants are thus 
characterised by the following signs of ab- 
scissa and ordinate. 

I quardant x>0,y>0 or (-f ,-f ) 

II quardant x < 0, y > 0 or (-,-f) 

III quardant x < 0, y < 0 or ( -, ) 

IV quardant x>0,y<0 or (4v ) 

Further if the abscissa of a point is zero, it would lie somewhere on the y axis and if its 
ordinate is zero it would lie on x axis. Thus by simply looking at the coordinates of a 
point we can tell in which quadrant it would lie, e.g. the points (3, 4), (1, -2), (-2, -3) 
and (-4, 5) lie respectively in I, IV, III and II quadrants. 

4.3 Distance Formula 

The distance between any two points in the plane is the length of the line segment 
joining them. Let the coordinates of these two points P and Q be (xi,yj) and (x 2 ,y 2 ) 
respectively. Wc shall sometimes refer to them as points P(xi,i/j) and (?(x 2 ,y 2 ) and 
obtain, as under, a formula for the distaac* between them. 

Theorem 

The distance between two points P(xi,yi) and Q(x 2 ,y 2 ) is 


Proof: Let J**(xi,yi) and Q(x 2 ,j/2) be the two points in the plane, and let d be the 
distance between them (Fig. 4.3). Draw lines parallel to y-axis from the points -P(xj,yi) 
and Q(x 2 ,2ft) which will meet the x-axis in points ^4(xi,0) and £(x 2 ,0) respectively. 
Now draw a line through P(x 3 , y 3 ) parallel to x-axis which will meet the vertical through 
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Q in R(x 2t yi). The length of the segment between P and R t which we shall denote by 
\PR\t is equal to \AB\. 

As in the figure, \AB\ = \OB\ - \OA\ = 

(x 2 — X]). If, however, x 2 were to the 
left of xi (i.e. x 2 < xi), this length were 
(xi — xj). In other case, since the length 
has got to be positive, we take the abso- 
lute value of (x 2 — Xi), viz. |x 2 - x\\ as 
the length \AB\. Hence, \PR\ = \AB\ = 

|x 2 — xi |. In passing we observe that when 
the ordinates of two points (in this case 
P and R) arc the same, the distance be- 
tween them is the absolute value of the 
difference between their abscissa (in this 
case |x 2 — xj|). 

Repeating the same argument for the points Q and R , by drawing lines parallel to 
x-axis and meeting the y- axis, we shall find that the length \RQ\ = \y 2 — yi|> (What do 
you observe in this case? It would also be a good exercise to check the validity of these 
facts when P and Q lie in different quadrants). 

Now applying Pythagoras theorem, wc get 

\PQ \ 2 - \PR \ 2 + \RQ \ 2 or if = |x 2 - xi| 2 + lift - Ift| 2 

which can also be written as 

if = (x 2 - X!) 2 + (jft ~ S/l) 2 - 

Since the distance is always positive, taking the positive square root, we get the distance 
formula 

rt . PC) | --- yj\x 2 - *i) 7 + (y 7 - Vl) 2 - 

This proves the theorem in case the line PQ is parallel to neither x-axis nor y-axis. 

If PQ i s parallel to x-axis, then obviously yi = y 2 and PQ = |x 2 — xj|. 

Also, y/(x 2 — X]) 2 + (j /2 ~ V\) 2 = y/(x 2 — Xi) 2 = |x 2 — xj|. Hence, the theorem is 
proved if PQ is parallel to x-axis. A similar proof can be given when PQ is parallel to 

y-axis. 

Corollary: The distance of any point P(x, y) from the origin is \fx 2 -I- y 7 . 

Proof: In the above formula, take the point P as (x, y) and Q as (0, 0), i.e. the origin, 
to get the result. 

Example 4 • t 

What is the distance between the points (4, 5) and (-3, 2)? 
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Solution 

It is immaterial whether we select (4, 5) or ( 3, 2) as /*, since the choice effects only 
the sign of (x 2 - Xj) and (y 2 - j/i). If we take (4, 5) as Q , then 

PQ - + 

= vfa - (-3)] 2 4 (5 - 2Y 
= \J (4 T 3)* 4 (3) ? 

= VWTW 

~ v/58 


Example 4-% 

Prove that the points (4, 4), (3, 5) and (-1,-1) represents the vertices of a right triangle. 
Proof : Let the points (4, 4), (3, 5) and (“1,-1) represent the points I\ Q and R 
respectively. Then, 


PQ = - 4) 2 4 (5 - 4) 2 = s/2 

QR = v'l— 1 -(»)]* +'H - OOP = ^52 

and PR = v/1-1 - (4)]* 4 (-1 - (4)} 2 = s/T6 

Since QR 2 ~ RP 7 4 PQ 7 , it follows from t he converse of the Pythagoras Theorem 
that the triangle is a right triangle, with right angle at P. 


EXERCISE 4.1 

1. Find the distance between each of the following pairs of points: 

(i) (-1,-4), (3, 5) 

(ii) (a coso, a sin a), (acos/3, asin/3) 

2. By using the distance formula, prove that each of the following sets of points are the 
vertices of a right triangle: 

(i) (6, 2), (3,-1), (-2, 4) 

(ii) (-2, 2), (8, -2), (-4, -3) 

3. Show that each of the triangles whose vertices are given below are isosceles: 

(i) (8, 2), (5, -3), (0,0) 

(ii) (0,6), (-5, 3), (3,1) 



62 


MATHEMATICS 


4. Find the value of x such that PQ *s QR t where P t Q and R are (6, -1), (1, 3) and 
(x, 8), respectively. 

5. What point on the x-axis is equidistant from (7, 6) and (—3, 4)7 

6. Give the relation that must exist between x and y so that (x,y) is equidistant from 
(6,-1) and (2, 3). 

7. Show that the quadrilateral with vertices (3, 2), (0, 5), (—3, 2), (0, —1) is a square. 

4.4 Area of a Triangle 

We now proceed to find the area of a tri 
angle ABC , the coordinates of whose ver- 
tices are given to be A(xi,yi), B(x 
and C(x3,|fa). Draw perpendiculars from 
A, B and C to x-axis meeting it in L, M 
and N respectively. As we have seen ear- 
lier, \LM\ or simply ML = |xj — x 2 | = 
xi - x 2 . Fig.4.4 

Similarly, LN = (X3 — x 5 ) and MN = X3 — x 2 . Now, the area of A ABC = area of 
trapezium BM LA -f area of trapezium ALNC — area of trapezium BMNC = 

UmB + AL).ML + ~{AL + CN).LN - \{BM + CN).MN 
- ~(V 2 + yi)(xi ~ *2) + + y*)(x 3 - x t ) - i(y 2 + y 3 )(x 3 - *2) 

= |(*i(w - ys) + x 2 (ys - yi) + * 3 (yi - ys)]. 

The expression 

- Vs ) + *2(1/3 - 

I 

is sometimes written in short as 

31 V\ 

* 2 V2 
x 3 yz 

Such an expression is called a determinant . 

With this notation, the area of the triangle with vertices (xi,yi), (x 2l yj) and (xs,ys) is 
given by 

1 Ift 1 

5 ** * 1 
^3 VS 1 


Vi) -y*)} 

1 

1 

1 
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Note 

1 . Sometimes the above expression for area may turn out to be negative. But we take 
the absolute value of the expression as the area. 

2. The above proof uses the fact that all vertices of the triangle are on one side of the 
y-axis; it can be shown that even if some vertex or vertices are on the other side of 
the |/~&xis the same expression will give us the area of the triangle. 

3. We have given the above proof by drawing perpendiculars from vertices on the 
x-axis. A proof can also be given by drawing perpendiculars on the y-axis. 

Condition of Collinearity of Three Points 

Three points i4(x], yj), B(x 2t y 2 ) and C(x 3 , y 3 ) are collincar, i.c. lie on the same straight 
line if and only if the area of the &ABC is zero Hence, three points A(xi, yj), B(xa, j/a) 
and C(x 3 f y 3 ) are collinear if and only if 

xi y\ 1 
x 2 J /2 1 -0 

T‘* V3 1 

Example 4$ 

Find the area of a triangle whose vertices arc (4, 4), (3, - 2 ), and (-3, 16). 

Solution 

Using the above formula, required area is 
4 4 1 t 

3 -2 1 =5 [4( — 2 - 16) - 4(3 - (-3)) + 1(48 - 6 )J * -27 
-3 16 1 2 

Rejecting the negative sign, area of triangle » 27 sq. units. 

Note; If we actually plot the vertices and take them in anticlockwise direction, the 
order would be (4, 4), ( *3, 16) and (3, * 2) and then the value of the determinant would 
be +27. 

Example 4-4 

Show that the three points (- 1 , - 1 ), ( 2 , 3) and ( 8 , 11 ) lie on a line. 

Proof: We have 

1 - 1 “ l 1 1 

2 3 1 — r [—1(3 — 11) + 1(2 — 8 ) + 1(22 — 24)] * 0 

8 11 1 2 

Hence the result. 
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EXERCISE 4.2 

1. Find the area of the triangle with vertices at the points given in each of the problems 

(a) to (d). 

(a) (0, 0), (1, 0), (1, 1) 

(b) (-2, 1), (2, -3), (4, 4) 

( c ) (3, 8), ( 4, 2). (5,-1) 

(d) (2,7), (3, 1), ( 5,6) 

2. Show that each of the following triple of points are collincar: 

(a) (2, 1), (0, 1), (4, 7) 

(b) (-2,5), (2,-3), (0, 1) 

‘(c) ( 5, 7), ( 1, 5), (1, -5) 

3. For what value of x will the points (x f -1), (2, 1) and (4, 5) lie on a line? 

4. A and B are two points (3, 4) and (5, -2). Find the coordinates of a point P such 
that PA = PB and the area of the triangle PAB — 10. 

{Hint: We can take the area as 10 or -10, hence two different, points.) 

5. Find the condition that the point (x,y) may lie on the line joining (3, 4) 
and ( 5, -6). 


4.5 Section Formula 
Theorem 4 2 

Given two points A{x\,yi) and B{x 2 , 1 / 2 )* The coordinates of the point P on AB which 
divides the line segment. AB in the ratio l : m (internally) are given by 


mx 1 + lx 2 
l + m 


Proof : Draw lines parallel to y-axis from 
A y B and P meeting x-axis in C, D } and 
Q respectively. Draw lines parallel to pr- 
axis from A and P meeting PQ and BD 
in E and R respectively. This being given 
that ^ * s ca » iJ y seen that the 

two right angled triangles APE and PBR 
are similar, and hence, 

AP AB PE t 

PB PR ~ BR ~ m 


_ my\ + l\j 2 
l 4- m 
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Now AE CQ = | OQ — OC\ = |x ~ xj| = x — xj 
and PR = QD = \OD — OQ| = |x 2 — x| = X 2 — x 


Using ^ = 

JL _ 

m — 


PR 

/liT 

PR 


PE l 
BR~ m 

— — — or t(x 2 — x) — m(x — xi) 

X2 — X 


mxj 4- lx 2 

l.e. X =S p 

(4m 

Again, = | PQ - QE\ - | PQ ~ AC\ = \y - y, | = y ~ if, 
and PP = |£P ~ PP| = |P£> - PQ\ - |t/ 2 - y\ = y 2 - 1/ 
Using ^ = y 2 ~- y y . we have J(y 2 - y) = m(y - y,) 


Note: To remember the formula it is 
helpful to note that l is multiplied by 
the coordinate ‘away from it’, and simi- 
larly is m, and the sum then divided by 
1 4 m. This is diagrammatically shown in 
Fig. 4.6 as aid to memory. 



A P B 

<*»•*> (*,.*> 

Fig.4.6 


External Division 


If the line AB is divided externally by a 
point P in the ration / : m as shown in 
Fig. 4.7, then it is easy to see that AP = l 
and BP = m, for a suitably chosen unit 
where P lies on AB produced. 

Thus the point 3(x 2 , 2 / 2 ) divides the line 
AP internally in the ratio (J — m) : m. 
Our formula for internal division therefore 
implies that 


1* 

1 

1 

1 

I 

1 

I 

1 — 
A 


I — #M 



Fig.4.7 


(I — m)x 4 mx\ _ (( — m)y 4 m yi 
(l-m)4m ’ 2/2 (l-m)4m 


so that 


(X 2 = (l — m)x 4 mi] and lj /2 = (l - m)y 4 my. 


giving 


lx 2 — mxi 
,If 


(j /2 - my, 
l — m 


x = 


l — m 
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Note that this is the same formula as for the internal division except that m is replaced 
by — rn. If P divides AB externally in the ratio f : m and l < m, then the coordinates of 
P will be given by 

~ lx 2 + mxi _ — 1|/2 + rnyy 
x ~- _j + m ~' y=r -l + m 


Mid Point Formula 

To find the coordinates of the mid-point of a line segment with end points A(xi,yi) and 
Ufa, 1/2), we put i = m in the formula of theorem 4.2 and obtain 


x 


Xj 4- X 2 


yi 4- y/2 
2 


Example 4.5 

Find a point on the line through 4(5, -4) and I?(— 3, 2), that is, twice as far from >4 as 
from B. 

Solution 

Obviously, there are two points /1 1,-42 that satisfy this requirement. A\ divides AB 
internally in the ratio 2 : 1 and A 2 divides AB externally in the same ratio. 


4) A l (x,yJ /?(- 3,2) A 2 (x,y) 


Fig.4.8 

By theorem 4.2, coordinates of A\ are 


x = l(S) 4-2(-3) 
14-2 

u = 

v 1 +2 

So coordinates of j 4, are ( — 5 , 

For At, we have 


5-6 _ _1 
3 ~ 3 


0 

3 


= 0 


X as 


-1(5) + 2(— 3) 


- 1+2 
-5-6 


= - 11 , 


y = 

4 + 4 
1 


— 1 ( — 4) + 2(2) 


-1 + 2 


= 8 


Therefore, Aj has coordinates (—11,8). 
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Example 4.6 

Find the centroid of the triangle whose vertices arc A(-~ 1,0), /?(<%, ~2) and C'(S.2V 
Solution 

(Centroid, the point where the medians of a triangle intersect, divides each median in 
the ratio 2:1* Coordinates of the mid point of DC are } j <>, * y , 0) 



Fig 4.9 

If G is the centroid, it must divide the median AD in the ratio 2:1* Hence, by section 
formula, its coordinates arc 

* , iiMtifcl). • . 0 

2+1 V 2+1 

Hence, the coordinates of the centroid G arc (4, 0). The reader is advised to check the 
result corresponding to other two medians. 


EXERCISE 4.3 

1. Find the coordinates of the points which divide internally and externally the line 
joining (1,-3) and (—3,9) in the ratio 1:3. 

2. Prove that the points (-2,-1), (1,0), (4,3) and (1 , 2) are the vertices of a parallelo- 
gram. 

(Hint: Diagonals of & parallelogram bisect, each other) 

3. Find the centroid of a triangle whose vertices arc (®i, yi), (x 2> yj) and (r 3 , y 3 ). 
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4. Find the third vertex of a triangle if two of its vertices are at (—1)4) and (5,2) and 
the centroid at (0, -3). 

5. In what ratio does the point (^,6) divide the line segment joining the points (3, 5) 
and (-7,9)? 

6* Find the ratio in which the line segment joining (2, -3) and (5, 6) is divided by 
x-axis. 


4.6 Slope of a Line 

A line { not parallel to x-axis in a coordinate plane intersects it. Such a line forms two 
angles with x-axis which are supplementary. To be definite, we choose that angle x which 
is made going anticlockwise direction from x-axis. This angle x will have values between 
0° and 180°, and is called the angle of inclination or inclination of the line I. All lines 
parallel to x-axis, or coinciding with x-axis, are said to have inclination 0°. Note that 
when two lines are parallel, they have the same inclination. 

For the purpose of analytic geometry we associate a number with the inclination of 
the line in the following manner: 

Definition 4-1 

The slope m of a line having inclination a, and not perpendicular to x-axis, is defined 
to be tan a. 

The slope of a line perpendicular to x-axis is not defined as the value of tana at 
a = 90° is undefined. 

Note that the slope m is independent of 
the sense of line segment. As shown in 
Fig. 4.10 slope of AB=tan a=tan(7? + c*) 

= slope of BA and hence we do not 
take into consideration the direction of a 
line segment, while talking of its slope. 

We know that a line is fully determined 
when we are given two points on it. 

Hence, we proceed fo find a formula for 
the slope of a line in terms of the coordi- 
nates of two points given on it. 

Theorem 4-3 

If P(xj, |/j) and Q(x 2 , 1 / 2 ) are two points on a line /, then the slope m of the line I is given 
by 

m = — — — , xi 
*2 -*1 



If x\ = 22 1 then m is not defined. In that case the line is perpendicular to x-axis. 

Proof : Let a be the inclination of the line I. We shall consider two different cases when 
a is acute or obtuse, as shown in Fig. 4.11(i) and (ii). Draw horizontal and vertlcle lines 
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(i.e. parallel to g-axis and y-axis respectively) through P and Q respectively intersecting 
at M , whose coordinates are shown in the figure. 



In Fig. 4.1 l(i) the inclination a is equal to LMPQ y hcncc m = tana ~ tan LMPQ — 
MQ __ y 2 — yi 

PM x 2 — X] , 

In Fig. 4.11(H) the inclination a and LMPQ are supplementary, hence 

4 . , w r.A^ MO 1/2 — 1/1 2/2 - 2/1 

m =s tana = tan (180 - L MPQ) — — tan LM PQ = — — — = = 

MP X] - x j x 2 - X\ 

Consequent I v, we see that in ill rases the slope m nf the line through points P(.ri.i/0 
and Q{x 2 , ^ is given by 

2/2 “ 2/1 
*2 - Xy 

The difficulty arises when x.\ — x 2 , i.e. when n? is not defined. This is the ease when the 
line. I is parallel to y-axis or perpendicular to x-axis. 

Thus given any line not perpendicular to g-axis, we can always find its slope by 
locating two points on it, and also given any point we can draw a line of the given slope 
through it. 

Example 4* 7 

Find the slope of a line l determined by the points P( 4, 6) and Q( 2, 12). 


Solution 
Here m 


V2-Vi 
X 2 ~ X\ 


12-6 

2-4 



Obviously 1 makes an obtuse angle with x-axis. 
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Example 4& 

Through P(4, 1) construct a line which has slope equal to j. 

Solution 

Starling at P t draw a line parallel to s-axis extending to a point R one unit to the right 
(Fig. 4 A 2). Now draw RQ parallel to y~axis such that RQ = §(= m) units above R . 
The coordinates of this point Q are (5, j) 



If two lines are parallel (neither of which is parallel to y-axis), then their inclinations are 
same and hence their slopes arc also same. Conversely, if the slope m of two lines is the 
same, then by the property of tangent function there exists a unique angle x between 0° 
ami 180 1 such that tanar = m, and hence their inclinations are same which means they 
are parallel. Thus we arrive at the following result: 


Theorem 4*4 

Two lines (not parallel to y-axis) are parallel if and only if their slopes are equal. 

The question arises: Can we characterise perpendicularity also in terms of slope? The 
answer is given by the following theorem; 


Theorem 4-5 

Two lines (non parallel to y-axis) are perpendicular, if and only if their slopes mi, m 2 
satisfy the condition that miir <2 = — 1. 




Pig -4.13 
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As in Fig. 4.13 (i) and (ii), if the lines t\ and t 2 are perpendicular, then c*i and a% 
differ by 90°, i.e. = a\ ± 90°, hence tanr *2 = tan(c*i ± 90°). In either case we get 

1 1 

m 2 = tan a 2 = — cot a\ = — 

tanaj mi 

Or 771177*2 = — 1 

Conversely, if mim 2 = —1 i.e. tanajtan^ = — 1, then tana 2 = — cot at\ 
= tan(90° -4- Oi) or tan(tt] — 90°) which is satisfied when and a 2 differ by 90° i.e. 
i\ and (.2 are perpendicular. 

Remark: If the slope of one of them is undefined, it is parallel to y-axis and so the 
perpendicular line has slope zero and is parallel to x-axis. 

Example 4-9 

Show that the line through (0, 0) and (2, 3) is parallel to the line through (2, 2) and 

(M). 

Proof : 


m i 




V 7 ~ 2/i _ 3 — 0 _ 3 
x 2 — Xi 2 — 0 2 

4 - (->2) a 6 a 3 
6 - 2 ~ 4 2 


Since the slopes are equal, the lines are parallel. 


Example 4-10 

Prove that the line through ( 2,6) and (4,8) is perpendicular to the line through 
(8,12) and (4,24). 


Proof: 


8-6 1 . 24-12 

mi = - — 7-Sx = o and m 2 = — — — = -3. 


4 - (-2) 3 


4-8 


Hence, minis = -1 and the lines are perpendicular. 


EXERCISE 4.4 

1, What* can be said regarding a line if its slope is 
(a) positive, (b) zero, (c) negative? 

3. What is the sldpe of a line whose inclination is 
(a) 0°, (b)45° (c) 90° (d) 150° 
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3. Find the slope of the line through the points 

(a) (1, 2), (4, 2) (b) (0, -I), ( 6, 2) (c) (4, 6), ( 2, 5) 

4. Show that the line joining (2, 3) and (-5, 1) is 

(a) parallel to the line joining (7, 1) and (0, 3) 

(b) perpendicular to the line joining (4, 5) and (0, 2) 

5. State whether the two lines in each of the following arc parallel, perpendicular or 
neither. 

(a) Through (ft, ti) and (2, 3); through (9, 2) and ((>, ft) 

(b) Through (8, 2) and ( ft, 3); through (16, 6) and (3, 1ft) 

(c) Through (2, ft) and ( 2, 5); through (fij 3) and (1, 1) 

(d) Through (9, ft) and ( 1,1); through (8, 3) and (3, -ft) 

6. Determine x so that 2 is the slope of the line through (2, ft) and (x, 3). 

7. What is the value of y so that the line through (3, y) and (2, 7) is parallel to the 
line through (1,1) and (0, 6)7 

8. Without using Pythagoras Theorem, show that (4, 4), (3, ft) and (1, 1) are the 
vertices of a right triangle. 

0. \ .quadrilateral has the vertices at the points ( 1, 2), (2, (>), (8, ft) and (9, 7). 

r d:ow that the mid- points of the sides of this quadrilateral are the vertices of a 
parallelogram. 

4.7 Sets of Points and Equations 

Let us consider the following: 

Consider x < 1: ie ol radius a whose centre 
is at the origin. This cir< le is the set of all 
points in the plane whose distance from 
the origin is a 

Let /'(.r, ?/) be an\ point on this circle. 

Then as its distance from origin (0, 0) is 
a, we have 

\ :r 4- \r " a 

and so. for everv point P(x, y) on the cir- 
cle, we get x l 4 y : - a 7 . 

Conversely, if (x y y) is any point in the 
plane satisfying the equation x 2 4- y 2 = a 2 , 
then this shows that t he distance of the point ( x } y ) from the origin Is a, so that the 
p^int is on the circle. Thus the circle with centre as origin and radius a is the set of all 
}>oiiits (x t y) such that x 2 4 y 1 — a 2 . 

We say that x 2 4- y 2 = a 2 is the equation of this circle. 




CARTESIAN SYSTEM OF RECTANGULAR COORDINATES 


73 


Again, consider the line l parallel to x-axis 
and lying 4 units above the x-axis. 

It is obvious that if P(x,y) is any point 
on this line, then y = 4. Conversely any 
point (x, y) for which y = 4 will lie on this 
line f. Hence 

l = {(x,v) |V = 4}. 

So the equation of the line / is y = 4. 
These examples indicate that if we take a 
set of points in the plane such as a line 
or circle, etc. we can find an equation in 
x and y (or only x or only y) such that 
a point (x, y) belongs to this set if and 
only if the coordinates (x, y) satisfy the 
equation. 

In general, different sets of points will 
have different equations. 



4.15 


Example 4. 11 

Find the equation of the set of all points which are twice as far from (3, 2) as from (1,1). 
Solution 


Let A be the point (3, 2) and B the point 

( 1 , 1 ). 

Suppose 

S={P|PA = 2PB} 

Let P € S and P have coordinates (x, y). 
As then 

PA 2 = (x — 3) J + (y - 2 ) 2 
PB 2 = (x- 1) J + (y - l) 2 

Now PA = 2PB 

So PA * = APB 2 

(x— 3) a +(y— 2) s = 4 {(x - 1) 1 + (y — l) 3 } 
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which, on simplification becomes 


3x 2 4- 3y 2 — 2x - \y — 5 = 0 


Example 4-12 

Find the equation of the set of points such that the sum of its distances from (0,3) and 
(0, -3) is 8. 


Solution 

Let P(x t y) be any point of the set and A and A' be the points (0,3) and (0,-3) respec- 
tively (See Fig. 4.17). We are given that 
\PA\ -f \PA'\ = 8. Using this, we have 

yj(x~ 0) 2 + (y — 3) 2 + y/fc - W + (V + 3) 2 = & 
or x 2 4- ( y 2 — 6j/ -|- 9) = 64 — Vb\/x 2 + (y 4- 3) a 4- x 2 4- y 2 4- 6^ 4- 9 

or — 1 2t / = 64 — 16^/x 2 4- (y 4- 3) 2 

or 12 y 4- 64 = 16 yjx 1 -h (y 4- 3) 2 

or 3|/ + 16 = 4V5 2 T(yT3? 

or 9 y 2 4- 9 6y 4- 256 = 16(x 2 4- y 2 4- 6y 4- 9) 

or 112= 16x 2 + 7j/ 2 . 

_2 fi 2 

Hence, y 4* = 1 

Therefore, the required equation is y- 4- yg = 

FVom the above discussion it is clear that 
if a coordinate system is defined, the con- 
dition determining a particular set may 
be expressible as an equation or a set of 
equations involving the coordinates x and 
y of a point. When it is possible, as is of- 
ten the case, a relationship is established 
between sets and equations. This rela- 
tionship is the basis of two fundamental 
problems in coordinate geometry. 

1. Given a set (geometric condition), to find the corresponding algebraic relation 
(equation). 

* 2. Given an algebraic relation (equation), to find the corresponding set. 

In the articles that follow, we shall consider these two problems with respect to the sets 
— the straight lines and circles. 
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EXERCISE 4.5 

1. Find the equation of the set of points equidistant from (-1, -1) and (4, 2). 

2. Find the equation of the set of ail points equidistant from the point (4,2) and the 
x-axis. 

3. Find the equation of the set of all points P(x, y) such that the segment OP has slope 
3, where O is the origin. 

4. Find the equation of the set of points for which every ordinate is greater than the 
corresponding abscissa by a given distance. 

5. Find the equation of the set of points such that the sum of their distances from (0,2) 
and (0,-2) is 6. 

6. Find the equation of the set of all points P{x, y) such that the line OP is coincident 
with the line joining P and the point (3, 2 ). 



CHAPTER 5 


Straight Line 


5.1 To Find the Equation of a Straight Line Parallel to an Axis 

We know that on x-axis, the {/-coordinates of all points are zero. We say that the equation 
of x-axis is y = 0. Similarly, the equation of y-axis is x = 0. Now the equation of a 
straight line parallel to x-axis is y — b, where b is the ordinate of any point on the line. 
Similarly, x = a is the equation of a straight line parallel to y-axis, where a is the abscissa 
of any point on the line. * 



Pig.B.l 


5.2 The Point-Slope Form 

Now we we in a position to obtain the equation of a line determined by a given set of 
conditions. 
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Let Pi (* 1 , 1 / 1 ) ^ a fixed point and m be a given slope. If any other point on the line 
is P(x,y), then ~ is the slope of the line through Pj and P* But this is given as m. 
Hence, 

tllL.m 

X - Xi 

or y - yj = m(x - xi) (5.1) 

Conversely, if a point Q(x, y) in the plane satisfies (5.1), then as & is the slope 
of QP\ , (5.1) expresses the fact that the slope of QP\ is m. Thus Q is on a line through 
P\ with slope m. 

Thus, if l is the line through P] with slope m, then we have shown that 
j = {(*,2/)|y~ 3/1 =m(x-xi)} 

Hence the equation (5.1) is the equation of the line through the point (X],yi) and slope 
m. This form of the equation of a line is called the point-slope form. 

Note that the slope rrj i^J&idcfined for the lines parallel to y« axis. Ilence, the point- 
slope form of the equation will not be applicable to the equation of a line through 
P,(xi,yi) parallel to the y axis. However, this presents no difficulty, since for any such 
line t lie x-coordinatc of any point on it is x\> the equation of such a line is x X\. 

Example 5. 1 

Determine the equation of the line passing through the point (-1, -2) and with slope 
Solution 

Putting the values xi = -l, y\ = —2 and m = j in the point-slope form of the equation, 
we get 

y — (~2) = ~[i — (-i)l 

or y + 2 = ^(x + 1) 

or 7y 4- 14 = 4x + 4 

Therefore, equation of the line is y 

Example 5.2 

Determine the equation of the line through the point (3, -4) and parallel to the x-axis. 
Solution 

A line parallel to the x-axis has the slope zero. Therefore, point-slope form of the 
equation gives 

V - (-4) - 0(*-3) 
or y + 4 = 0 
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Another way to approach this problem is to note that every point on the line must have 
the same ordinate. Since one point has ordinate -4, we must have y = — 4 for all points. 


5.3 Two-Point Form 


Let Q\(x\ t y\) and Qv(x 2 , y*i) be two points and let l be the line through these two points. 
If x\ sb $2 then Q 1 Q 2 is parallel to x-axis and the equation of I is x = x \ . 


If x\ ^ x 2 , let P{x t y) € /. Then ‘as 
and QiQ\ are the same lines they have 
the same slope. So 

1/2 — 1/1 
X% — X\ 



Conversely, if a point Q(x, y) satisfies J j rzr^ = » then this last equation indicates 

that the slope of QQ\ = slope of Q 2 Qj. SoVhe lines QQi and Q\Qi are cnther the same 
or they are parallel. But these lines already have a common point Qu so they are the 
same lines. Thus Q is on »•<?. Q € /. Hence 



y-v \ 

X-Xi 


yi - Vi \ 
x\ - x 2 J 


Therefore equation of the line through (x^yj) and (x 2 ,y 2 ) ™ 


V~V\ • y\ -~V2 

■" 1 S*s 1 '■ 1 11 ■ ■ 

X — Xj X\ — X2 


or 


(5.2) 
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5.4 Intercept Form 

Suppose a line I is parallel to neither at- 
axia nor y-axis. Then i intersects x-axis 
at some point A(a , 0) and it intersects the 
y-axis at some point B(0, 6). We say that 
a and 6 are respectively x-intercept and y- 
intercept of I. Since l passes through the 
points (a,0) and (0,6), we see that the 
two point form tells us that the equation 
of ( is 


V-b 

6-0 


x — 0 
0 — a * 


i.e. 




a 


or 



= 1. 


Thus the equation of a line whose x and y- intercepts are a and 6 is 


5 + S-i 

a b 


(5.3) 


5.5 Slope-Intercept Form 

If a line is not parallel to y-axis, it may be determined by its y-interoept and slope 
m. If a line has the y-intercept 6, it passes through the point (0,6). Hence, we may 
use the point-slope form to obtain the equation of the line in terms of these quantities. 
Substituting (0,6) for (xi,yi) in the point-slope form, we get 

y — 6 as m(x — 0) 

or y = mx 4- 6 

This is the equation of the line with slope m and y- intercept 6. This form of the equation 
of the straight line is very useful. 


Alternative Method 

Let the given intercept of a line l with y-axis be c and inclined at an angle a with x-axis. 

Let C be the point on y-axis such that OC = 6. 

Through C draw a straight line inclined at an angle a(= tan _1 (m)J to x-axis so that 
tanas m. Let P be any point on the line. Draw PM perpendicular to x-axis to meet 
a line through C parallel to x-axis in N. 
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Let (*, y) be the coordinates of P. There- 
fore OM *s x and MP — y 

LPCN = tPL'M = a 

MP-NP+MN 

or NM = MP - NM = MP-OC 
or AfP = y — 6 and CAT = OM = x 
In APCW, 


tana = 


PAT 


or to = 


CAT 

y-fc 



or y = tox 4- b 


(5.4) 


This is the equation of the line with slope m and y-intcrcept b. 


Example 5.3 

What is the equation of a line with slope 3 and y-intercept 2? 


Solution 

On substituting m = 3 and 6 = 2, in the slope-intercept form of the equation, we get 
y = 3x + 2. 

This is the desired equation. 

Example 5.4 

Determine the slope and the y-intercept of the line whose equation is 5x + 6y = 7. 
Solution 

Expressing y in terms of x we have 


V = 



7 

6 


Comparing this equation with the slope-intercept form, we see that m = - 1 and b = 
Therefore, slope of the line is — | and its y-intercept is j*. 
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5.6 Normal Fbrm 

A straight line is determined if the length of the perpendicular from the origin (0,0) to 
the line, and the angle which this perpendicular makes with the x-axis are known. 

Let AB be the line. Draw OP perpendicular to AB as shown in Fig, 5.5. Four 
different figures [See Fig. 5.5 (i), (ii), (iii), (iv)] are given for various positions of the line 
AB . Consider the first Fig. 5.5 (i). 



(iii) fiv) 

Fig. 5.6 

Let u be the angle between OP and the positive x-axis, and p the length of the 
perpendicular OP. Then the coordinates of the point p will be (pcosu;,psinu/), and the 
slope of AB will be — tfbj = - cot a;. If (x,y) is any other point on the line AB X then 
by the point-slope formula, y — psinu/ = — cot u(± — p emu). On simplifying, we get 

xcosw + ysinuj-p =0 

or xcos w + y sinus =s p (5.5) 
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which is the perpendicular form of the straight line. It can be verified that we get the 
same form, if we consider Fig. 5.5 (ii) (iii) and (iv). 

Example 5.5 

Find the equation of the line with w = 135° and perpendicular distance 4. 

Solution 

from (5.5), we have 

a; cos 135° 4- y sin 135° — 4 — 0 

* -^ + $- 4=o 
or — x + y — 4\/2 = 0 

Example 5.6 

Find the equation of the line which has length of perpendicular segment from the origin to 
the line as 4 and the inclination of the perpendicular segment with the positive direction 
of x-axis is 30°. 

Solution 

The normal form of the equation of a line is xcos u 4- ysin u = p 
Here p = 4 and u> = 30° 

Equation of the line is 

x cos 30° + y sin 30° =4 
or x^ + = 4 

or v/3x + y — 8 


5.7 Symmetric Form 

Let a line pass through A(x\, j/i) and be inclined at an angle 9 with the positive direction 
of x-axis. Then the equation of the line involving xi, 2/1 end 9 is called the symmetric 
form of the line. 

Let P(x ,.y) be any point and AP * r. Draw AB and PC perpendiculars to x-axis 
from A and P respectively and AN X PC. 
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Now, AN « BC = OC — OB = *-*, 
PN =* PC -CNi* PC -AB = y-y x 
Abo AP *s r 


In AANP, 


COB 0 — 




and sin0 = 

r <«> 

From (i) and (ii) 

- Hi 1 < 5 «) 



Tsf 1 " ‘ml 1 < 56 > 

which is the equation of the line in the symmetric form. 


Note: FYom the equation it follows that 

i = !ti+r cos 0, y = j/i + r sin 0, (0 == constant) 

which is called the parametric equation of the line, r being the parameter. 

Example 5.7 

Find the equation of a line which passes through the point (-2, 3) and makes an angle 
of 30° with the positive direction of £-axia. 

Solution 
Here 0 = 30°. 

Given point on the line is (-2, 3). Using the symmetric form, the equation of the line is 

y ~ 3 (5.7) 

cos 30° sin 30° 

x + 2 y - 3 

~W = r 

or y/3y - 3v/3 = * + 2 

or x — + (3>/3 + 2) — 0 

b the equation of the required line. 


5.8 General Form 

All the forms in which we have found the equation of the straight line are of the first 
degree in x and y. The converse of thb b also true. The most general form or any 
equation of the first degree in x and yiaAa:-t-I?v + C = 0. 
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This equation, though apparently involving three constants A, B and C, in reality involves 
only two — namely, the ratios ^ and £r. 

We shall now show that every straight line is represented by an equation of the first 
degree and conversely. 

Theorem 5.1 

The equation Ax + By 4* C = 0 always represents a straight line provided A and B are 
not zero simultaneously. 

Proof : We shall now consider the following two cases: 

Case I: If B = 0 and A ^ 0, then the equation Ax + By + C = 0 becomes Ax + C = 0 or 
x = ~ ^ and is satisfied by all points lying on a line parallel to y-axis and at a distance 

units from it. Hence, this is the equation of a straight line. The case where B # 0, 
A = 0, can be treated similarly. 

Case II: If B / 0 and A ^ 0, we can solve the equation for y and obtain 



This represents the straight line with slope — jy and y-intercept 
The converse is given in the following theorem. 

Theorem 5.2 

Every straight line has an equation of the form Ax + By 4- C = 0, where A, B and C are 
constants. 

Proof: Given a straight line, either it cuts the y- axis, or is parallel to or coincident with 
H . We know that the equation of a line winch ruts the axis (that is it has a y-intercept) 
can be put in the form y — mx f 6; further, if the hi*e is parallel or coincident with the 
y-axis, its equation is of the form x = Xi, where x^ = 0 in the case of coincidence. Both 
of these equations are of the form given in the theorem; hence the proof. 

We can use the form Ax + By 4- C = 0 to determine the equation of a straight line 
in the following way: 

Example 5.8 

Find the equation of the line through (3,4) and (2,-1). 

Solution 

We seek the numbers A,B and C such that the line Ax + By 4- C = 0 passes through 
the two given points. If Ax + By + C = 0 passes through (3,4), then 3A 4- 4B + C » 0; 
if it passes through (2, -1), then 2A — B 4* C = 0. 

Subtracting 2A - B 4* C m 0 from 3A -I- 4B + C = 0, wc get A + 5B *= 0. 

So A « -SB; also 2A - B + C » 0 now yields -IOB-B + C = 0, he. C=11B. 
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Thus the equation Ax 4- By + C = 0 becomes 

-5 Bx 4* By 4- 1 1 B = 0 
or -5x + y 4- 11 — 0 
or y = 5a: — 11 

Therefore, the equation of the line through (3, 4) and (2, -1) is y =s 5x - 11. 

The general equation of a straight line is reducible to the normal form in the following 
way 

The general equation of the straight line is 

Ax + By + C ~ 0 (5.8) 

The equation of a line in the normal form is 

x cos a 4 y sin a — p = 0 (5.9) 

If we suppose that (5.8) and (5.9) represent the same straight line, then we can compare 
the corresponding coefficients 

A B C 
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5.9 Angler between Two Lines 

We shall consider any two non-perpendicular lines t\ and £ 2 , neither of which is parallel 
to the y-axis and derive a formula for the angle from t\ to £2 in terms of their slopes. 

The angle between the lines i\ and £2 is either acute or obtuse. (See Fig. 5.7) From 
Fig. 5.7 (i) we see that 

OL'I = Ofj 4- 0, 



since a 2 is an exterior angle of a triangle with Q\ and 9 as the opposite interior angles. 
Therefore, 

9 ss c*2 — <*1 

and tan 9 = tan(a 2 — aj ) 

tan aj ~~ tan a% 

1 4- tan ct] tan o ?2 

Therefore, tan# = 1712 mi (5.10) 

1 4" Tfl\YTl2 

where mi as tan ai, and m 2 » tan 03 
From Fig. 5.7(ii), we see that 

+ (» - 0)i 

since (jt — ff) and <*3 are interior angles with o, as the opposite exterior angle. 
Therefore, 0 ® 03 - a, + *r 

or tan# * tah(w + (a* — arj)) 
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= taii(o2 — at) 

_ tan a 2 — tan a i 
1 4- tan tan a] 


Thus 


tan0 = 


ma — mi 


1 + Ttl\7Tl2 

We have thus proved the following theorem. 


Theorem 5.3 

*The positive angle 0 from the line t\ to the line i 2 with slopes mi 
m 2 = tan <*2 respectively is given by 


tanoi and 


tan0 = 


m2 — tn\ 
1 4- mi m 2 


We note that if two lines arc perpendicular to each other, then, as seen earlier, 

mi = — — , that is 1 4 mi m 2 = 0 
m 2 


Thus , tan 0 = is not defined in this case. 

1 4- mi m 2 

Notice that in numerical examples, the value of tan 0 will sometimes be found to be 
negative. This would merely mean that instead of getting the acute angle of intersection, 
its supplement, which too is the angle of intersection of the lines, is being obtained. 


Example 5.9 

Determine the angle B of the trian- 
gle with vertices A(— 2, l),i?(2,3) and 

c(- 2,-4). 


Solution 

Let BA be t\, BC be /a so that formula 
5.10 will .give the desired angle (See Fig. 
5.8). 

Then, m, = Z$~2 * 

-4-3 


2 

7 

4 


and 


tan LB 




Thus LB a 33*42'. 



MATHEMATICS 


SB 


Example 5.10 

Find the value of m\ if m 2 = j and 0 = j . 


Solution 
FVom the formula 


we get 

or 

or 

Therefore, 


tan0 
tan f 
1 

2 + 771] 


1712 mi 
1 4* mi m 2 * 

2~ m » 

1 - 2mi 

2 4- mi 
V - 2m 1 


mi 


ll 

3 


Condition for Perpendicularity 

The equation Ax 4- By + C = 0 may be written in the form 


V = 



C 

B 


if B ± 0, from which, by comparison with the form 
y = mx 4 f>, 

we see that the slope is (— ^). If B = 0, the line is parallel to the y-axis and its slope is 
not defined. 


Let the equation of two lines which are not prallel to the y-axis be 



A\X 4- Biy 4- Ci =0 

0) 

and 

A^x 4- Bjy 4- C 2 = 0 

00 

In the slope form 

A ! Ci 

V =-B 1 X ~B } 

(iii) 

and 

Ai C 2 

V ~~B?~% 

(iv) 


If mi and m 2 are slopes of (iii) and (iv), then mi = -^ l “ d m 2 « =k 
We know that' the condition for perpendicularity of two lines whose slopes arc mj and 
fits is m 1 m 2 =» —1 

This means 


(*)(=*) — 
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or ^Ma + BjBa^D (Ml) 

which is the condition for perpendicularity of the lines given in the general form* . 

Note: If B\ = 0, any line parallel to the x-axis will be perpendicular to the line 
Ax 4* By 4- C =s 0. In this case too (5.1 1) is satisfied since A% « 0* 


MO Condition for Concurrency of Three Straight Lines 

Let A\x 4- B\y 4* C\ *= 0 (i) 

and A 2 x 4- B 2 y 4* Cj = 0. (ii) 

be the twp straight lines AL\ and AL? respectively intersecting each other at the point 
A as shown in Fig. 5.9. 

Since (i) is the equation of AL\ } the coordinates of any point on it must satisfy the 
equation (i). Similarly, the coordinates of any point on AL% must satisfy (ii). 

Now, the only point which is common to both the straight lines is their point of 
intersection A. The coordinates of this point must, therefore, satisfy both (i) and (ii). If 
(ziil/i) are the coordinates of A , then we have 

A)X\ 4* B\y\ + C\ = 0 (iii) 

A 2 Xi 4- B2I/1 4- C 2 = 0. (iv) 

Solving (iii) and (iv), we have 


si _ Vi _ 1 

B\C 2 - B 2 C?i C\A 2 — A\C 2 A\B 2 — BjA 2 

This means 

BiC 2 — B 2 Ci 
Xl ” AjBj - By A3 
CyA 2 - AyCj 

afad W ~ A1B2 - B1A3 

Hence, the point of intersection of the two 
lines (i) and (ii) is 

' / B\C% — BaCy 

\AyB 1 - ByA t ' AyBt - ByAt) 

How the condition that the three lines whose equations are 



A\z + B\y + C\ = 0 

w 

A%x 4" Bay 4- C 2 = 0 

(vi) 

A%x 4- Bay + C3 — 0 

(v«) 
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should be concurrent is that the point of intersection of (v) and (vi) must lie on (vii). 
In other words, the coordinates of the point of intersection of (v) and (vi) should satisfy 
the equation of (vii) i.e. 


or 


A3 (i?,Ci — B2C1 ) -|- B3 (C1A2 — ^2^1) + Q (v 4 ] J?2 “ A%B\) as 0 


which is the required condition for concurrency. 

This condition can be expressed in the determinant form as 


A\ B\ 

A% B2 O2 
A$'B Z c 3 


= 0 


(5.12) 


We have proved that if the lines (v), (vi), (vii) are concurrent then (5.12) is true. 
Conversely, if (5.12) is true, then it would imply that 


i.e. the point 


arS&) + *(f£=«£) +a -. 

XAiBi — Ajai/ \A\U2 — A2D\J 


/ BxCt-BtCx CyM-CjAA 
\AiIh — A<iB\ ’ A\ Bi — AjB\ ) 


which, as we have seen, is the point of intersection of (v) and (vi), lies- on (vii). Thus if 
(5.12) is trye then (v), (vi), (vii) are concurrent. 

Thus (5.12) is the necessary and sufficient condition for the concurrency of (v), (vi) 
and (vii). 


6.11 Analytical Proofs of Geometric Theorems 

We can prove many theorems of plane geometry with the help of the formulae of coordi- 
nate geometry. We consider some examples. 


Example 5.11 

Prove that the line segment joining the mid-points of two sides of a triangle is parallel 
to the third side and equal to one-half its length. 

Solution 

Consider - a triangle OPQ with vertices at 0(0, 0), P(o,0) and 0(6, c). (See Fig. 5.10) 
The mid-point AotOQ is ($, §). The mid-point BoIPQ ia g). The slope m, 

of AB is given by 
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Example 5.12 

Prove that the diagonals of a 
parallelogram bisect each other. 


Solution 



To prove that the diagonals bisect each other, it is only necessary to show tint the 
mid-point of each diagonal is the same point. Let OBCD be the parallelogram with 
throe of its vertices at the points 0(0,0), 5(25,0) and Z?(2c,2d) (See Fig. 5.11). It may 
be seen that the fourth vertex is C(2b +c,2d). The mid-point of both the diagonals 00 
and BD b (t + c,d). 

This completes the proof. 
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Example 5.13 

Prove that the segments joining the mid-points of the adjacent sides of a quadrilateral 
form a parallelogram. 


Solution 


Let the vertices of the quadrilateral be at the points 0(0, 0), A(2a, 0), B(2b, 2c), C(2d, 2e ) 
(See Fig. 5.12). Let Jlfi, Mj, Ms and M« represent the mid-points of OC,CB,BA and 
OA respectively. To prove that the quadrilateral M1M2M3M4 is a parallelogram, we 
have only to show that side M2M3 is parallel to side M1M4, and side MjMjt is parallel 
to M4M3. 


Coordinates of M\ are (d, e) 
Coordinates of M2 are (b + d, c + e) 
Coordinates of M3 are (o + 6, c) 
Coordinates of M4 are (a, 0) 

We now find slopes of 
M1M2, M2M3, M4M3 and M4M1 


c + e — e c 
b+d-d ~ b 
c - (c + e) _ 
o + i— (b + </) 

0 — c _ c 
a — (a + b) b 
0 — e -e 



Slope of Mi M 2 
Slope of M2M3 
Slope of M4M3 

Slope of M4M1 — . — , 

a — a a — a 

We see that slope of M1M2 = slope of M4M3 and slope of M2M3 = slope of M4M1. 
M1M2M3M4 is a parallelogram. 


Thus, 


Example 5.14 

Prove that the diagonals of the rhombus are perpendicular to each other. 

Solution 

Let OABC be a rhombus with its vertices as (0, 0), (xi , 0), (xi + £3, j&) and (23, 03). 

As OABC is a rhombus, all of its sides are equal. 

Hence, OA = OC 

or OA 2 = OC 2 

i.e, 21? = £2* + Vt 

To show that its diagonals are perpendicular to each other, we shall show that the product 
of the slopes of the diagonals is • 1 . 
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Now slope of OB = — " — 
x\ + x 2 

and slope of AC =* — — — 
x 2 — *1 

Hence, the product of the slopes 


to 


Ifc 


xj + x 2 
ya 2 
- a?i 2 


to 

-V? 


X 2 ~~ X] 


1 -1 {using (i)} 



Hence, the diagonals of a rhombus are 
perpendicular to each other. 

5.12 Distance of a Point from a Line 


Case I: Let the equation of a line AB be 

xcosar + ysinor = p (i) 

Let P be the point (x', y') and d be the 
length of the perpendicular NP, P being 
assumed to lie on the opposite side of the 
line AB from O, 

Draw APB 1 parallel to AB through 
‘ P, and draw the common perpendicular 
OTT* from O on AB and AB' (See Fig. 
5.14). 

Then OT = p and the angle ACT = a. 
The perpendicular from O on AB is of 
hence the equation of AB is 



OT* } and makes an angle a with OX; 


x cos a + y si n a » p + d 

The coordinates (x',yO of P satisfy the equation of AB 
x'cosa-f y'sinor =* p + d 

or d a» x' cos or 4- y' sin or — p 
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Hence, the length of the perpendicular is the result of substituting the coordinates of P 
in the expression xcosar + psin a — p. 


Case II: Let the equation of the line be given in the general form 


Ax + By + C — 0 (ii) 

Reducing the general equation to the normal form, we have 

—Ax By 4 C 

\M J + W ~ y/A 2 + B 3 “ VA* + B 3 

Now, the length of the perpendicular segment drawn from the given point (x',i/) to 

00 » 

-Ax' -By’ -C 
s/A 3 + B 3 
Ax' + Byf + C 

~ 7WW 


Neglecting the negative sign -as the length of a segment is always positive, we have 
the length of the perpendicular segment as 


Ax' + By' + C 
y/A 3 + B 2 


(5.13) 


Example 5.15 

Find the distance between the line 3x - 4y + 12 = 0 and the point (4, 1). 

Solution 

Since A =3, B=-4, C= 12, xj = 4 and j/i = 1, by the formula for the distance between a 
line and a point, we have 


J |3x4 + (-4) x 1 + 12 

m l“=i+“L ». 4 

v/25 5 


Example 5.16 

Find the perpendicular distance of the point (o, b) from the line § + ^ m 1, 
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Solution 

The required distance is 



a b 


y/o 2 + 6* 


5.13 Translation of Axes 


Let (x, y) be the coordinates of any point 
P referred to the axes OX and OY . Let 
O' X 1 and O'Y 1 be the new axes parallel to 
OX and OY. Let O' being the neworigin> 
Lct(/i, A’)bc the coordinates of O' referred 
to the old axes|OAf and MP are the 
abscissa and ordinate of the point P 
referred to the old axes i.e. OM = x and 
MP = y. O'M' = x' and M'P are 
the abscissa and ordinate of P referred 
to the new axes O' X' and O f Y f 
Let O'M' = x' and M'P = y'. If we want 
to transforfti an equation in x and y into 
corresponding equation in x' and y\ we 
will have to express the old coordinates 
x, y in terms of the new ones x', y' so that 
the transformation can be performed by 
direct substitution. It is easily seen from 
the figure that 



OM = /i + 0'M'; MP m k + M'P, 


or 


x 'as x' + h y y = y' + k 


(5.14) 


We have, therefore, to write (x 1 + h) for x and + k) for y in the equation which 
we wish to transform- We thus get an equation in x‘,yf. So if the equation of the set of 
points P (locus of P) with respect to OX and OY be / (x, y) = 0, the equation to the 
same set of points when the origin is transferred to O', the axes retaining their directions, 
becomes / (x 1 + h,y’ + k) = 0 where x',y' are the current coordinates with reference to 
the new axes. 

* We can easily check that the area of a triangle (or a quadrilateral) and a (dope of a 
line remain unaffected with the change of axes, ie. the area of a triangle and slope of a 
fine are invariant under the translation of axes. 
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Let B(x2, ya) and C(xj, 1/3) be the vertices of a triangle ABC referred to 

some rectangular coordinate axes. Let the origin be shifted to the point (h, k ) with axes 
retaining their directions. Then the area A of the triangle ABC with respect to the old 
coordinate axes is given by 

A = i xi(pj - ys) + *2(»s - in) + *3(vi - ya) (i) 

Let (xi', yi'), (xj', 1 / 3 ') and (xj', ya') be the coordinates of A, B, C, with respect to the 
new axes. Then we know that 

Xj —Xi' + h, tftssy/ri -k 

* 2 = x 2 ' + h, V2 — V2 ' + k 

®3 — Xa' '4- h , ya — ya' + k 

Now substituting these values in (i), we get 

A a ^ (xi' + h)(y2 + k-y$' -k) + {xa + h)(y a + k - yi' - k) + (x s ' + h) x 
(Vi +k-yj'-k) 

* ^ *i'(ys' — ysO + xa(V3 — Vi) + xs'(i/i-' - ya) 

which is nothing but the area of the triangle with respect to the new coordinate axes. 
Thus the area with reference to both the coordinate axes remains the same. 

Similarly, we can prove that the slope of a line does not change with the change of 
axes (parallel translation). 

Far, if 

Ax + By + C = 0 (ii) 

is the equation of a straight line referred to the old coordinate axes, then the slope of 
the line is seen to be equal to 


Now, if the origin is shifted to the point (h, k), then as before any point (x', y') on the 
straight line with respect to the neW coordinate axes will satisfy the following relations. 

x — x' + h and y — 1/ + k 

Therefore, the equation of the straight line can be written as 
ri(x' + h) + B(y' + *)+C =0 

Ax? + B]f + (Ah + Bk + C) ss 0 (ill) 


or 
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which is the equation of the straight line in the new coordinate axes. Now, we can easily 
see that the slope of the straight line given by (iii) is 


whidi is the same as m. Therefore, we have established that the slope of a straight line 
is invariant under the translation of axes. 

In fact, as we have learned earlier, all the geometric properties in Euclidean Geo- 
metry remain unchanged under rigid motion. Since parallel translation of axes is only' & 
particular case of rigid motion (which includes rotation also), it is quite obvious that all 
geometric properties shall remain unchanged when we transform the coordinates in this 
way. 

We shall see later that translation of axes provides a very useful tool for obtaining 
equations of different loci in simple form, or for providing simple proofs of geometric 
properties. 


EXERCISE 5.1 

Find the equation of the line in each of the problems 1 to 4. 

1. Through (4, 3) and slope 2. 

2. Through (0,-2) with slope -4. 

3. Through (0, -3) and (5, 0). 

4. Through (-1, -2) and (-5, -2). 

5. Find the lines through the point (0, 2) making an angle ^ an< * with x-axis. Also 

find the lines parallel to them cutting the y-axis at a distance 2 below the origin. 
Find their point of intersection with x-axis. 

6. What are the inclinations to the x-axis of the lines 

y = \x>/3 4- 3 and y =? V3x 4 3? 

u 

Show that the line y = x 4 3 bisects the angle between them. 

7. Find the equation of the line that has y-intercept 4 and is parallel to the line 
2x~3y = 7. 

8. Find the equation of the line that has x-intercept -3 and is perpendicular to the line 
3v4.5y«e4. 

9. Find the equation of a straight line passing, through the point (2, 2), such that the 
sum of Its intercepts on the axes is 9. 

10. The vertices of a triangle are the points (0, 0), (2, 4) and (6, 4). Find the equations 
of its sides. 
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11. The mid-points of the sides of a triangle are (2, 1), (*-6, 7), (-5, -5). Find the 
equations of the sides. 

12. Find the equation of the line that is parallel to 2x 4- 5y = 7 and passes through the 
mid-point of the line joining (2, 7) and (-4, 1). 

13. Find the equation of the line that is perpendicular to 3x+2y = 8 and passes through 
the mid-point of the line joining (5, -2) and (2, 2). 

14. Find the equation of the straight line bisecting the segment joining the points (5, 3) 
and (4, 4) and making an angle of 45° with the x-axis. 

16. If p be the measure of the perpendicular segment from the origin on the line whose 
intercepts on the axes are a and b, show that 

^ ~ a* + 

16. Obtain the perpendicular form of the equation of lines from the given values of p 
and u/, 

(i) p =s 3, uj = 45° (ii) p = 5, lj = 30° 

(iii) p = 5,a/ =135° (iv) p = 1, u; = 90° 

17. Reduce each of the following to the perpendicular form and find p. 

(i) x + y — 2 a* 0 (ii) Ax + 3y — 9 = 0 

(iii) x — 4 = 0 (iv) y - 2 = 0 

18. Which of the lines 2x - y + 3 = 0 and x — Ay - 7 = 0 is farther from the origin? 

19. The perpendicular distance of a line from the origin is 5 cm and its slope is -1. Find 
the equation of the line. 

20. Show that the origin is equidistant from the three straight lines, 

4x + 3y + 10 = 0, 5x- 12y + 26 = 0, 7x + 24y = 50 

21. Find the angle between the straight lines y - \/3x — 5 = 0 and \/3 y - x 4- 6 =* 0. 

22. Find the equation of the lines through the origin making angle of 60° with the line 
x + y\/3 + 3>/3 = 0, also the coordinates of points where they meet the line. 

Classify the pairs of lines in Exercise 23 to 25 as coincident, parallel, or intersecting. 

23. 6x+ 14y- 16 = 0, 12x 4* 28y - 32 = 0 

24. 3x — 4y = 8, 3x + 4y = 11 

25. x — 2y = 7, 4y — 2x = 13 

Find the distance between the line and the point in each of the following Exercises from 

26 to 28. 

26. 4x + 3y - 5 = 0. (-2, -1) 

27. 5x + 12y-41 =0, (3,0) 

28. y* 4, (2,3) , 
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Family of Lines 


6.1 Equation of Family of Lines 

Let A\x 4- flip 4- Ci =0 (6-1) 

and Ajx 4- B%y + Q = 0 (6.2) 

be two given non-parallel lines. Then, for any real number k, 

(A\x 4- flip 4- C|) 4- 4- fljp 4- Ci) = 0 (6.3) 

for any values of x and y for which (6.1), (6.2) are both true. In other words thepoint 

of intersection (xo,M>) of (6.1) and (6.2) lies on the straight line whose equation is (6.3). 
Hence (6.3) represents a line through the point of intersection of (6.1) and (6.2) for every 
k. Hence, (6.3) represents the family of lines passing through the point of intersection 
of the two lines. 

Note: If there exists no point (xo,pio) common to the lines (6.1) and (6.2), they are 
parallel. In this case (6.3) gives the family of lines parallel to them. 

Example 6.1 

Find the equation of the straight line parallel to the p-axis and drawn thraueh the Aaint 
of intersection of x — 7p 4- 5 = 0 and 3® 4- p — 7 * 0. 

Solution 

The equation of any straight line through the point of intersection of (the given lines is 
of the form 

*-7ji454l(3*4y**7) a 0 
or (l4-3k)*4-(*-7)p4-5-7fc *0 

If this line is parallel to p-axis, the coefficient of p is aero, uwmm m — 7, and the equation 
becomes 


*-JnO 
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Example 6.2 

Find the equation of the line through the intersection of 3x + 4y = 7 and x — y + 2 = 0, 
and with slope 5. 

Solution 

The equation of the family of lines passing through the point of intersection of the given 
lines will be 

(3x + 4y-7) + A(x-y + 2) *0 
or (3 + k)x + (4 — k)y + (2k — 7) = 0 

The slope of each member of the family is 

k + 3 
*-4 

But slope for the line is given to be 5. Hence, 

f±f-» 

or k + 3 a® 5k — 20, i.e., k = — 

4 

Therefore, the equation of the desired line is 

(3x + 4y — 7) + — y + 2) =0 

or 4(3* + 4y — 7) + 23(x — y + 2) =0 

at 1 5 - u 

EX£RClti£ 6.1 

1. Find the equation of the line through the point of intersection of x + 2y =* 5 and 
x — 3y «= 7, and passing through the point 

0 ) (0,0) (ii) (2,-3) 

(iii) (1,0) (iv) (0,-1) 

2. Find the equation of the line through the point of intersection of 5x — 3y = 1 and 
2x + 3y = 23, and perpendicular to the line whose equation is 

(i) x-2y = 3 (ii) x = 0 
(Ui) y-0 (iv) 5x - 3y = 1 

3. Find the equation of the line through the intersection of the lines x+2y— 3 =* 0 and 
4* — y + 7 =s 0 and which is parallel to 5x + 4y - 20 *= 0 

4. Fidd the equation of the line through the intersection of the lines 2x + 3y — 4 «• 0 
and * — 3j+ 7 » 0 that has its x-intercept equal to -4 
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6.2 Pair of Straight Linos through Origin 


We shall show that the homogeneous 
equation of the second degree 

ax* + 2 hxy 4- by 2 = 0 


represents a pair of straight lines passing 
through the origin if h 2 > a b. 

Solving the above equation as a quadratic 
equation for x, we get 


x 


—h ± /i? — ab 

a 


V, {h 3 > ab) 



i.e., either ax 4- (h 4- — ab)y = 0 

or ax + (A — s/h 2 — ab)y = 0. 

Each of the above is a straight line passing 
through the origin. 

H6nce, the homogenous equation 


F)gA.l 


ax 2 + 2 hxy -f by 2 — 0 

represents two straight lines passing through the origin. These lines are real and distinct, 
if h 3 > ab and coincident if h 2 = ab, and the lines do not exist if h 2 < ab. 

6.S Angle between the Pair of'Straight Lines 

Let the pair of straight lines be represented by the equation ax 2 + 2 hxy + by* «■ 0. 

Since the above equatir its a pair of straight lines passing through the origin, 

they will be given by the • 

y = mil (6.4) 

and V ~ to iX 16.5) 

or y - toj* as 0 and y : = U 

Then (y - m^xXy - rr^x) — 0 

or’ TOjinjx® — (toj + TOj)xy + y* * 0 

This equation is the same as 

ax* + 2 hxy + 6y* « 0 

The aquation os* + 2 hxy + ty* ■ 0 it caBad a h om oge ne ous equalise of urcood degree in * wd y m *fc* 
Ap. Of cadi of the two* *x 2 ,2hzy,by* is 2 aw) it does not contain any other terum 
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Therefore comparing the coefficients 


This gives 


and 


mim 2 _ (mi + m 2 ) 1 

o 2 h ~b 


miDIj as - 
0 

, 2 h 

mi + m 2 — — — 


If 0 be the angle between the given straight lines, then 


tan 9 as 


TTl2 — 771 ] 

1 4- 171] 7712 

\/(m] 4 m 2 ) 2 - 4mirn^ 

1 -f 77117712 


Substituting the values of mim 2 and mi+m 2) we obtain 


tan0 


y/4/i^ — 4 q 6 
a + b 


H«c., I =t „-.|?v^rfj 


Notice that the condition for coincidence of the lines is 


( 6 . 6 ) 

(6.7) 


( 6 . 8 ) 

(6.9) 


h* * ab (6.10) 

In other words, for the coincidence of lines, the expression ox* + 2hxy + by 1 should be a 
perfect square. 

The condition for perpendicularity is 


(Ml) 


« + k*0 
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6.4 Equations of the Bisectors of the Angles 
Let the lines be represented by the equation 

ox 2 + 2 hxy + by 2 = 0 

Suppose the lines are \ 

y — m\X = 0 , y — m 2 x = 0 \ J 

Since from any point on a bisector the p\^ 

perpendicular distances on the lines are \ 

equal, we have / j 

* / 
s / 

- m^x 1 / — m 2 x f 

+ y/\ +T7l2^ 

The two bisectors can be expressed in one equation which is 

( y-™!* + ^ ( u-™i 


/\ 


\ y/l 4- m i 2 y/l+mz* / \ y/l 4* mi 3 yl ^ 

(1 + m^Xy - mi*) 2 - (1 + mj 2 )(y - mjx) 1 «* 0 
r*(mi 2 - m 2 2 ) — 2*y(roi - m 2 )(l - mjm 2 ) + y 2 (m 2 2 — mj 2 ) = 0 


x 2 -y 2 - 


m i + m 2 


(since mi — m 2 ^ 0) 


Substituting | for mim 2 and — ^ for mi + m 2 [see (6.6) and (6.7) J, the above 
equation becomes 

* 2 -y* = 2 *y^jyT 

i- - f <« 13 > 

which is the required equation of the bisectors of the angles between the pair of lines 
given by ax 2 + 2hxy + by 2 = 0. 

Example 6,8 

Find the equation of the lines bisecting the angles between the pair of lines 
Sa$ 4- xy — 2 y 2 = 0. 

Solution 2 3 

Uring the formula X a 2'% * 7 *, we get the equation 

x 3 — u 2 *y 

“ T 

2 
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or x 2 — lOxy — y 2 — 0 

EXERCISE 6.2 

1. Find separate equations of the straight lines whose joint equation is 

x 2 - 5xy + 6j/ 2 = 0 

2. Find the separate equation of the straight lines whose joint equation is 

ab(x 2 - y 2 ) + (a 2 - b 2 )xy = 0 

* 

3. Find the angle between the lines whose joint equation is 2x 2 — 3xy — 6y 2 = 0. 

4. Find the straight lines represented by the equation 

y 2 — xy — 6x 2 = 0 

and find the angle between them. 

5. Prove that the angle between the straight lines given by 

(x cos o — y sin a) 2 = (x 2 + y 2 ) sin 2 a 

is 2a. 

6. Show that the bisectors of the angles between the lines 

(ox + by ) 2 = c(bx — oy) 2 

are respectively parallel and perpendicular to the line ox 4- 6y + c = 0. 

6.5 Condition for the General Equation of Second Degree to Represent 
Two Straight Lines 

We have seen that the general equation of the first degree in x and y, viz., Ax+By+C * 0 
represents a straight line. Let us now consider the product equation. 

(j4x + By + C)(d'x + B'y + C) « 0 (6.14) 

and examine what locus is represented by this. 

Since the two factors on the left hand side of equation (6.14) are Ax + By + C and 
A'x + B'y + C 1 , the equation is obviously satisfied if either of these factors is equal to 
zero. Hence, equation (6.14) represents a pair of straight lines 

/if + Fy + CaO and d's+tff+CaO. 
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If we multiply the two factors on thd left hand side of (6.14), we get an equation of the 
form 

ax 2 -f 2 hxy 4- by 2 -f 2 gx 4- 2 fy 4* c = 0 (6.1 5) 

where the values of a, 6, c, /, g , h are easily determined in terms of B, C, .4', B\C. This 
is the most general equation of the second degree and will represent a pair of straight 
lines provided the coefficients of various powers of x and y and the constant term are 
suitably determined. The obvious condition is that the expression on the left hand side 
of equation (6.15) should break up into linear factors in x and y . 

Let the equation 


ax 2 4- 2 hxy 4- by 2 4- 2 gx 4- 2 fy 4“ c ~ 0 

represent a pair of straight lines and let (x 1( y x ) be the point of intersection of the lines. 

If the origin is transferred to (xi,yi) the axes remaining parallel to their original 
directions, equation (6.15) transforms into 

<z(x + x{) 2 + 2h{x 4- x\)(y 4- y\ ) 4- b(y 4- yi) 2 4- 2 g(x 4X])4 2 f(y 4- y\) + c = 0 (6.16) 

Referred to new axes (6.16) is the equation of two straight lines through origin, and must 
therefore be a homogeneous quadratic equation in x and y. Simplifying further, we have 

ax 2 4- 2 hxy 4* by 2 4- 2(axi 4- hy\ 4- g)x 4- 2(fcxi + by x 4- f)y 4 - axj 2 1 7 \ 

4-2/ixi y\ 4- by x 2 + 2 gx[ 4- 2 fy x 4- c = 0 v • / 

Hence, (6.17) is a homogeneous quadratic equation in x and y with respect to new 
coordinate axes. The pair of straight lines passes through origin. Hence, the coefficients 
of x and y and the constant in (6.17) must separately vanish. 

Thus oxj 4- hy x 4^ *0 (6.18) 

hx\ 4” by x 4 - / =0 (6.19) 

and ax\ 2 4- 2hx\y\ 4- feyi 2 4- 2 gx\ 4- 2 fy x 4- c = 0 (6.20) 

Multiplying (6.18) by Xi, (6.19) by y lv adding and subtracting the result from (6.20), we 


gx i f fy\ 4- c * 0 

If we solve (6.18) and (6.19), we And that 


„ Jh-gb 

lSS F^o6 ’ 


Vi 


fa - gh 

tf-ab 


If m put these values in (6.21), and simplify, we get 

abc + 2 fffh — af * — ip* — ch* * 0 


( 6 . 21 ) 
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This can be expressed in the determinant form as 

a h g 

h b f =0 

g f c 

which is the condition that the equation (6.15) should represent a pair of straight lines. 

Note: The point of intersection can be found by solving any two of the equations (6.18), 
(6.19) and (6.21). 

We can arrive at the same result by the following alternative method. The equation 
a** 4- 2 hxy -f by 2 + 2 gx 4- 2 fy 4- c = 0 

represents a pair of straight lines if the expression on the left can be broken up into two 
linear factors of the type 

lx 4- my + n and 1'x + m'y 4- n\ 


We then have 


ox 2 4- 2 hxy + by 3 + 2gx 4- 2 fy 4- c 
s (lx 4- my 4- n)(l'x 4- m'y 4- n') 

which gives II' * o, mm' = b, nn' = c, 1m' 4- ml' = 2 li , In' 4- nl' = 2 g, mn' + nm! = 2/. 

Multiplying the last three results together, we obtain 

2 ll'mm'nn' 4- ll'(m 8 n' a 4- n 2 m' a ) 4- mm'(n 2 l 2 4- l 2 n' a ) 4- nn'(l 2 m' a 4- m a l' a ) = 8/pfc 
which reduces to 

2ohc 4- o(4/ 2 -'26a) 4- 6(4^ — 2ac) 4- c(4h* — 2a6) = 8/yh 
or a6c 4- 2fgh — a/ 2 — bg 1 — ch 2 =0 

Remark 

We. have noted in the fust proof above that if the equation ax 2 4- 2 hxy 4- 6y 2 4- 2yx + 
2/y 4- c =* 0 represents a pair of lines, and if we translate the axes so that the point of 
intersection is taken as new origin, then this equation reduces to the homogeneous form 

ax 2 4- 2hxy 4- by 2 = 0 

in new coordinates. We shall be using this fact quite often in what follows. 
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Sufficiency of the Condition 
We have seen that if the equation 

ax 2 4- 2 hxy 4- by 2 4- 2gx 4- 2 fy 4 c = 0 (6.22) 

represents two straight lines, then 

abc 4* 2 fgh - a/ 2 - hg 2 - ch 1 = 0 (6.23) 

'This shows that (6.23) is the necessary condition that the general equation should rep- 
resent two straight lines. We shall now show that this condition is sufficient also. 

a h g 

If abc + 2fgh-af 2 -bg 2 -ch 2 — 0 i.c., h b J =0 

9 f c 

then this is precisely the condition that the lines 

ax 4- hy 4- g = 0 
kx + by + f - 0 
gx + fy + c =s 0 

are concurrent. If these lines are concurrent at the point (21,91), then the equations 
(6.18), (6.10) and (6.21) arc true. If we multiply (6.18) by xj, (6.19) by 91 and add them 
to (6.21), we get (6.20), so (6.20) is also true. And these indicate that when the origin 
is transferred to (21,91), the equation 

ax 2 4- 2/129 4- by 2 4- 2^2 4- 2 fy 4 c = 0 

becomes 

ox 2 4- 2/129 4- by 1 = 0 (6.24) 

[See (6.17)]. But we know that (6.24) represents a pair of lines through the (new) origin 
and so if 

a h g 
H / =0 
g f c 

then ax 2 4- 2/129 4- by 1 4- 2 gx 4 2/9 4c = 0 represents a pair of lines throtigh (xj, 91). 
6.6 Anglo between Two Lines 

If the origin* is transferred to the point of intersection of the lines ox 2 4 2hxy 4 69* 4 
2gx 4 2/9 4c«0 the equation reduces to 

ox 2 4 2/129 4 btf * 0 
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The lines ax 2 + 2hxy + by 2 + 2gx + 2fy 4- c = 0 are, therefore, parallel to the pair of lines 

ax 2 + 2 hxy 4- 6y a = 0 


through the origin. 

The angle between the given lines is, therefore, 



The lines are parallel if h 3 = ab, and perpendicular if a 4- 6 « 0. 


EXERCISE 6.3 

1. Find what the following equations become when the origin is shifted to the 
point (1,1) 

(i) x* 4- xy — 3* — y + 2 = 0 

(ii) xy-^-x + y — O 

(iii) xy — x — y+l = 0 

(iv) x 2 -# 2 — 2x + 2y = 0 

2. Show that the equation 3i 2 +7xy+2j/ 2 +5z+5y+2 = 0 represents a pair of straight 
lines! 

3. Show that the equation 2x 2 — Sxy 4- 2 y 3 — 3x 4 - 3y 4- 1 = 0 represents two straight 
lines intersecting at an angle tfsuch that tan 0 » | 

4. Show that the equation x 2 — y 2 -x4-3y — 2 = 0 represents a. pair of straight lines. 
Find them, and show they are at right angles. 

5. If the equation ax 2 + 2 hxy + by 1 + 2 gx 4- 2 fy 4- c = 0 represents a pair of straight 
lines, show that they intersect in the point 

( h f ~°9 h 9 ~ a f \ 

\ab-h 2 ' ab - V ) 

6. Show that the four Ones given by the equations 3** + Sxy — 3 y* ». 0 and 
3x* 4- Sxy — 3y* + 2x — 4y — 1 = 0 form a square. Find the .equations of the 
diagonals rtf' the square. 
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.7156 .656! 


co«6 



58888® ,588888 S888S» 58888® 588888 S8888» S888 










































































































































TAILS I continued 


( Angle# 

. i 

| Degree! 

crasa 

Ena 

E33I 



cm 

«m0 : 


l 

WDMim 

.715* 

EE3* 

SJE238 

gsa 

mSEM 

1E3 


etna 

KZ2UI 

10 

185 

583 

519 

744 

144 

328 

528 

523 

50 

20 

214 

604 

514 

796 

137 

332 

509 

494 

40 

30 

.7243 

.6626 

1.509 

.8847 

1.130 

t.335 

.7490 

.8465 

30 

40 

272 

648 

504 

899 

124 

339 

470 

436 

20 

SO 

301 

670 

499 

952 

117 

342 

451 

407 

10 

42° or 

.7330 

.6691 

1.494 

.9004 

I. Ill 

1.346 

.7431 

.8378 

48° or 

10 

359 

713 

490 

057 

104 

349 

412 

348 

50 

20 

389 

734 

485 

no 

098 

353 

392 

319 

40 

30 

.7418 

.6756 

1.400 

.9163 

1.091 

1.356 

.7373 

.8290 

30 

40 

447 

777 

476 

217 

085 

360 

353 

261 

20 

50 

476 

799 

471 

271 

079 

364 

333 

232 

10 

45" 00' 

.7505 

.*820 

1.466 

K2S1 

1.072 

1.367 

.7314 

.8203 

47° or 

to 

gt£g 

841 

462 

380 

066 

371 

294 

■m 

50 

20 

Effl 

862 

457 

435 

060 

375 

274 

■El 

40 

30 


.6884 

1.453 

.9490 

1.054 

1.379 

.7254 

Bnl 

30 

40 

621 

905 

448 

545 

048 

382 

234 

087 

20 

50 

650 

926 

444 

601 

042 

386 

214 

058 

to 

44° or 

.7679 

.6947 

1.440 

E51 

IE3Z9 

1.390 

.7193 

.8029 

E2E3 

10 

709 

967 


713 

030 

394 

■SI 

.7999 

50 

20 

738 

988 


770 

024 

398 

mEm 

970 

40 

30 

.7767 

.7009 

n ' j; 

.9827 

1.018 

1.402 

mjEm 

.7941 

30 

40 

796 

030 


■a 

012 

406 

112 

912 

1 20 

50 

825 

050 

418 

K9 

006 

410 

092 

1 883 

10 

45° 00' 

.7854 

.7071 

1.414 

1.000 

1.000 

1.414 

.7071 

.7854 

48° or 



rmra 

me 

cot 8 

ten 0 



Angle 6 
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KfcSlsyl 3 5^55 i = b = o|3&3fc|a|fcfeS 


TABLE II 

Fo ur P tm Valuct of T rlgo no mdtrlc F un c t io n* 

Bool Numbors u, or Anglos l, In Rodions ond Pogrom 






























































































TAILI II ■ amt itnud 


Iteal 

Mvmfearw 

or 

0 radians 

0 dogmas 

Sift If 

or 

sin 8 

CSC V 

or 

esc 6 

HW 

cot If 

or 

cot 8 

SOCif 

or 

soc8 

or 

cos 8 

US 

HESEEfll 

wssm 

2.916 

0.3650 

2.740 

1.065 

0.9394 

.3* 

20° 38' 

.3523 

2.839 

.3764 


1.068 

.9359 

.*7 

21° 12' 

.3616 

2.765 

.3879 


1.073 

.9323 

.30 

21° 46' 

.3709 

2.696 

.3994 


• 077 

.9287 

.3* 

22° 21' 

.3802 

2.630 

.4111 

2.433 

1.081 

,9249 

0.40 

22° 55' 

0.3894 

2.568 

0.4228 

2.365 

1.086 

0.9211 



.3986 


38' 

13' 



2.509 

2.452 

2.399 

2.348 


.4346 2.301 1.090 

.4466 2.239 1.095 

.4*86 2.180 t.100 

.4708 2.124 1.105 




25* 47' 


0.4350 2.299 0.483 1 2.070 l.lll 


0.9004 


.46 

26° 21' 

.4439 

2^53 

.4954 

2.018 

1.116 

.8961 

,47 

26° 56' 

.4529 

2.208 

.5080 

1.969 

1.122 

.8916 

.48 

27° 30' 

.4616 

2.166 


1.921 

1.127 

.8870 

.49 

28° 04' 

.4706 

2.125 


1.875 

1.133 

.8823 


28° 39' | 0.4794 I 2.086 0.5463 | 1.830 


29° 13' .4882 2.048 .5594 1.788 1.146 .8727 


29° 48' .4969 2.013 .5726 1.747 1.152 .8678 

30° 22' .5055 1.978 .5859 1.707 1.159 .8628 

30° 56' S14I 1.945 .5994 1.668 1.166 .8577 



0.5227 


.5480 

.5564 


1.913 

0.6131 

1.631 

1.173 

0.8525 

1.883 

.6269 

1.595 

1.180 

.8473 

1.853 

.6410 

1.560 

1.188 

.8419 

1.825 

.6552 

1.526 

1.196 

.8365 

1.797 

.6696 

1.494 

1.203 

.8309 


•48 34° 23' 0.5646 1.771 0.6841 1.462 1.212 0.8253 




.5729 

1.746 

.6989 

1.431 

1.220 

.8196 

.62 

1 

.5810 

1.721 

.7139 

1.401 

1.229 

.8139 

.63 


.5891 

1.697 

.7291 


1.238 

.8080 

.64 

36° 40' 

.5972 

1.674 

.7445 

■ESI 

1.247 

.8p2l 

Mi 

37° 15' 

0.6052 

1.652 

0.7602 

1.315 

L2S0 

0.7961 

mrnrrmm 

37° 49' 

.6131 

mwftw 

.7761 

1.288 

1.266 

.7900 

mum* 

38° 23' 

.6210 

■ 

.7923 

1.262 

1.276 

.7838 

lltfl 

38° 58' 

.6288 


.8087 

1.237 

1.286 

.7776 

■ESI 

39° 32' 

.6365 

■ESI 

.8253 

1.212 

1.297 

.7712 

0.70 

40° 06' 

0.6442 

1.552 

0.8423 

1.107 

1.307 

0.7640 

Rani 








Nsmbtr ii 


sin if 

CSC If 

ton •« 

cot u 

SOCIf 

COSO 

or 


or 

•r 

or 

or 

or 


8 rntffons 

• dogroos 

sin 8 

esc 8 

ton 8 

cot 8 

soc8 


































































































































TAMJI If- ftfltfnwd 
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Krai 

Number u 
or 

• radians 


8 degrees 


80 






85° 

S3' 

88° 

28' 

67° 

02' 

87° 

37' 

88° 

II' 

68° 

45' 

89° 

20' 

89® 

54' 

70° 

28' 

71° 

03' 

71° 

37' 


sin u 

esc a " 

tana 

or 

or 

or 

sln8 

esc 6 

tut 

0.8674 

1.153 

1.743 

8724 

1.148 

1.784 

.8772 

1.140 

1.827 

.8820 

1.134 

1.871 

.8888 

1.128 

1.917 

0.8912 

1.122 

1.985 

.8957 

1.116 

2.014 

.9001 

l.lll 

2.068 

.9044 

1.108 

2.120 

.9086 

1.101 

2.176 

0.9128 

1.096 

2.234 



0.9320 




0.9490 


.9521 

.9551 


1.073 

2.572 

1.089 

2.650 

1.065 

2.733 

1.081 

2.820 

1.057 

2.912 

1.054 

3.010 


mMwmmmraFTsm 

BEHEZ01 




77° 21' 


77° 55' 
78° 30' 
78° 04' 
78° 38' 


80° 13' 


RmI 

Numtorii 


e dfgrMt j «ine 



0.8854 
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TABLE II — continue 


Util 

Number u 
or 

• radiant 

Odegreet 

iino 

or 

aln# 

EBj 

tan u 

or 

tan 8 

cot It 

or 

cot# 

H 

ESDI 

IS 

1.40 

mr ir 

0.0854 

1.015 

5.708 

0.1725 

5.03 

0.1700 

1.41 

80° 47' 

.0871 

1.013 

6.16$ 

wryne 

6.246 

.1601 

1.42 

81° 22' 

.0887 

1,01 « 

6.581 

BS9 

6.657 

.1502 

1.43 

81° 56' 

.9901 

1.010 

7.055 

Ksl 

7.126 

.1403 

1.44 

82° 30' 

.0015 

1.000 

7.602 

■tffli 

7.667 

.1304 

I.4S 

83° 05' 

0.0027 

an 

8.238 

0.1214 

8.299 

0.1205 

1.46 

83° 30' 

.0030 

1.006 

8.989 T 

.1113 

9.044 

.1106 

1.47 

84° 13' 

.0040 

1.005 

0.887 

.1011 

0.03# 

.1006 

1.48 

64° 48' 

.0050 

1.004 

10.98 

.0010 

11.03 

.0907 

1.40 

85° 22' 

.0067 

1.003 

1X35 

.0610 

1X30 

.0807 

130 

85° 57' 

0.0075 

1.003 

14.10 

0.0709 

14.14 

0.0707 

1.51 

86*31' 

.0082 

1.002 

16.43 

.0609 

16.46 

.060# 

1.52 

87* 05' 

.9087 

t.001 

10.67 

.0508 

19.69 

.050# 

1.53 

87° 40' 

.9092 

f.001 

24.50 

.0406 

24.52 

.040# 

1.54 

88* 14' 

.9905 

1.000 

32.46 

.0308 

3X4# 

.030# 

135 

88° 40' 

0.0908 

1.000 

48.08 

0.0208 

48.09 

0.020# 

1.56 

80® 23' 

.9999 

1.000 

92.62 

.0108 

0X63 

.010# 

1.57 

80® 57' 

1.000 

1.000 

1256 

.0008 

1256 

.000# 

Real 



■■1 





Number it 


sin u 


tan it 

cot If 



or 


or 


or 

or 



0 radiant 

Odocroo* 

ainO 

ctcO 

tan 8 

cot# 

•oc# 

—• 1 


121 










































































TABLE III 


Four>Plsce Logarithms of Number* from I to 10 
To extend tho tablo wrlto tho number N as 
N * n >c I O', I S n < 10, c an Integer, and use 
log N ■» log n + e. 

























































































71*0 
7251 
7332 
404 I 7412 
402 I 7400 
7566 l 
7642 I 7649 
7716 


3 7202 7210 
S 7204 7202 

7340 735* 73*4 7372 | 7300 

7427 7435 7443 74SI 

7505 7513 7520 7520 753* 

7502 7509 7507 7*04 7*12 

7*57 7«*4 7*72 7*79 7*0* 

773 » 7730 7745 7752 77*0 


7003 I 7010 I 7010 7025 I 7032 



7*73 7000 7007 


0109 ] Oil* | 0122 
017* 

0241 | 0240 | 0254 
030* 

0370 

0432 I 0439 



limiygsbiiiigiiUiiHisig 






































































































TABLE IV 

Four-Place Logarithms of Trigonometric Functions 
Angle 6 in Degrees 

Attach — 10 to Logarithm* Obtained from Thi* Table 


Angle t I Liln.6 Lcsct Leant Lcett Lsact Least 


No value! No value iNo value! No value 10.0000 


12.5363 

.2352 

12.0592 

11.9342 

.6373 


7.4637 

.7648 

7.9409 

8.0658 

.1627 



12.5363 

.2352 

12.0591 

11.9342 

.8373 



1.0580 


.0437 

.0299 

.0164 

11.0034 

10.9907 


10.9784 


10.0017 


.0018 

.0019 

.0020 

.0021 

.0023 


10.0024 


9.9983 


.9902 

.9901 

.9980 

.9979 

.9977 


9:9978 


Leant I L esc t I Lelnt I Angle t 


9«***ff 












































































































TAIL! IV— continued 

Attach — 10 to Logarithms Obtained from This Table 


Angle 0 I Lain 6 I LcscO I L ten 6 I LcotO | L secO JLcoaO 



11 * 00 ' 


10 ' 

20 ' 

30' 

40' 

50' 


13 * 00 ' 


9.3179 


.3238 

.3296 

.3353 

.34IC 

.3466 


9.3521 


10.682! 


.6762 

.6704 

.6647 

.6590 

.6534 


10.6479 


10.6366 10.0113 


♦9090 




LaecO [LcotO LtanO } LcscO | Lain 6 I Angle 0 



125 































































































































TAILS IV — continued 

Attach — 10 to Logarithms Obtained from This Table 



If 5 00' 


10 ' 

20 ' 

30' 

40' 

50 ' 


20 - 00 ' 



9.534* 


LcosO 


.4037 

.4801 

.4765 

.4730 

.4604 


10*4659 


L sec 8 



9.5611 


L cot 6 


I 10.4630 1 

k).0243 

■■22J 

.0248 

.0252 

.4509 

.0257 

.4469 

.0261 

.4429 

.0266 

10.4389 

10.0270 

LtanO 

LcscO 


.9825 

.9821 

.9817 

.9814 

.9810 


9.9806 


.9802 

.9798 

.9794 

.9790 

.9786 


9.9782 


.9778 

.9774 

.9770 

.9765 

.9761 


9.9757 


.9752 

.9748 

.9743 

.9739 

.9734 


9.9730 




SO' 

40" 

30' 

20 ' 

10 ' 


70 ° 00 ' 
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•TAIL* IV— amcffatatf 
Attach 


10* 

ao* 

w 

40T 

SO' 


WIT 


10" 

TO' 

30' 

40' 

SO' 


22* «r 



20' 

30 ' 

40' 

50' 


24° 00' 


40' 

50' 


25 * 410 ' 


40' 

50' 


27*90' 


9.5543 

.5576 

.5609 

.5641 

.5673 

.5704 


9.5736 




.5948 

.5978 

.6007 

.6036 

.6065 


9.6093 


.6121 

.6149 

.6177 

.6205 

.6232 


9.6259 


.6286 


.6470 

.6495 

.6521 

.6546 


9.6570 


— 10 to Logarithms 


L cat 6 I L tail 8 


10.4659 9.5611 


4625 

!459l ] .5689 
.4557 
.4523 I .5766 
.4490 


10.4457 


.4424 

.4391 

.4359 

.4327 

.4296 


10.4264 


.4233 

.4202 

.4172 

.4141 

.4111 


10.4081 


.4052 

.4022 


Obtained from This Table 


LcotO JLaocO |Lco»6 


.3935 


10.3907 




.4150 
.4311 
.4273 .0284 

.4234 .0288 

.4)98 .0294 


10.4158 10.0298 i 9.9702 




«r 


.0313 

.9687 

.0318 

.9882 

.0323 

.9877 


10.3938 10.0328 I 9.9872 


wrmt 


sjlj 
s o. © O 

.9881 

.9858 

.9851 

.9848 

10.0360 

9.9640 




.3768 


10.3741 


.3714 

.3687 

.3660 

.3634 

.3608 


10.3582 


.3505 

.3479 

.3454 


10.3430 


LftOcO 


.6383 

.6417 

.6452 


9.6486 


.6520 

.6553 

.6587 

.6620 

.6654 


9.6687 


.6720 

.6752 

.6785 

.6817 

.6850 


9.6882 


.6914 

.6946 

.6977 

.7009 

.7040 


9.7072 


LcotO 


.3583 .0382 

.3548 .0387 


10*3514 10.0393 


.3480 



10.3118 t 10.0463 


.3086 
.3054 
.3023 
.2991 
.2960 .0495 


10.2928 10.0501 


rrvri 


.9829 

.9824 

.9618 

.9813 


9.9807 


.9802 

.9598 

.9590 

.9584 

.9579 


9.9573 


.9587 

.9581 

.9555 

.9549 

.9543 


9.9537 


.9530 

.9524 

.9518 

.9512 

.9505 


9.9499 


L tin 


87 * 



48 



63* or 
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temsfo 4444 W 44444K 4*4*4 
















































































































TAIL! IV— com/MMtf 

Attach — 10 to Logarithm* Obtain** from Thla Table 



128 























































































































TABLK IV— comfcMNtf 

Attach — 10 to Logarithm Obtained from Thic TaW« 



tfefcfelkmfe ttm* ****** fcfcms Mm&s tm*** 




























































































TA8L8 IV— continued 

Attach ~ 10 te Logarithm* Obtain** from This TtMt 
| AwjtaO \ Uaiw? ( LcacO | Ltont | Lett [ LaocO [Leo* 8 1 




■■■rai 

mannm 

.181* 

.0417 


.1233 

.8767 

SO' 


WM r ^ '$ 

, »802 

.0443 


.1244 

.875* 

40' 

Ha 


.1787 

.9468 


.1255 

.8745 

JO' 

40' 

■f T'Ja 

.1773 

.0404 


.1267 

.8733 

20' 

50' 

■ESui 

.1750 

.0519 

.0481 

.1278 

.8722 

10' 

42* oo' 

0.8255 

10.1745 

0.9544 

10.0456 

10.1280 

9.8711 

8T» 

HKH 

.82*9 

.1731 

.9570 

.6430 

.4361 



»8tm 

.8283 

.1717 

.9505 

.0405 

.1312 




.8207 

.1703 

.9*21 

.0379 

.1324 

.8676 


^E| 

■ 

.1*89 

.9646 

.0354 

.1335 

.8665 



■EZS1 

.1*7* 

.9671 

.0329 

.1347 

.8653 

WmSM 

■enca 

M3M 

m 

0.9607 

10.0303 

10.1359 

E31 

■j2CT9H 

lO' 

J2888S1L l [XH 

■02] 

.0722 

.0278 

.1371 

.8629 


20' 

1 


.9747 

.0253 

.1382 

.8618 


30' 


■ml 

.0772 

.0228 

.1304 

.8606 


40' 

ISHmi . r r |p8f 

.1609 

.9798 

.0202 

.1406 

.8504 


SO' 

.8405 

.1595 

.9823 

.0177 

.1418 

.8582 


KOI 

9.8418 

I0.IS82 

9.0848 

I0.0IS2 

10.1431 

0.8560 

**•88' | 


.8431 

.1569 

■£Tr£d 

.012* 

Hgnj 

TPraa 

HK2B 

|H*8 


.155* 

.9899 

.0101 


.8545 

W:-V3m 

l^njl 


.1543 

.0924 

.0076 

.14*8 

.8532 

$lifl 

I^ES 


.1531 

.0049 

.0051 

.1480 

.8520 




.1518 

9.9975 

■E2E3 

.1403 

.8507 



9.8405 

10.1505 

10.0000 

10.0000 


0.8405 

48 u 88' 

maom 

L cot 6 

LHC* 

L cot 0 

L tan 0 

L««r 

Lflne 

Angle 0 
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ANSWERS 


EXERCISE 1.1 


3. {(1, 4), (1,5), (2, 4), (2, 5), (3, 4). (3, 5), (4,5)}. 

Inverse relation corresponds to the cartesian product 

{(4, 1), (5, 1), (4, 2), (5 f 2), (4, 3), (5.3)* (5, 4) } and corresponds to 

‘greater than’ from B to A. 

5. (ii) 

7. /“* — {(6,o),(rf,d),(o.c),(c,</)} 

8. Commutative and associative 

9. Yes. 

11. (iii) 2'* 

12. (i) n — n 2 : N — • 1ST is one-to-one but not onto. 

(ii) n — ■ |?i | : Z — » N U {0} is onto but not one-to-one. 

(iii) « — » |n| 2 : Z — iV u {0} is neither one-to-one nor, onto. 

16. a; 4 — 6x s 10a: 2 — 3x* 

17. (i) 4a: 2 ~6x + l, 

(ii) 2a: 2 + 6x - 1, 

(iii) X 4 + 6a: 3 + 1 4a: 2 + 15a: 4- 5 

(iv) 4x — 9 

18. 0 

19. No. Inclusion is not symmetric. 

20. 2 mn , since A x B has mn elements and has therefore 2 mn subsets. 

22. (ii), (iv) 

23. (ii) 
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MATHEMATICS 


EXERCISE 2.1 

( a ) n (*>) tt ( c ) ( d ) T 

2. (a) 14 0 iy (nearly) (b)-l 14*33' (nearly) (c) 420° (d) 150° 

3. ^ cm 

4. 2^2 cm 

5. 6?r 

6. 25° 1 2' 

7. (a) 1 1*27' 16" (b) 18 19'38" (nearly) (c) 29°47' (nearly) 

8 . 100 ° 


1. sin0s=^, tan0 = -v/3. cosec 0 ' sec# = -2, 


EXERCISE 2.2 
2 




2. cost) = tan # = | , cosec # = | , sec# = |, cot # = ^ 

3. sin# = - jj, cos# = — cosec # = — j| , sec # = — | , cot # = 

EXERCISE 2.3 

1 220 171 220 

x * 25T’ 22T’ IT 

18 * \/5’ 2 

14 ‘ fl 73’ _V ^ 

15. ^4 + *Jp, ^4- 4 + 715 


EXERCISE 2.4 

1. (i) .9387 (it) .7431 (iii) 1.402 (iv) 1.501 

2. (i) 32*30' (ii) 89*30' (iii) 88*20' (iv) 18*20' 

3. (i) .5645 (ii) .4295 (iii) .9037 (iv) .9185 

4. (i) 31*36' (ii) 87*34' (iii) 38*45' (iv) 7*49* 
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EXERCISE 2.7 

1. 0 = (2 n + 1)^ or 2 ^ 1 ^, where n, m € I 

2. 0 = mr + (— l) ll+, y or (2m -f 1)^, where n,m€ I 

3. 0 sc ^ or — y where n,m € I. 

4. 0 = mr or 2rmr, where n,m € I. 

where w,m € I. 

6. x as 2n*r 4* ^ ± ^4, where » € I. 

7. 0 = mr + (—l)” sin -1 

or nrr + (— l) n sin _1 ( ^ ( where n € 1. 

8 - 0= m¥n or where * e L 

9. 9 = mr — j or rmr + tan -1 j, where n,m € I. 

10. 0 = mr + (-l) n_1 ?j or rmr + (— l) n+1 £, where n,m€ I. 

EXERCISE 4.1 

1. (i) a/ 97 (ii) 2a |sin (--^) | 4. 5, -3 5. (3,0) 6. x-y =3 

EXERCISE 4.2 

1. (a)J (b) 18 (c)$. (d)^ 3. x=l 4. (7,2) and (1,0) 6. 5x-4y+l > 0 

EXERCISE 4.3 

1 . (0,0), (3,-9) 3. , «L± Jg + J H ) 4 . (-4, -15) 

5. 1 : 3 6. 1 : 2 

EXERCISE 4.4 

1. (&) Angle of inclination is acute. 

(b) Parallel to the x-axis or coincides with the x-axis. 

(c) Angle of inclination is obtuse 

2. (a) 0 (b) 1 (c) undefined (d) 
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3. (a) 0 (b) -1 (c) -J 

5. (a) Parallel (b) Neither (c) Perpendicular (d) Parallel 

6 . 1 

7. 9 

EXERCISE 4.5 

1. 5z + 3y ■* 9 

2. ** — 8* — 4y + 20 * 0 

S. y * 3® 

4. V * # + o where a is the given distance 

EXERCISE 5.1 

1. y «= 2i — 5 

2. y m -2(2* + 1) 

3. 5y «■ 3* — 15 

4. y = — 2 

5. y ** *\/5 + 2, y * -xn/5 + 2; ys=±*\/3-2; ( — §'/3,0^ , (§>/3,0^ 

6. 30° ,60° 

7. 3y ® 2x 4“ 12 

8. 3y * "5(x + 3) 

9. 2x + y » 6 or a: + 2y «a 6, 

10. y * 4, 2x — 3y m 0, 2s-ya0 

ll.i = 2, 7y ** 6x + 79, 7y»-(6* + 65) 

12. 5y a -2* + 18 

13. 3y « 2c - 7 



M 


ANS WKItS 


16. (i) y + *-3\/2®0 

(ii) y + n/3* -* 10 = 0 

(iii) y — * + 5\/2 — ® 

(iv) y = 1 


IT. 


(0 M-f 


18. a: - 4y - " = 0 


19. a: 4- y - 5\/2 * 0 


21. 30 l 

22. *-0, v/3y-., : =0.(0.-3).(=^ T?) 

23. Coincident 24. Intersecting 25. Parallel 26. V 

EXERCISE 6.1 


1. (i) '2a: + 29y = 0 

(ii) 13a:- 1?!/ * 83 

(iii) a: + 12y « 1 

(iv) 3* - 29y = 29 

2. (») 42* + 21 y — 257 

(ii) 21**113 

(iii) 7* * 24 

(iv) 63* + 105y * i 61 

3. 15* + 12y * 7 4. 6* - 17y = “24 


1. » = 2y,» 


EXERCISE 6.2 

3* 2. a* - by - 0 and bx + dy * 0. 3. tan’ 1 \ 


27.2 


2S» 1 
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EXERCISE 6.3 

1* (i) x 2 4- xy s= 0 

(ii) xy ~ y 2 = 0 

(iii) xy * 0 

(iv) x 2 - i/ 2 = 0 

6. 2x. = 4f/ -f 1 , 2 .l- -4- #/ = 0 
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Chapters 1-6 have been covered in Part L 
Part III of this textbook will cover Chapters 13 - 19. 



CHAPTER 7 


Circles and Family of Circles 


7.1 Standard JFbrm of the Equation of a Circle 

As we have seen before, if we are given a set of points in the plane satisfying some 
geometrical condition, the coordinates of all the points in the set satisfy a certain relation. 
If this relation is an equation, it is called the equation of that set of points. We again 
emphasise that every point of the set must satisfy the equation of the set and no point 
outside the set should satisfy the equation. 

We already know the geometrical condition which will ensure that a set of points in 
the plane shall form a circle. FYom this we shall derive the equation of a circle. 

Definition 7.1 

A circle is the set of all points in a plane which are at a fixed given distance from a fixed 
point in the plane. 

The fixed point is called the centre and the given distance is called the radius of the 
circle. 

Now, we obtain the equation of a circle, as under, with a given centre and radius. 
Theorem 7.1 

If the centre of the circle is at C(h, k) and radius is r then the equation of the circle Is 
given by 

(* — h ) 2 + (y — k ) 2 — r a (7.1) 

Proof : Let P(x, y) be any point on the circle (See Fig. 7.1). Join the point -P(x, y) with 
the centre C(h, Ac). Then y 

\CP\ = r «0.,4~ /.\T; 

.Using the distance formula, we get ' ! 

\CP\ = V(*_ /,)* + („_*)» 

Therefore, y/(x — h) 2 -f (|/ — k)2 =* r 
or (# — hf + (y — k) % *» r* 



9 % 74 
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Again, if a point Q(x i,yi) satisfies the equation (7.1), i.e. if 

(*i - h) 2 + (yi - k) 3 = r* 

then surely the distance from Q(s i, j/i) to C(h,k) is r and so Q is on the circle with 
centre C and radius r. Hence (7.1) is precisely the equation of the circle with centre 
C(h,k) and radius r. 

Corollary : Equation of the circle with centre origin 0(0,0) and radius r is 

x 2 + y 2 = r 2 (7.2) 

We note that an equation of the type 

(x - h) 3 + (y~k) 3 = a 

will represent a circle if a > 0; its centre will be (h,k) and radius s/a. If o=0, the 
equation is satisfied only by the point {h,k). If a < 0, no point in the plane can satisfy 
the equation. 

Example 7.1 

Find the equation of the circle with centre (-3,2) and radius 4. 

Solution 

Here the point (h,k) is (—3,2) and radius 4. Hence, substituting h = —3, k = 2 and 
r w 4 in (7.1), we have 

[*-(-3)f + (y-2) 2 =4 2 
or (x + 3) a + (y-2) 2 = 16 

which is the required equation of the circle. 

Example 7.£ 

Find the centre and radius of the circle 

x 2 4- y* - 2x + Ay = 8 


Solution 

We write the given equation in the form 

(x 2 -2x) + (y 3 + 4y) = 8 
Now, completing the squares within parentheses, we get 

(x* — 2* + 1) + (y 2 + 4y + 4) = 8 + 14-4 
(x - l) 1 + (y + 2) 2 » 13 

Comparing it with the standard form of the equation of the circle, we see that the centre 
of the circle is (1, -2) and radius is \/l3. 
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EXERCISE 7.1 

i 

1. Find the centre and radius of each of the following circles: 

(i) ** + (y — l) 2 = 2 
(H) (* + 5) 2 + (y-3) 2 = 30 

(iii) (*-£) 2 + (y+$) 2 = J 

(iv) x 2 + y 2 — 4® + 6y = 5 

(v) ® 2 + y 2 -* + 2y-3 = 0 

2. Find the equation of the circle with: 

(i) Centre (^, |) and radius ^ 

(ii) Centre (—3, -2) and radius 7 

(iii) Centre (0,-1) and radius 1 

(iv) Centre (^, ^) and radius £y/2 

(v) Centre (a, a) and radius </2a 

(vi) Centre (a cos a, a sin a) and radius - 

3. Find the equation of a circle of radius 5 whose centre lies on x-axis and passes through 
the point (2,3). 

7.2 General Form of the Equation of a Circle 

As we have seen if a circle has centre ( h , A;) and radius r, its equation is 

(® — h ) 2 + (y - k ) 2 = t 3 
i.e. x 2 + y 2 - 2 hx - 2 ky + h 2 + A; 2 - r 2 = 0 

Conversely, if we start with an equation of the type 

X 2 + y 2 + 2gx + 2/y + c = 0 (7.3) 

where g,f,c are some constants, we can express it as 

(x + g) 2 + (y + /)* = g 2 + /* - c 

and therefore if g 2 4 - / 2 - c > 0, (7.3) will represent the circle whose centre is (— g, — /) 
and radius is y/g 2 + f 2 — c. 

Thus (7.3) is the General Form of the equation of a circle. It represents a real circle . 
if g* 4* Z 2 — c > 0, I*, if c < g 2 ■+• / 2 . If c * / 2 4- g 2 , the equation represents only the 
point circle and if c > g 2 + / 2 , (7.3) does not represent any circle. 
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Note that an equation of the type 

ox 2 4- ay 2 + 26x + 2dy + e * 0 (a / 0) 

can be written as 

d t 

x t y t 2-x 4- 2— y + - *0, 
a a a 

i.e. in the form (7.3). 

If a 6, then the equation 

ax 2 4- &y 2 4- 2cx 4- 2dy + e * 0 

cannot be expressed in the form (7.3) and hence does not represent a circle. 

Remark 

The equation of a circle has the following properties: 

(i) It is a second degree equation in x and y. 

(ii) It contains no term of the form xy . 

(iii) Coefficients of x 2 and y 2 are always equal. 

To determine the coordinates of the centre of a circle me equauon oi a circle is 
given) we make the coefficients of x 2 and y 2 equal to 1, and then take the negative halves 
of the coefficients of x and y. For example, the centre of the circle x 3 +y 2 — 8rt— 12y— 48 * 0 
is (4,6) and that of the circle 3x* + 3y 2 4- 12x + 18y — 12 = 0 is (—2, —3). 

Since equation (7.3) involves three constants, at least three conditions are required 
to determine a circle and any given condition gives a relation among all the three con- 
stants. However, we may note that having the centre specified is equivalent to two 
conditions, since its coordinates determine two of the constants in these equations. The 
three conditions may take various forms. We illustrate some of these in the following 
examples. 

Example 7.3 

Find the equation of the circle that passes through the points (1, 0), (-1,0), and (0, 1). 
Solution 

Substituting the coordinates of the three points successively in equation (7.3), we get 

?J + C * —1 

- 2 g + c «* -1 
2/ + c - -1 

The solution of these simultaneous equations results In fm 0, gm 0 and c m — 1 . T her efor e, 
the equation of the circle passing through the three given points is ** +y* • 1. 
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Example 7.4 

Find the equation of the circle which passes through the points (20,3), (19,8) and (2, -9). 
Find its centre' and radius. 

Solution 

By substitution of coordinates in the general equation of a circle, we have 

40$ 4- 6 / + c - -409 
38p + 16/ + c — —425 
4 g - 18/ + c — -85 

FYom these three equations, we get 

g~— 7,/ — — 3 and c — — 111 . 

Hence,the equation of the circle is 

x* + 9 * — 14* — 6 p — 111 *0, 
or (* — 7) s + (p — 3) a = 13 s 

Its centre is (7,3) and radius is 13. , 

Example 7.5 

Find the equation of the circle concentric with the circle x 2 + p® - 4x — 6 p — 9 — 0 and 
passing through the point (—4, -5). 

Solution 

Two circles having same centre are called concentric. Therefore, the centre of the 
required circle is the centre of the circle ** + p 2 - 4* — By — 9 — 0. 

Hence, centre is (2,3). 

Now, the circle passes through the points (-4, -5). 

Therefore, radius of the circle — ^/(2 + 4)* + (3 + 5)* — 10 

Adequation of the circle is 

(*-2)* + Cg-3)* -100 
or s , .-4s4»4 + 9*-»69 + 9 « 100 

** + 9 * — 4* — 69 — 87 — 0 


or 
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EXERCISE 7.2 

1. Find the equation of each of the following circles; . 

(i) Centre lies on the line x — 4y =1, and passes through the points (3,7) and (5,5). 

(ii) Passing through the points (2,4) and centre at the intersection of the lines 
* - y=4 and 2* + 3y=-7. 

(fli) Passing through the points (2, -6), (6,4) and (-3, 1). 

(iv) Passing through the vertices of the triangle whose sides are along x + y= 2, 
3z - 4y=6, and x — y= 0. 

2. Find the equation of the circle 

(a) 'passing through (0,0) and intercepting lengths a, and b on the axes. 

(b) whose centre is (h, k) and which passes through the point (p, q). 

3. Show that the points (5, 5), (6, 4), (—2,4) and (7,1) all lie on a circle, and find its 
equation, centre and radius. 

4. Find the equation of the circle which passes through the centre of the circle 

x 2 + y 2 + 8x + lOy — 7 = 0 
and is concentric with the circle 

2x 2 + 2 y 2 — 8x — 12y — 9 = 0 


7.3 Equation of a Curve in Parametric Form 

Let C be a circle centred at origin and let P(x, y) be any point on it. Let the radius OP of 
C be r which makes an angle a with the positive direction of x-axis. Draw perpendicular 
PR from P on x-axis. Then we have 


x = OR = rcosa, 


and y =jRP = rsina, 


the coordinates of any point on the circle in terms 
The equation of the circle x 2 + y 2 = r 3 
is satisfied for all values of o which lie 
between 0 and 2* for x = rcosa and 
y = rain a. 

rhus x = rcoect, y = rsina.O < a < 
lx, is said to be parametric representation 
>f the circle x* + y* = r 3 in terms of 
Mummeter a. 


of the parameter 


a. I 





Tig TJ 
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Example 7.6 
Show that the point 

* = yyp, V - ■■ -"i- ( r » a constant) 

lies on a circle for all values of t such that ~1 < t < 1 . (This is also a parametric equation 
of a circle.) 

Solution 

Squaring and adding, we get x* + y 2 — r* which is an equation of the circle. 

Example 7.7 

Give the parametric form of the circle 

x* + y 2 as 25. 


Solution 

The equation of the circle is given to be 

x* + y* = 25 

Here r=5. Hence the parametric equation in terms of 9 is 

x = 5cos0,, j/ = 5sin 9. 


Example 7.8 

Find the cartesian equation of the curve 


x = 5 + 3 cos a 
y s 7 + 3 sin a 


Solution 

•Cartesian equation means an equation connecting x with y directly without involving 
the parameter a. So we must ‘eliminate’ a from the given parametric equations. 

We write the given equation in the following form: 

x - 5 . y -7 

cos a ss — ~ — and sin a = — - — 

3 3 

Since sin* a + cos* a = 1 

= ! 

or . (x - 5)* + (p - 7)* as 9 
which is the required equation. 
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Example 7.9 

Find the Cartesian equation of the curve 


x * at* 
ll s 2 at 


Solution 


Here the parameter is t, so we must eliminate t. We find t from the second equation 
and put it in the first. 



So the Cartesian equation is y 2 = 4ax. 


EXERCISE 7.3 

1. Find the parametric representation of following circles: 

(i) 3* a + 3v 2 = 4 

(ii) x a + y a + 2x — 4y - 4 = 0 

(iii) x 2 + V s +px 4- py = 0 

2. Find the equations of the following curves in Cartesian form. Wherever the curve is 
a circle, find its centre and radius. 

(i) x = 3 cos a, y = 3 sin a 

(ii) x *s a + ccos a, y = b + csin a 

(iii) x s= 7 + 4cos a, y — — 3 + 4 sin a 

(iv) x = | + 1, y — 2t - 1 

7.4 Equation of a Circle when the End Points of a Diameter are Given 

Several methods can be given to find the equation of the circle when the coordinates of 
the end points of any diameter of the circle are given. Here we describe one of them. 

Let P(x, y) be any point on the circle of radius r. Let RS be the diameter having 
coordinates (ii , yi) and (xa,ga) and let C(h, k) denote the centre of the circle. 
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Slopes of the straight lines PR and PS 
are respectively 


v-m 

x — *1 


and' 


V-Vi 
X — x% 


Now, since the angle subtended at the 
point P in the semi-circle RPS is a right 
angle, therefore, the two lines PR and PS 
are perpendicular and hence the product 
of their slopes must be —1 i.e. 



or 

or 


X - 


X 


V- Mi - 

X - Xj 


-1 


(V - lh)(y -Vi) = -(* - *i)(* ~ *a) 

(x - x,)(x - x^ + (y - y,)(y - yj) = 0 


(7.4) 


which is the required equation of the circle whose coordinates of the end points of a 
diameter are (xj,yi) and (xj,yi). 

We can also find the equation by finding the lengths of PR,'. PS and RS and 
applying Pythagoras Theorem i.e. in APRS, we have PR 1 + PS F — RS* 

Further, we can determine the equation of the circle if we find the coordinates of the 
centre and radius and then we apply the standard form. 


Example 7.10 

Find the equation of the circle, when the coordinates of the end points of a diameter 
are (3,4) and (-3, -4). 


Solution 

Given x\ = 3, yi = 4; xj = —3, j /2 = —4. Using equation (7.4), we get 
( x - 3)(x + 3) + (y - 4)(y + 4) = 0 
or x* - 9 + y 2 - 16 = 0 

or x 2 + y 1 = 25 

which is the required equation of the circle. 


EXERCISE 7.4 

1. Find the equation of the circle when the coordinates of end points of the diameter 
are (p,q) and (r,a). 

2. Find the equation of the circle drawn on the diagonal of the rectangle as its diameter 
whose sides are x « 6, x m -3; and y=3 and y = -1. 
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7.5 Point* of Intersection of a Line and a Circle with Centre at Origin, 
Condition of Tangency 

Let the equation of the circle be 

x 3 + y 3 = r 3 (7.5) 

and the equation of the line be 

y = mx + c • * • (7.6) 

To find the points of intersection of the circle (7.5) and the line (7.6), we have to solve 
them simultaneously. 

Substituting thevalue of y from equation (7.6) in (7.5), we get 

i 2 4- (mx 4- c) 2 as r 2 
or x J + m 3 x 3 4- c 2 4- 2 mxc = r 3 

or (1 + m 2 )x 3 4- 2mcx+<? — r 2 =s 0 (7.7) 

We see that the above equation is quadratic in the variable x and, therefore, it will 
give two values of x or one value (of course repeating) of x or it will give no value of x. 
Then we get the corresponding values of y by substituting the values of x obtained from 
equation (7.7) in equation (7.6). 

Thus every line intersects a circle in two points, in one point (in this case the line 
only touches the circle) or in no point. 

Remark 

In the last case the line lies somewhere outside the circle, will not touch the circle too. 

Now, the equation (7.7) has two distinct roots, one repeated root or no real root 
according as the discriminant of the equation (7.7) is greater than, equal to or less than 


zero i.e. 





4m*c? — 4(1 + m 2 )^ — 

r 2 ) >0 


or 

vnrcr - 4^1 + m m )\cr - 

r-) = u 


or 

4m 2 c* — 4(1 4- m 2 )^ — 

r 2 ) <0 


he. 

4r 2 (l + m 2 ) > 4c 2 




4r 2 (l 4- m 2 ) = 4c 2 




4r*(l 4- m 2 ) < 4c 2 



i.e. 


TTw 1 

<7J) 



c 1 

Vl +m i 

m 


r * < T+Z?=* r <l 

7T+7? 1 

(7.10) 
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As the radius Is always positive, we take the positive value of r. 

Hence, a line intersects a circle in two distinct points, in one point or in no point 
according as (7 A), (7.9) and (7.10), respectively. 

Condition of Tangency 
Definition 7.2 

A line which meets a circle only in one point is called & tangent to the circle. 

(7.9) tells us that y — mx + c is a tangent to the circle x 2 + y 2 — r 2 if and only if 



i.e. if c * irVT+m 2 (7.12) 

This means that for every value of m, the lines 

y = mx 4- r y/T + m 2 and y =» mi — r\/l + m 2 

are tangent to the circle 3 ? + y 2 — r 2 . These are a pair of parallel tangents to the circle 
(both have the same slope m). The point where they touch the circle will depend on m. 

Example, 7, 11 

Find the coordinates of the point of intersection of the line y m 1 + x and the circle 
x 2 + y 2 = 25. 

Solution 

The equation of the circle is 

i 2 4- y s w 25 

and the equation of the line is 


y — 1 +x 

Substituting this value of y in the equation of the circle, we get 
x 2 + (x + l) 2 - 25 


or 

x 2 + x*+l + 2x*25 

or 

2x 2 + 2x - 24 = 0 

or 

x* +x - 12 « 0 

or 

**-"3^+4*— $3«*0 

or 

x(x — 3) + 4(x - 3) 0 

or 

(x — 3)(x + 4) * 0 
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from which it follows that x=3 or x = -4. Putting these values in the equation) y ■* 1+ *, 
we get the corresponding values of y as y=4 or -3. Therefore, the points of intersection 
are (3,4) and (—4, -3). 

Example 7. IS 

Find the values of p so that the line 3x + 4y - p « 0 may be a tangent to the circle 

x 2 + y 3 - 64 = 0. 


Solution 

We know that the condition of tangency is 

c ss'dtrv/ 1 + m 2 


The given line is 


3x 4- 4y - p = 0 or y 



P 

4 


Therefor e,c m | and m * - | 
The radius of the circle is 8. 


Therefore/ 




± 8x 



±10 


i.e. p = ±40 


EXERCISE 7.5 

1. Find the coordinates of the point of intersection of the line 7* — y — 25 = 0 and the 
circle x 3 + y 3 — 25. 

2. Find the point of intersection of the line y * mx + c and the circle x 2 + y 2 ® a 2 
Also find the condition(s) when the line is tangent to the circle. 

3. Find the coordinates of the points of intersection of the line z+y * 2 with the circle 
x 2 + y 2 5 = 4. 

4. Fbr what value of c will the line y m 2x + c be a tangent to the circle x 2 + y 2 =» 5? 

5. Prove that the line y » mx + rvT+n? touches the circle x 2 + y 2 ■* r 2 at the point 
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7*6 Equation of a Tangent to a Circle and Length of the Tangent 

Theorem *7.£ 

The equation of the tangent to the circle x 2 + y 2 » r 2 at a point (xi , yi) on the circle is 
given by 


xxi 4* yyi = r 2 (7.13) 

Proof 

As (xi,yi) is on the circle, 

x 2 4- y 2 r 2 {7.14) 

Let us take a line through the point (xj,yi). If it has slope m, then its' equation is 

!✓ — l/i = m(x - xi) (7.15) 

or y = mx 4- (yi — mx\) 

As we know, the condition that this line is a tangent to the circle x 2 + y 2 == r 2 is that 

yj — mxi = ±r v/l 4-.m 2 (7.16) 

i.e. (yi — mxj) 2 = (1 + m 2 )r 2 

« (1 4-m 2 )(x? 4-y?) 

In view of (7.14), simplification yields 



x\ 4- 2ximyi 4- m 2 yj 

= 0 

(7.17) 

or 

(my i 4-xj) 2 

= 0 


i.e. 

i.e. 

mpi 4 Xj 

fv-v\\ 

= 0 

*= o [ifrom 7-lSj 


i.e. 

(l/ - Vi)j/i + ( x - *i)*i = 0 


i.e. 

+ l/l/i - *1 - Vi 

= 0 


i.e. 

+ yy\ — r 2 

ass Q 

(7.18) 


Thus, the above equation is the equation of the tangent to the circle x 2 4- y 2 *= r 2 at 
(*!,yi) on it. 
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Remark 

Note that the radius through (®i,yi) of the circle x 2 + y 2 = r 2 has the equation 


Vl 

X ®1 


The dope of the tangent to the circle at (xi,yi) is — — as is seen from (7.18). So 
the tangent at (®i, yi) is perpendicular to the radius through (x\,y\). Since any circle 
can be reduced to the form x 2 + y 2 — r 2 by shifting the origin (see §5.13) to its centre, 
we conclude that a tangent to a circle is perpendicular to the radius through its point of 


contact. 

Another approach 

Let C be a curve. Let P and Q be any 
two points on the curve C as shown in 
Fig. 7.4. Draw , the .' line P. Now, 
as the point Q moves along the curve to- 
wards P 1 the line PQ turns about 
P (rotates about P), and Q approaches 
P, the line PQ coincides with the lim- 
iting line PT. This limiting line PT is 
called the tangent line to the curve C at 
the point P. 

The lineperpendicular to the tangent, to 
curve Cf is called the normal to the 
curve C at the point. 

Now we will show again that the equation 
of the tangent to the'circle x 2 + y 2 = r 2 
at a point (xi.yi) is given by 

xxi + yyi = r 2 (7.19) 


Proof 



Let (xi,Vi) be the coordinates of a given point on the circle x 2 -f y " = r 2 . Then this 
point must satisfy the equation, i.e. 


®?+y? = r 2 

Take another'point Q(x 2) yi) on the circle. Then 

x i + Vt — r * 


(7.20) 


( 751 ) 
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Now, the equation of PQ by the two-point formula will be 

v-v\- ~ — — (x - x x ) (7.22) 

3*2 “ 3 *] 

Subtracting (7., ’21) from (7.20), we have 

Vi - tfa -*\~x\ 

or (vt - y 2 )(Vi + ifc) ** (*a - x, )(x 2 + x t ) 

Therefore, (7.23) 

*1 |/2+Vl ' 

Since the tangent to the curve is the limiting position of the chord PQ as Q ap- 
proaches P,i.e. (&2i|ft) approaches (^i > l/i )* it can be shown that arj approaches a?) and 
1/2 approaches y\. So 


— — — approaches 

X-2 - X\ 


2x\ ^ x\ 
2y\ ~ y\ 


and equation (7,22) reduces to 

*1, V 

y-y i = — 

v i 

or aa*! - arj 4 |/|/i - y] =0 

or xx\ 4- yy\ = ^ 4- y\ 

FVom (7.20), xf 4- y\ = r 2 . Hence, the above equation gives 


Mi + yy x = r 2 (7.24) 

which is the required equation of the tangent to the circle x l + y' 2 — r 2 at the given point 

(*i.»i)- 

If the tangent is desired at any point, say (a:,, y x ), of the circle given by the general 
equation, 

x 2 + y 2 + 2gx 4- 2/y + c = 0 (7-25) 

we can proceed similarly as above. .The equation of the tangent will be 

as*, + i/t/j + $(® + *i) + f(y + i/i) + c = 0 (7.26) 

(The proof is left to the reader]. 


Remark 

It may be noted that the equation of the tangent at (sititt) is, therefore, obtained from 
that of the equation of the circle itself by substituting xx x for x 2 ,yy x for y 2 , for 

x and ^ for y, respectively. 
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Example 7. IS 

Find the equation of the tangent to the circle x 2 + y 2 «■ 13 at the point (2,3). 

Solution 

The equation of the tangent to the circle x 2 + y 2 = o 2 at (xj, yj) . 


is 


xxi + yyi = o 2 


Substituting xi=2, yj= 3 and o 2 =13, the equation of the tangent to the given circle is 


2x + 3y = 13 


Example 7.14 

Find- the equation of the tangent to the circle 

x 2 + y 2 — 26x 4- 12y + 105 = 0 


at the point (7,2). 

Solution 

Comparing the above equation of the circle with the standard equation of the circle, we 
have 

2 g =-26.2/ = 12, c= 105 
Also, xi = 7, j/i = 2 

Therefore, from (7.26), the equation of the tangent is 

7x + 2y — 3j*(x + 7) + 4^(y + 2) + 105 « 0 


or 

lx + 2y — 13(x ■+• 7) 4* 6 (y 4* 2) 4“ 105 

= 0 

or 

lx 2 y — 13x — 91 -f- 6 y 4* 12 4* 105 

= 0 

or 

4* 8|f 4* 26 

= 0 

or 

3x - Ay - 13 

m 0 


Length of the Tangent 

Let (X],yi) be the given point P, and let the equation of the given circle be x 2 -f y 2 = r 2 
Thai, by Remark in §7.6 of the tangent line 

x 

2 


LOTP 
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Therefore, applying Pythagoras Theorem, we have 
PT 2 =dP 2 -r 2 

or PT 2 = (*, - 0) 2 + ( Vl - 0) 2 - r 2 

= Z \ + Vi-r 3 

Therefore, PT = \Jx\ + p 2 - r 2 

If the length of the tangent is desired from the point (zj,pi) to the circle given by 
the general equation 

at 2 + y l + 2 gx + 2 fy + c = 0, 

we can proceed in t he similar wa y as in the above case. The centre of the circle is (— p, — /) 
and radius is r m \J g 1 + f 2 — c. Therefore, applying again Pythagoras Theorem, we get 

PT 2 « (*, + g) 2 + (y, + /) 2 - (p 8 + / 2 - c) 

- *i + P* + 2p*j + p* + / s + 2pj/ — (p 2 + /* — c) 

* lj + j]+ 2p*i + 2/pi + c 

Hence, the length of the tangent PT is given by 

4- tf + 2p*i + 2/pi + c 

PT 4 is called the Power of a Point (*i, pj) with respect to the circle 

z 2 + p 2 + 2pz + 2/y + c ■» 0. 
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Example 7.15 

Find the length of the tangent drawn from (3,4) to the circle 

x 1 + j/* - 4a; -J- 6j/ — 1 = 0 


Solution 

Substituting the coordinates in the given equation we get the length of the tangent 

= \/3 2 + 4 2 - 4 x 3 + 6 x 4-1 
* \/9 + 16 - 12 + 24 - 1 
= y / 36 = 6 

Bence, the length of the required tangent is 6. 

EXERCISE 7.6 

1. Find the equation of the tangent to the given circles at the indicated points: 

(i) i 2 + y 2 = 2; (1,1) 

(ii) *» + *» = 10; (1,-3) 

(iii) ** + y*« 25; (-3,-4) 

(iv) x 2 + y 1 - 30i + 6y + 109 *= 0; (4, -1' 

(v) x 2 + y 2 - 26x - 2y + 45 = 0; (2,3) 

(vi) x* + y» - 2x - lOy + 1 « 0; (-3,2) 
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(vii) x 2 4 ■ y 2 — 2 ax ■» Gj ,(©{1 4 cos a), a sin a ) 

2. Show that the point (aco$a,asina) lies on the circle i 2 + y a « a 2 for all values of 
a. Also show that the equation of the tangent at this point is xcosa 4- y sina *» a. 
Further show that the line x sin a •*- y cos asaisa tangent to the circle for all values 
of a. 

3. Find the condition that the line lx 4 my ** n is a tangent to the circle x 2 4 y 2 = a 3 . 

4. Find the equations of the tangent lines to the circle ® 2 + y 2 *9 which are parallel 
to the line 2x 4 y — 3 = 0. 

5. Find the length of the tangent drawn from the point (—2,3) to the circle 2x 2 42|/ 2 * 3. 

6. Find the length of the tangent drawn from the point (—2, —3) to the circle 
ac 2 4 y 2 — 2x — 10y 41=0. 

7. Prove that the tangents 'to the circle x 2 4 y 2 = 169 at (5,12) and (12,-5) are per- 
pendicular to each other. 

8. Find the equation of the two tangents to x 2 4 y 2 = 3 which makes an angle of 60° 
with the axis of x. 

9. Show that the line a; 4 yv/3 = 4 touches the circles x 2 4 y 2 *= 4 and 

x 2 4 y 2 — 4x — 4>/3y 4 12 = 0 at the same point. 

7,7 Families of Circles through the Intersection of Two Circles 

We have seen that there are three unknown constants in the general equation of a circle 
given by 

i 2 4 y 2 4 2 gx 4 2/y 4 c = 0 

Thus we require three conditions to determine a circle. If we impose two conditions 
on a circle, one of the constants in its equation willbefundetermined.This condition may 
be chosen arbitrarily, provided the condition is independent of and does not contradict 
the conditions which determine the other two. We have, therefore, a system in which only 
one arbitrary constant appears; consequently, we have a one-parameter family of circled. 
Thus a one-parameter family of circles is formed in the same way as the imposition of 
one condition on a straight line leads to a one-parameter family of straight lines. 

The following examples will illustrate what we have said in the above development. 

Example 7.16 

Write the equation of the family of circles with centre at (—4,3). 

Solution 

Since having the centre specified is equivalent to imposing two conditions on the circle, 
we can determine two constants, namely, h and k in the general equation of the circle 
given by *^ + y 2 + 2gx + 2fy + c = 0. 
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Abo since y*4 and / « -3, from the above equation, we have 


a^ + ^ + te-Sy + c** 0 



In this equation cistheundeterminedconstant, that is, a parameter. We thus get a 
one-parameter family of circles. Fig. 7.8 shows some members of this family for various 
values of c. 

A family of circles with the same centre and different radii is called a Family of 
Concentric Circles . The family of circles in the above example is a Family of Concentric 
Circles. 

Example 7.17 

Find an equation of the circle which passes through the points (—2,2) and (5,1) and has 
its centre on the line x 4 2y 4 3 = 0. 

Solution 

Let (h t k) be the centre of the circle. Since the centre lies on the line x 4- 2y + 3 « 0, we 
have 


h + 2* + 3 = 0 

or h - —(2* + 3) 


Then the family of ail circles with centres on the line may be written as 
x* -I- y 2 4* 2(2fc 4* 3)x — 2 ky 4* (2k + 3) 2 + ~ r* — 0 

or a; 2 4- y 2 4- 2(2fc 4- 3)x - 2 ky 4c«0, where c = (2A + 3) 2 4 - (A 2 - r 2 ) (7.27) 

Thus, we get a two-parameter family of circles since there are two arbitrary constants 
k and c left in the equation. Let us how impose the remaining two conditions, naxhety, 
that the circle passes through the points (-2,2) and (5,1). We get 



CIRCLES AND FAMILY OF CIRCLES 


157 


-12 k + c » 4 and 18A 4* c ■« —56 

Thus c as -20 and k as -2. Substituting these values in (7.27), we get the equation of 
the circle as 

x 2 + y 3 - 2x + 4y - 20 = 0. 

Now we will discuss the family of circles through the intersection of two circles. 
Let 


Si ax* + d* + 2<ftx + 2/ijr + Cj “ 0 (7*36) 

and Sj a» x 2 4- y s + 2gix + 2 fay 4- oj = 0 (7.29) 

be the equations of two circles. Now consider the equation 

Si + kS? * 0 

i.e. x 2 + y 2 + 2p|X + 2/jy 4- ci + A(x 2 + j/ 2 + 2j]Z 4* 2/}]/ 4* 0*) * 0 (7.30) 

where A is an arbitrary constant. This equation may be written in the form 

(1 4- fcjx 2 4- (1 4- A)y 2 4- 2(yi 4- kgj)x + 2(f\ 4* A/j)y 4* (ci 4- kcj) m 0 (7*31) 


This is clearly the equation of a circle if k^ -1. If A = -1, (7.31) reduces to the equation 
of a straight line given by 

Si — Sj a 0 

i*e* 2(yi - 52)1 4- 2(/i — /j)y 4- (ci — ci) =0 

In either case, if the two circles have a point of intersection, say, (xi , yi) the curve given 
by (7.31) will pass through this point. This is so because if (x],yi) satisfies the equations 
of the two circles, then substitutions of these coordinates in (7.30) reduces it to 

0 4- A(0) a* 0. 

We say that (7.30) or (7.31), for k j* -1, represents a one-parameter family of circles, 
all members of which pass through the points of intersection of two given circles, if they 
have any. If k * -1, (7.30) and (7.31) reduce to the equation of a straight line which 
passes through the intersection of the two given circles, if they have any. 

Example 7 .18 

Find the equation of the circle through the intersection of the two circles 

x 2 4- y 2 - 8x - 2y 4- 7 ** 0 
x 2 4- y* — 4* 4* 10y4- 8 — 0 

and that passes through the point (-1,-2). 
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Solution 

The equation of the family of circles through the intersection of the two given circles is 

(x 2 + y 2 - 8a: - 2y + 7) + k(x 2 + y 2 — 4a: + lOy + 8) = 0 

Since the circle is one member of this family and it passes through the point (—1, —2), 
substituting these coordinates in the above equation, we get 

24 - 3A = 0 or, k = 8. 

This value of A gives the required equation as 

9x 2 -I- 9 y 2 - 40x + 7 By. + 71 = 0. 

EXERCISE 7.7 

Find the equation of the family of circles described in each of the questions 1 to 3, and 
select the specified member. 

1. Centre at (2,— l);member with radius 3. 

2. Centre at (— 4,2);member tangent to x — y=3 

3. Centre at (3, — 5); member through (0, —1) 

4. Find the equation of the circle through the intersection of the two circles 

x 2 + y 2 — 8x — 2y 4- 7 =0 
and x 2 + y 2 — 4a: + lOy + 8=0 

and which satisfies the following additional condition: 

(i) has its centre on the x-axis, 

(ii) passes through the point (3, -3). 

5. Find the equations of the circles which have centres on 2x — 3y + 4 = 0. 

6. Show that the equation x 2 + y 2 — 2 hx - 2 hy + h 8 — 0 represents the family of circles 
which touch both the coordinate axes. 

7.8 Condition for Two Intersecting Circles to be Orthogonal 

Before we find the condition for two circles to be orthogonal, we define the angle between 
two curves and their orthogonality. 

Definition 7.3 

The angle between two curves at their point of intersection is the angle between the 
tangents to the curves at that point of intersection. 

Definition 7.4 

Two curves are said to intersect orthogonally when the tangents at the common pofat 
are at right angles. 



CIRCLES AND FAMILY OF CIRCLES 


>59 


Now' we find the condition of orthogonality for two circles. 

Let x 2 + y 2 + 2gx + 2 fy + c * 0 (7.32) 

and x 2 + y 2 + 2 0i* + 2/iy + cj * 0 (7.33) 

be the equations of two given circles. The centres of the circles are (— y, -/) and 
(— £i, — /j) and their respective radii are sjg* + /* — c and +'/? ~ Cj. 

Let FT and PT\ be the tangents to the circles (7.32) and (7.33), respectively, at 
the intersecting point P. Now, since as we know that the radius of a circle through 
a point is perpendicular to the tangent at that point, it easily follows that the angle 
of intersection of the circles is same as the angle between their radii drawn through 



0 


Fig 7.9 

the points of intersection. In the case of orthogonal intersection, this angle is and 
consequently the square of the distance between the centres of the circles is equal to the 
sunt of the squares of their radii. 

For orthogonal intersection we then have 

(0 - 0i) a + (/ - /i) a *F a + / a -c + F? + /*-Cj 

or + - 2 p 0 i +/* + /? -2//j =0* + /*-c + 0? + /?-ci 

or * 200i + 2//i = ci -f c? (7.34) 

This is the required condition. 

»■!, 

Example 7 .19 

Find the equation of the circle which cuts orthogonally the circle x^y 2 — 6x+*y— o m y, 
pa sse * through (&0) and touches the axis of y. 
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Solution 

The equation of the circle which touches the axis of y is 

" x 7 + y 7 - 2hx — 2 ky + k 7 =* 0 

If it passes through (3,0) t then we have 

k 7 « 6A - 9 (7.38 

If it cuts the given circle orthogonally, 

6A - 4* * k 7 - 3 (7.36 

FYom (7.35) and (7.36), A=3 and A*3. 

Therefore, the required equation is 

x 7 +y 7 - 6y + 9 = 0. 


EXERCISE 7.8 

1. Find the equation to the circle which passes through (1,1) and cuts orthogonally 
each of the circles x 7 + y 7 — 8x — 2y + 16 = 0 and x 2 4- y 2 — 4x — Ay — 1 = 0. 

2. Prove that the two circles which pass through two points (0,a) and (0,— a) and touch 
the straight line # mx + c will cut orthogonally if c 2 = o 2 (2 + m 2 ). 

3. Let the equation of two circles whose radii are r,r' be S =» 0, S' = 0; then show that 

the circles 0 will intersect at right angles. 
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Conic Sections 


8.1 Sections of a Cone V -y 

Suppose we take a vertical line l and an- \ / 

other line m inclined to I at an angle a -y 

and intersecting it at the point U . \ f\j 

Suppose we rotate m around the line \ / \ 

(so that in all positions of m, the angle a / \ 

remains constant). Then the surface gen- / \ 

erated is a cone (or a double cone) with Z- 

vertex U and the line l as its axis. Any 

position of line m is called a generator of J ^ 

this cone. f 

If we take a plane then the points common I 

to the plane and the cone form the section pw s 1 

of the cone by the plane. *** 

If the plane is horizontal (that is, perpendicular to the axis of the cone) then the section 
of the cone is a circle (Fig. 8.1). If the plane is somewhat inclined, the section is an 
ellipse if it cuts only one part of the cone or a hyperbola if it cuts both parts of the cohe. 
If the plane is parallel to a generator, the section is a parabola (Fig. 8.2). 

In case the cutting plane passes through the vertex U , the section is a ‘degenerated 
conic’, that is, a point (a degenerate circle or ellipse), a single straight line (a degenerate 
parabola) or a pair of straight lines (a degenerate hyperbola). 

For this reason, circle, ellipse, parabola hyperbola are called conic sections. 

Many important discoveries, both in mathematics and science, have been linked to 
the* conic sections. The Greeks, particularly Archimedes and Apollonius studied these 
curves for their own beauty. The first application appeared almost 2000 years later 
when, about the year 1604, Galileo discovered that if a projectile is fired horizontally 


from the top of a tower, then its path would be a parabola. Only It few years later, in 
1609, Kepler discovered that the orbit of Mars is an ellipse and went on to suggest that 
all planets move in elliptic paths. 
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Parabola Ellipse Hyperbola 


Fig. 8.2 

Indeed these curves are important tools for present-day exploration of outer space 
and also for research into the behaviour of atomic particles 

We shall be studying the conic sections as plane curves. For this purpose it is 
convenient to use equivalent definitions that refer only to the plane in which the curve 
lies, and refer to special points and lines in this plane called foci (focus is the singular) 
and directrix . 

According to this approach, parabola, ellipse and hyperbola are defined in terms of 
a fixed point (called focus) and a fixed line (called directrix) in the plane. 

If S is the focus and I is the directrix, then the set of all points in the plane whose 
distance from S bears a constant ratio e to their distance from l is a conic section. If 
e < 1, the conic section is an ellipse, if e ^ 1, it is a parabola and if e > 1, it is a 
hyperbola. The constant e is called the eccentricity of the conic section. 

There are simple and elegant arguments which show that these local properties of 
ellipse, hyperbola and parabola-follow from their corresponding definitions as Section of a 
cone. But We shall not go into them here as they involve concepts from three- dimensional 
geometry. 

In what follows, we shall obtain the equations in standard forms of these iconic 
sections and study them in greater detail. 

8.3 Parabola 
Definition 8, 1 

A parabola is the set of all points whose distances from a fixed point .(in the pine art 
equal to their distances from a fixed line in the plane. : , The fixed point is caJledtbe 
focus and the 'fixed line the directrix. 
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To find the equation of a parabola we set 
up a coordinate system and place the di- 
rectrix l and the focus F at convenient 
places. We {dace the focus at (a, 0)(o > 0) 
and let the directrix / be * =» -o as 
shown in Fig. 8.4. If P(x, y) is a typi- 
cal point on the parabola, then by using 
the distance formula the defining condi- 
tion can be written as: 

(® — o) J + i/ ! = (i + a) 2 
Simplifying, we get 

* 2 + y 2 — 2 ax + a 2 *= 
or y* sb 



x 2 + Tax + a 2 FigM 

4ax, a > 0 (8.T)- 


Each point on the locus satisfies this equation. Again, by reversing the steps it. can be 
shown that every point which satisfies this equation fulfills the defining condition. This is, 
therefore, the equation of the paranoia with focus at (a, 0) and directrix x — — a , a > 0. 


Choosing the focus at (a,0) and the directrix as the line x = —a may appear 
very artificial and arbitrary. Actually, what we have done is to choose our origin and the 
directions of the axes so conveniently that the locus turns out to be on the x-axis, so its 
CMnfinates nnitt be (e,0); for aunre and the directrix' would be parallel to the y-sxis 
with its equation * *» —a. This is done as follows. 
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x* - -4 4y 


If F is the focua and l the directrix, let M be the foot of the perpendicular from F 
on I* We take the mid-point O of FM as origin and the direction OF as the positive 
direction of x-axis. If OF — a, coordinates of F are (a,0). Also as / is perpendicular 
to line FM, i.e. to x-axis, it is parallel to y-axis. As O is the mid-point of FM, so 
OM as OF = a. Hence equation of directrix is x = —a. 

If we had not conveniently chosen the origin and the directions of axes, we would 
still get the equation of the parabola but it would not be so simple as (8.1). 

The line through the focus and perpendicular to the directrix is called the axis of 
the parabola and the point where the parabola intersects the axis is called the vertex. 
For the parabola (8.1), the axis is clearly the x-axis and the vertex is at the origin as is 
easily verified. If we replace y by — y, the equation (8.1) remains unchanged. Hence, the 
x-axis is the line of symmetry for this parabola. In fact the axis of the parabola is its 
line of symmetry. 

If we change the position of the parabola relative to the coordinate axes, we naturally 
change its equation. Three other simple positions, each with its corresponding equation, 
are shown in Fig. 8.5. We shall . call them the second, third and fourth standard forms 
of the equation of a parabola. Students should verify the correctness of all three equa- 
tions. It should be emphasised that the constant a is always understood to be positive. 
•Geometrically, it is the distance from the locus to the vertex, and also from the vertex 
to the directrix. 


represents a parabola. Find its vettnx, 


Example 8.1 

Show that tho equation y*-8y-* + 19~0 
focus and directrix. 
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Solution 

Completing the square, we get 


[y - V 


■ If we introduce new variables x' = * - 3, y' = y- 4, the equation becomes y' 2 = x' which 
can be written as y n — 4. f | j x\ Thus in the new coordinate system, the vertex is at 

origin, focus at and directrix x' + ^ = 0. 

Hence, in the original coordinate system, the vertex is at (3,4), focus at f^p,4^ and 


directrix x = ^ 


Note:: In exactly the same way see that 
any equation of the form y 2 + Ax + By + 
C — 0, A ft 0 represents a parabola in 
the standard form I or II (see Fig. 8.4 
and 8.5).Similariy,x 2 + Ax + By + C= 0, 
B £ 0 will represent a parabola in 
standard form III or IV. 



, y 

i 

v~ 


(3.4) 




{y-tfm m -3 


EXERCISE 8.1 


FfcM 


1. For the following parabolas find the coordinates of the foci and the equations of the 
directrices: 

(a) y 2 = 8x 

(b) x* * 6y 

(c) y* = -12x 

(d) x? * -1% 

2. Find the equation of the parabola with vertex at the origin and satisfying the con* 
dition: 

i 

(a) Focus at (—a, 0) 

(b) Directrix y * 2 

(c) Passing through (2,3) and axis along x-axia 

3. Find the fed, vertices, directrices and exes of the following parabolas. Also draw 
their rough sketches. 

(a)y«**-2* + 3 
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(b) y — 4x a + 3x 

(c) x 2 + 2y — 3x + 5 = 

4. Find the equation of each of the following parabolas: 

(a) Directrix x — 0, focus at (6, 0) 

(b) Vertex at (0,4), focus at (0, 2) 

(c) Focus at (-1, -2), directrix x — 2y + 3 = 0 

8.3 Ellipse 

Definition 8.2 

An ellipse is the set of all points in the plane whose distances from a fixed point in the 
plane bears a constant ratio, less than one, to their distances from a fixed line in the 
plane. The fixed point is called focus, the fixed lino a directrix and the constant ratio 
(denoted by e) the eccentricity of the ellipse. 

Suppose S is a fixed point and 1 a fixed line in plane. Let e be a constant such that 
0 < e < 1. Then the set of all points P in the plane such that 

PS 

— g 

distance of P from l 
is an ellipse whose eccentricity is e. 

Before we obtain the equation of an ellipse, we must make some preparations. 

Let the fixed point be S and the fixed line be l. Let Z be the foot of the perpendicular 
from S to I. 

The line ZS will be bisected in the ratio 1 : e internally at some point A and 
externally at some other point A'. As e < l, A' will be beyond S, i.e. S will be between 
Z and A'. That is 

1 

e 


AS b e. AZ 
A'S « e. A'Z 



or 

and 


r185) 

<W) 




Fig 8.7 


Let A A' = 2a and let C be the mid-point of AA' . 

Adding (8.2) and (8.3), we have 

(AS + A'S) = e(AZ + A'Z) 

i.e. 2a = e(CZ -CA + CZ + A'C) 

= 2e.CZ 

Therefore, CZ = a/e (8.4) 

On the other hand, subtracting (8.2) from (8.3) 

A'S -AS. = e(A'Z-AZ), 
i.e. (CA' + CS) - (CA - CS) = 2ae 

or 2 CS — 2 ae 

so CS = ae (8.5) 

Just as A and A' are symmetrically situated with respect to C, we take points S' and 
Z' symmetrically situated to S and Z respectively with respect to C. That is C is thfe 
mid-point of SS 1 and also of ZZ' . It follows that 

CS' = ae, CZ! *- 
e 

We draw the line V perpendicular to Z'S through Z'- 
; , It is clear from the definition of the ellipse and our choice of A nod A', that A and 
A' lie on the ellipse. As we havessid before, S is a focus and la directrix of the eiUpse, 
* Let F(*,») be any point on the ellipse. Let PM, PM f and PN be perpen di cula r s 
from P to l , F and CS, respectively. Our first objective is to prove that S' and faleo 
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form a aet of focus and directrix for the same ellipse, i.e. 

PS' 

pW = e 

Our second objective is to prove that the sum of the distances of all points on the ellipse 
from the fod (S and S') is a constant. 

Now PS m e.PM 

so PS 3 = e 2 PM 2 

i.e. PN 2 + NS 2 = e 2 .ZN 2 

If N lies on the same side of C as S lies, as shown in Fig. 8.7, then 

(CS - CN) 2 + PN 2 = e 2 (CZ - CN )* 
i.e. ( CS ' - CN f + PN 2 = e 2 {CZ' - CN) 2 

or (CS 1 + CN) 2 - 4CS'.CN + PN 2 = e 2 (CZ' + CN) 2 - AtPCZ'.CN 
i.e. S'N 2 + NP 2 - 4 CSf .CN = e 2 Z'N 2 - 4e 2 .C£.CN 

or S'P 2 - 4ae.CN = e 2 M'P 2 - 4e 2 (^)CN 

i.e. S'P 2 = e 2 M'P 2 

S'P 2 2 SP 2 

WP ~ e ~ MP i 


If N lies on the same side of C as S' lies then a similar argument 

gives the same result. 

Thus 




S'P = e.PA/' 

(8.6) 

Also 

SP + S'P = e(PM + PM') 



= c.MM' = e.ZZ 1 



= 2e.CZ = 2CA = 2o. 

So for every point P on the ellipse, 

SP + S'P = 2a (8.7J 

Result (8.6) shows that we may regard S' as a focus and the line V as a directrix. Tltis 
an ellipse has two fod, each focus having its own directrix. 1 Also the sura of the d i e t s i des 
from the two fod is constant for every point on* the ellipse. 

The points A , A' ate called the vertices of the ellipse and C is called the cehttb'bf 
the ellipse. 
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To obtain the equation of the ellipse in its simplest form, we again choose our origin 
and the directions of the axes conveniently as follows. 

Let S, S' be the foci, l and V corresponding directrices, A, A' vertices and e the 
eccentricity (0 < e < 1). Let O be the mid-point of AA' and suppose AA' — 2a. Then 

OA = OA' m a 
OS = OS' = at 
OZ m OZ' - a/e 


We take O as the origin, direction OA as the positive direction of the x-axis. 

Then coordinates of S, A and Z are respectively (oe,o), (a, a) and (a/e,o). 

We take any point P(x, y) on the ellipse and draw perpendiculars PM on l, PN on 
the x-axis. Then 



SP 

So 

SP 3 

i.e. 

(oe - x) J + y 3 

Therefore 

x*(l — e 2 ) + y 3 

or 

? + o s (i y -e J ) 

As X 0>, 

we can urrite b = aV'l — c 3 - 



= e.PM 
= e\PM 2 

as o 2 (l - e 3 ) 

* 1 

Then the above equation becomes 



( 8 . 8 ) 

(8.9) 


Thus every point P(x, y) on the, ellipse satisfies (8.9), Again if any point P(x, y) satisfies 
f&il), then it is e&y to show (by retracing our steps) that' PS = ePM, so that such a 
pmp must be oii the ellipse. So (8.9) is the equation of the ellipse 'in standard form. 
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Remarks 

1 . As 6 = a VT-"?, so 0 < 6 < a. 

2. The ellipse intersects the x-axis at the vertices A and A'. The line AA' is catted 
the major axis of the ellipse. 

3. The ellipse intersects the y-axis where x = 0, i.e. where y* = b* or y = ±b. These 
are points B(0, b) and B'( 0, -b). The line BB 1 is called the minor axis of the ellipse. 

4. For every point (x, y) on the ellipse 

tt = 1 — < 1, i.e. x 2 < o 2 
a -tr 

and so —a < * < o. 

Therefore, the ellipse lies between the lines x = —a and x = a. Similarly, it lies 
between the lines y = —b and y — b. 

5. If (x, y) satisfies (8.8), then so does (— x, y) and also (x, — y). These show that the 
ellipse is symmetric about both the x and the y-axes. 

6. We chose positive direction of the x-axis along OA. If we had chosen positive 
direction of the y-axis along OA, the equation of the ellipse would be 



The foci would be on the y-axis. 

7. The eccentricity measures the flatness of the ellipse. Distance between the two fed 
Sff is 2oe. As e increases, this distance increases, foci move away from the centre 
and the ellipse becomes flatter. Or, notice that o 2 — h 2 = o 2 — o 2 (l — e 2 ) as a 2 * 2 . So 
as e increases, n 2 — h 2 increases, so the major axis becomes much longer compared 
to the minor axis and so the ellipse becomes more flat, more elongated. On the 
other hand, if e -* 0, the foci come closer to the centre, the difference between a 
and b tends to be aero, and the ellipse is almost like a circle. Indeed, we might 
consider circle as an ellipse with zero eccentricity. 

J Example 8.2 

Given the ellipjfe with equation 9x* 4- 25y* m 225, find the major ana minor mum, 
eccentricity, focf and vertices. 
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Solution 

We put the equation in standard form by dividing by 225 and get 


25 9 


1 


which shows that as 5 and 6 = 3. Hence, 9 = 25(1 — e 2 ), so e = £. Since the 
denominator of x 2 is larger, the major axis is along x-axis, minor axis along y-axis, foci 
are (4,0) and (—4,0) and vertices (5,0) and (—5,0). 


Example 8.3 s 

Show that 4x 2 4* 16y 2 — 24x — 32 y = 12 is the equation of an ellipse and find its vertices, 
foci, eccentricity and directrices. 


Solution 

The equation can be written as 

4(x-3j 2 + 16(y-l) 2 =64 

(x — 3) 2 (v-D* 

* 1(5 + i = 1 


or 


Translating the coordinate axes so that the new coordinates are X = x-3, Y = y — 1, 
the equation becomes ^ = 1 which is an ellipse with a = 4, 6 = 2, 

4 = 16(1 — e 2 ), so e = In the new coordinates: foci are (±2^,0), vertices (±4,0) 
and directrices X = X = — Hence, in the original coordinate system (x,y), 


foci are (3 ± 2>/3, 1), vertices are (3 ± 4, 1), and directrices x = 34- 


and x = 3 — 


Example 8-4 

Find the equation of the ellipse with foci at (±5, 0) and x = ^ as one directrix. 


Solution 

We have oe = 5, § = o 2 = 36, so a = 6 

oo. e= _ 

Now b = ovT^e 1 = 6yfl - = Vn 

Thus, the equation is §g + * 1 
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EXERCISE 8.2 

1. Fbr the following ellipses find the lengths of major and minor axes, coordinates of 
foci and vertices, and the eccentricity. 

(a) 16s 3 + 25y* = 400 

(b) 9** + 16y* - 144 

(c) 3**+2y a ~6 

(d) ** + 4p a -2s = 0 

2. Find the equation of the ellipse satisfying the given condition. 

(a) Vertices at (±5,0), foci atlC(±4,0) 

(b) Vertices at (0,±10), e = ^ 

(c) Fbd at (0, ±4), e = | 

(d) Axes along coordinate axes, passing through (4, 3) and (—1,4) 

(e) Fbd at (±3, 0), passing through (4, 1) 

(f) e«=f, foci on y-axis, centre at origin, passing through (6,4)- 

3. Find the equation of the set of all points the sum of whose distances from (3,0) and 
(9,0) is 12. 

4. Find the equation of the set of all points whose distances from (0, 4) are ^ of their 
distances from the line y = 9. 

8.4 Hyperbola 
Definition 8.3 

A hyperbola, is the art of all points in the plane whose distances from a fixed point in 
the plane beats a constant ratio, greater than one, to their distances from a fixed line in 

til plane. 

The fixed point is called a focus, the fixed line a directrix and the constant ratio 
(denoted fry e) the eccentricity of the hyperbola. 
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Let S be the focus and Z the foot of the perpendicular from S on the directrix l. Divide 
SZ internally and externally in the ratio e : 1, at the points 4 and 4' respectively. As 
e > 1, A' will be beyond Z, i.e. Z will be between 4' and S. Let 44' = 2a and let C be 
the mid-point of 44 . 

FYom the manner of obtaining points 4 and 4' they are points on the hyperbola 


{A y A 

are called vertices of the hyperbola), 



S A 

me.AZ 


S A' 

m e.A'Z 

90 

SA + SA' 

**e(AZ + A'Z) 

i.e. 

(CS — CA) + {CS + CA') 

= e.44' = 2oe 

or, as 

C A 

.as CA 1 , we get 


2 CS 

as2oe 

or 

CS 

= ae 

Also 

SA' - SA 

= e(4'Z - AZ) 

i.e. 

44' 

* e(C4' + CZ — CA + CZ) 

or 

2a 

s2e.CZ 

or 

CZ 

_ a 


e 


On the line CS, we take points S' and Z 1 so that they are symmetrically situated with 
respect to C to the points S and Z, i.e. such that C is the mid-point of SS* and abo of 
ZZ'. Take line l' perpendicular to CS andthrough Z 1 . 

Let P be any point on the hyperbola, PN perpendicular to CS, PM per p endicular 
ttri and PM' perpendicular to V. 



m 


MATHEMATICS 


As P fa on the hyperbola, 

SP* ** e 2 .PA/ 5 

i.e. PN*+NS 2 = c 2 .NZ 2 

II N lies on the same side of C as S lies, as shown in Fig. 8.9 

PfiT + iCS-CN)* = e 2 (CiV - CZf 

i.e. PtP + iCS' -CN) 2 **J(CN -CZ 1 ) 3 

i.e. PAT* + (CS' -i- CAT)’ - ACS'.CN = e 2 {(CAT + CZ*) 2 - 4CW.CZ'} 

i.e. PAT 2 + SW 2 - 4ae.CN * <?.NZ n - e*.4.CAT.- 

e 

i.e. PS 12 = ePPAf* 2 

This shows that = e = 

If iST lies on the same side of C as S' lies then a similar argument gives the same result. 
Thus S* is another focus and l 1 the corresponding directrix. 

Thus, like the ellipse, a hyperbola has two foci, each having its own directrix. Finally, 
note that 


PS' - PS = e(PM' - PM) = e.MM' = e(Z2') 



so that the difference of the distances for every point on the hyperbola from the two foci 
is constant. A hyperbola can also be defined by this property. That is, a hyperbola is 
the set of all points in a plane the difference of whose distances from two fixed points in 
the plane is constant. 

Now to obtain the equation of the hyperbola (with eccentricity e > 1) in its simplest 
form, we proceed as follows: y / 
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Let 5 and S* be the foci of the hyperbola, A and A* vertices. Let O be the mid-point 
of SS' (called the centre of the hyperbola). We take O as the origin and OS the positive 
x-axis. Then S is (ae,o). Directrix l has the equation x *= § . If P(x, y) is any point on 
the hyperbola and PM is perpendicular on l, then M is (§ , y). The equation 


becomes 

or 

or 


SP 2 = t?PM 2 

(x - ae) 2 + y 2 = e 2 (x - ~) 2 = (ex — a) 2 
x 2 (e 2 - 1) - y 2 » a 2 (e 2 - 1) 



Note that as e > 1, e 2 — 1 > 0, so we can take 6 = ay/e 2 — 1, then the above equation 
becomes 



which is the equation of the hyperbola. 


Note: 


1. As the equation shows, the hyperbola 



is symmetrical about each axis. 

_2 *.2 

2. As = 1 + > 1, 

.*> for all points (x, y) on the hyperbola 


i.e. x < — a or x > a 


The hyperbola, therefore, has two branches, one in the half plane x < -a and the 
other in the half plane x > a. 

3. As b 2 = a 2 (e 2 — 1), smaller the e, smaller the b, so 



2 

indicates that if e is small (but of course > 1), then is large so that for given 

y, x would be large, This means the point (*, y) on the hyperbola would be to the 
far right. Hence smaller eccentricity means the branches of the hyperbola would 
be bending towards the x-axis. 
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On the other hand, large e means small ^ and so small (^y — 1), i.e. small x,so 

the branches would be opening up as the eccentricity increases'. In the limit (as 
e —► oo), the hyperbola would nearly coincide with the line x = ±a. 

4. We have taken the line of vertices as the x-axis; if we take it as the y-axis, the 
equation of the hyperbola would be of the form 


x^ 

a 2 b 2 


= 1 


with b 2 = a 2 (e 2 — 1). 

5. Numbers 2a and 2b are called the length of transverse and the conjugate axes for 
the hyperbola ^ - |y = 1. 


Example 8.5 

For the hyperbola 9x 2 — 16y 2 = 144, find the vertices, foci and eccentricity 


Solution 

The equation can be written as 



10® * 4, jb rn 3, 9 « 16 {f? - 1), SO that ***^ + 1*^ giving * ; 
(dto, 0) — (±4, 0) and foci are (±oe, 0) = (±5, 0). 


Vertices ire. 
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Example 8.6 

Find the equation of the hyperbola with vertices at (0, ±6) and e ** g. . Find its foci. 


Solution 

Since the vertices are on the y-axis (with origin at the mid-point), the equation is of the 
form 


y 2 x 2 

7~7 


= i 


As vertices are (0, ±6) a = 6, b 2 = a 2 (e 2 - 1) = 36(^ - 1) = 64 


fi 2 V 2 

so the equation ^ §?r fj = 1 and the foci ane (0, ±oe) * (0, ±10). 

Example 8.7 

Find the equation of the hyperbola whore vertices are (±6, 0) and one of the directrices 
is x = 4. 


Solution 

As the vertices are on the x-axis and their mid-point is the origin, the equation is of the 
type 


V 

¥ 


i, 


where 5* = o 2 (e 2 - 1), vertices are (±o, 0) and directrices are * = ±o/e 


Thus a m 6, ~ = 4 and soe = | 
Thus b* = 36( j - 1) = 45. 


Consequently, the equation is 


x2__v2_ 

36 45 


1 . 


EXERCISE 8.3 

1. Fbr the following hyperbolas find the lengths of transverse and conjugate axes, 
eccentricity and the coordinates of foci and vertices: 

(a) 16** -fly* « 144 

(b) 2a 2 - 3y* - 6 = 0 

(c) 3** — 2y* ** 1 
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2. Find the equation of the hyperbola with 

(a) Vertices (±5, 0), foci (±7, 0) 

(b) Vertices (0, ±7),e = | 

(c) Foci (0, ±10), passing through (2,3) 

3. Find the equation of the set of all points such that the difference of their distances 
from (4,0) and (—4,0) is always equal to 2. 

4. Show that the equation 16x 2 — 3y 2 — 32a; - 12y — 44 = 0 represents a hyperbola. Find 
the lengths of axes and eccentricity. 

8.5 Condition ibr Tangency of the Line y * mx 4* c 

In what follows, we shall study the intersection of the line y = mx -I- c with the given 
conic. Since the equation of every conic is of second degree, we shall in general find two 
points of intersection. Again, since a tangent is a line which intersects the curve in two 
coincident points, we shall use this property to find the condition for tangency of the line 
y = mx 4- c to the given conic. 

(a) Parabola: Consider the intersection of the line y = mx 4 c with the parabola 

y 2 = 4 ax (8.10) 

Substituting the value of y from the equation of the line in the equation of the parabola, 
we find that x-coordinate of the points of intersection of the line with the parabola are 
the roots of the equation. 

(mx 4 c) 2 = 4 ax 

i.e. m 2 x 2 -I- 2(mc - 2a)x 4- c 2 = 0 (8-11) 

This quadratic equation generally gives two values of x, except when m = 0. When m = 0, 
the line is paralled to the axis of the parabola and hence it intersects the parabola in 
one point only. So, when m ^ 0, the line will be a tangent to the parabola if the roots 
of (8.11) are coincident. The condition for this is 

(me - 2a) 2 = mV 
a 

i.e. c=s — 
m 

The line 

, a 

y = mx4* — 
m 

therefore is tangent to the parabola y 2 ~ 4 ax for all values of m ^ 0. t 

With this value of c, the two coincident roots of the quadratic equation (Bwljl) are 

x m -V 
mr 

Substituting this in the equation of the line, we get y : 
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Hence, Re paint of contact of the tangent y =» mi 4- Jr with the parabola y* * 4as 

-(**) 

It may be noted In passing that the points (or, 2ot) for all values of t, lies on the 
parabola y* » 4ax. We say that the parametric equation of the parabola is 

x ss at*, y sb 2 at 

The 'point (at*,2at) is usually referred to as the point “t". on the parabola. 

(b) Ellipse: Consider the intersection of the line y » mx 4 c with the ellipse = 1. 

As before, the x-cooidinate of the point of intersection is given by 

6*i* + a*(mi + c)* ss a*6* 

or (a*m* + 6*)i* 4- 2mxa*c + a*(c* — 6*) = 0 

which gives two roots of x, and hence two points of intersection. In order that the line 
may be a tangent, i.e. the two points of intersection may be coincident, we must have 

mW = a*(c* - 6*)(a*m* + 6*) 

or c*=a*m* + 6* 

Hence, the line y be mi 4- y/eFrr? 4- 6* is a tangent to the ellipse for all values of m. 

As before, the point of contact of this tangent with the ellipse is 



It may be n oted that in fact we get two values of c with opposite signs, and hence the line 
y sb ms — y/aPm 2 4 6* is also a tangent to the ellipse. Thus we get two parallel tangents 
(as in the case of -a circle). 

It is seen that the point (a cos sin 6) lies on the ellipse for all values of 0,0 < 0 <2*. 

Hence, the parametric equation of the ellipse is 

i «s acos0, y m 6sin0 

where 9 is called eccentric angle. 

(c) Hyperbola: Considering the intersection of the line y = mi 4- c with the hyperbola 
$ -i >1, we find that the x-coordinate of the points of intersection ip given 

6*x* — a*(mx 4- c)* — a*6* = 0 
or (a*m* — 6*)x* + 2mea*x 4- a*(6* 4 c*) = 0 



For the Hue to be a tangent, i.e. the two roots of this quadratic equation to be coincident, 
we must have 

c* — o*m* — 

Hence, the line y m mx + s/alm 3 - b? is a tangent to the hyperbola 2^ — == 1 for ail 

values of m. 

Proc e eding as before, we get the point of contact 


fa 


—mo 


a?m 2 — i 2 


\ 


Here also we shall get another parallel tangent 

y = mx — \J o 2 m 2 — 6* 


It may also be noted that the point (asac0,htan0) lies on the hyperbola for all values 
of $, and hence the parametric equation of the hyperbola can be written as 


x ■* a sec 0, y m b tan 0 


Example 8.8 

Find the equation of the chord of the parabola y* = 4ax joining the points (atf, 2ati), 
(atf,2 at*). Hence, deduce the equation to the tangent at (at 1 , 2at). 

Solution 

Required equation of the chord is 


y — 2oti 


or (ti+tj)y 


2at* - 2oti ^ 

4-«i < *-«» 

2(x + fltjt)) 


If t» -* tj this becomes tiy * * + otf. 

Hence, the equation of tangent at (at*, 2at) is 


ty sc x + at* 


Mm**.* 

Shaw that the line scosa + ysina « p is tangent to the ellipse ^ + pr ■= 1 if 

# m a* 0 Qs*er+fr*sin*a 
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Solution 

Ws can write the equation of the line aa y « to* + c where m =* - cot a, emp ooeec a. 
It will be a tangent if 

(? = <Art 3 4 + ft* 

i.e. p 2 cosec 2 a =o*cot*o + i* 

or p 2 = a 2 cos 2 a + 6 2 sin 2 a 


EXERCISE 8.4 

1. Show that the equation of the tangent to the parabola y 2 = 4oz which makes an 
angle 8 with its axis is y * * tan 0 + a cot 0. 

2. Prove that the line b + my + n = 0 will touch the parabola y 2 as 4ax if in m am 2 . 

3. Show that y — * — 2 = 0 is tangent to the parabola y 2 = 8i. What is the point of 
contact? 

4. A line Ix+my+n = 0 touches the ellipse 4- ^ = 1. Show that o 2 i* + 6*m 2 a* n*. 

5. Find the equation of the tangent at the point (at 3 , 2ot) to the parabola y 2 « 4ax. 

6. Find the equation of the tangent to the ellipse = 1 at a point (acos0, bsinl). 

7. Find the equation of the tangents to the ellipse 4x 2 + 3y* =* 5 which are parallel to 
the line y = 3x + 7. Abo find the point of contact. 

6. Find the equation of the tangent to the hyperbola 4s 2 — 9y 2 m 1 which is parallel to 
the line 4y = 5* + 7. 


MISCELLANEOUS EXERCISES ON CHAPTERS 4, 8, 8, 7 and 8 

1. A(a, 0) and J3(— a, 0) are two given points. Show that the equation of the ,set of 
points P such that PA + PB = c is 4 {<? — 4a 2 )x 2 + 4c?y* = <?{<? — 4a 2 ). 

2. The slope of a line through A(3, 2) is |. Find the coordinates of the points on the 
line that are 5 units away from A. 

3. Find the equation of the set of points P where P is the mid-point of the portion of 
a line, distant p from the origin, intercepted between the axes. 

4. Two 'equal sides of an isosceles triangle are given by the equations '7x— y+3 *• 0, 
x+y-3 sc o. and its third side passes through the point (1,-10). Determine the 
‘equations of the, third side. 
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5. Show that the area of the triangle formed by aa?+2hxy+by* m 0 and Ix+my+n m 0 
la given by 

n 2 \/h 2 — ab 
am 2 — 2hlm 4- M a 


6. Prove that two of the lines represented by the equation ax 3 4- + cxy 2 4- rfy 3 = 0 

will be at right angles ifa 2 + oc+bd + <P»0. 


7. Find the equation to the circle which touch the axis of y at a distance 4-4 from the 
origin and cuts off an intercept 6 from the axis of x. 

8. Find the equations to the tangents to the circle x 2 .4-.y 2 — 6x4-4y — 12 = 0 which are 
parallel to the line 4x 4- 3y 4~ 5 = 0. 

9. Find the equation to the circle cutting orthogonally the three circles 

x a 4-y 2 — 2x4-3y — 7 a* 0, x 2 4-p 2 4-5x — 5y+9 =* 0, and x 2 4-y 2 4-7x — 9y4-29 = 0 

10. Find the equation of the parabola whose focus is (5, 2) and having the vertex at 
(3,-2). 

11. Show that the line x 4- 2y — 4 = 0 touches the ellipse 3x 2 4- Ay 2 = 12. Find the 
coordinates of the point of contact. 


12. Prove that the product of the perpendiculars from the foci upon any tangent to the 
ellipse 

x 2 v 2 


is 6 2 


13. Find the equation of the hyperbola whoee directrix is 2x 4- y ■* 1, focus (1,2) and 
eccentricity is y/3. 

14. Show that the line xcosa 4- ysina = p touches the hyperbola = 1 if 

p 2 a* a 2 cos 2 a — ft 2 sin 2 a. 

15. The line 3x 4- 4y = 7 is a normal to the hyperbola 4x 2 — 3y* ** 1 at a point P on it. 
Find the coordinates of P 



CHAPTER 9 

Complex Numbers 


9.1 The Algebra of Complex Numbers 

The concept of numbers, as you are aware, is gradually extended from natural numbers 
to integers, from integers to rational numbers and from rational numbers to real numbers. 
You might have observed that this gradual extension is based on mathematical needs. 
For instance, there is no solution to the equation x 2 = 2, if x € Q, the set of rational 
numbers. Thus we are forced to introduce irrational numbers and thereby get the set R 
of the real numbers which is the union of Q with the set of all irrational numbers. We 
know that the square of every real number is non-negative, hence there exists no real 
number with its square equal to -1. In other words, there is no solution in R of the 
equation x 2 4- 1 = 0. Just as we introduced the irrational number y/2 so as to be able to 
solve the equation x 2 = 2, in the same way we assume there is a number, which is not in 
R, whose square is -1. This number is denoted by i. Thus i 2 = —1 and » is the square 
root of -1. For any two real numbers, a and 6, we can form a new number a 4- ib. This 
number a + ib is called a complex number. The set of all complex numbers is denoted 
by C. If we write in the sequel a+ib for an element of C, it is tacitly assumed that a and 
6 are Teal numbers unless otherwise stated. The real number a is called the real part of 
a + ib and the real number b is called the imaginary part. We identify a 4- iO with real 
number o and i.l with i. A complex number is denoted by a single letter such as r, us 
and so on when it is convenient to do so. 

The real part of a complex number z is denoted by Re z and the imaginary part as 
Imk. 

If z a* x 4* ty, where x and. y are real, then Re x * x and Imr = y. 

We define addition and multiplication between two complex numbers as follows: 

(o 4- ib) 4- (c 4- id) *= (fl + c)+ 1(6 4- <£) 

(a 4- ib)(c 4* id) » (flc***M) 4i(fli44c) 

It will be observed that while adding two complex numbers, the real and imaginary 
parts Of the sum is obtained by adding separately the real and imaginary parts of the 
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uxia- As regards multiplication, we have multiplied the two complex numbers as 
if they ware real numbers and have used the fact that » 2 ** — l.If we denote »(— 1) fay — » 
as is usual, (-«)(,--() m (0 + *(— 1)) (0 + t(— l))M)*-(—l)(— 1)+ *(0+ 0)= — l, so that — * is 
also a square root of —1. Now a + c, b + d, ac—bd, ad + bc m obtained by using the i 
binary operations of addition, multiplication, etc. in R. Thus in C, two binary 
operations + and • have been defined. . These two operations are named addition and 
.multiplication in C. 

Let x m a + 16. If 6 = 0, then we say that * is a purely real number and is equal to 
a. If a m 0, then we say that 2 is a purely imaginary number and is equal to *6. We, 
more often, prefer to write bi such as 2s, 3t, etc. If both a = 0 and 6 — 0, then instead of 
writing 0 + «0, we simply write 0. Two complex numbers a + *6 and c + id are equal if 
and only if a m e and 6 = d. In particular, a + ib a» 0 if and only if a = 0 and 6=0. 

We now consider the operation of addition in C. For any three complex numbers 
0 + 16, c+td, e + if, 

{(o + *6) + (c + id)} + (e + if) 

= {(o + c) + *(6 + d)} + (e + if) 

= (o + c + e) + *(6 + d + /) 

- (o + i6) + (c + e) + i(d + /) 

= (0 + 16) + {(c + id) + (e + if)) 

so that the operation is associative. It is also commutative, as is easily seen. We also see 
that 

(a+*6) + 0 ■» (o + i6) + (0 + i0) = o + 0 + i(6 + 0) 

= o + *6 

, «■ 0 + (o + i6) 

Thus 0 is an identity element for addition in C. If z € C, z = a 4- *6, we write 
—x «■ — o -f i(— 6) sb — a — *6 and observe that 

x + (—2) = 2-2 = (a + i6) + {—a + i(— 6)} 
as 0 + *0 as — X + X. 

It is a good exercise to check that 0 is the only identity element for addition and that 
if x + s' m 0, then s' as —2. That x + (— x) = — 2 + 2 = 0 is expressed alternatively by 
saying that —2 is the additive inverse of s. Thus the binary operation of addition in G 
is associative, commutative, possesses identity element and is such that every element of 
C his additive inverse. 

Let us now turn to multiplication. If a + 16, c 4- td, e + if are any three complex 
numbers, 

(o + *6){(c+id)(e + */)} * (o + *6) {(ce - dtf) M(cf + de)} 

= o(ce -df)~ HcJL + *) + * {«(c/ + de) + t(ce 
* ace — adf - 6c/ - 6ds + i(wt5/+ nde + 6oe - k(f). 
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Likewise 

, {(o4-ii)(c4-*d)} (« + */) m (ae — fc/)e — (od+Ac)/ + *{(ae — bd)f + (ad+bc)e} . 

=s (ace — Me — adf — fee/) + i(acf — fe*(f 4* ode + bee) 

Thus, 

{(a + ife)(c 4- id)} (fi + if) =(a + ib) {(c 4- td)(e 4- */)} 

Thus multiplication in C is associative; It can also be shown that it is commutative. 
As said earlier, denoting 1 + >0 by 1, we see that for any complex number o 4- ife, 

l.(a 4- ib) a(d + ib). 1 * (o + ife)(l + *0) = (o.l — fe.O) 4- i(a.O + fe.l) — (a + ib). 

Similarly, it can be shown that 0.(a 4- ib) = (a + ife).0 = 0 -f tO = 0 for any complex 
number a + *6. 

In other words, 1 is an identity element for the binary operation of multiplication in 
C and it is, in fact, the only one. For, if o + *fe # 0 (this assumption may be made since 

0 . z = *.0 = 0 for any complex number z) 

and (o 4- ife)(c + id) = (a + ib), 

then ac - fed = a, ad + bc = b 

1. e. o(c— 1) = M, ) 

b(c — 1) = —ad ($) 

, Multiplying both sides of (A)| by a and of (B) by fe and adding, we get 

(a 2 4- fe 2 )(c — 1) = 0. 

Since a 4- »6 0, a 1 4- fe 2 0, so c = 1. It turns out that ad — 0 and since a is not always 

0; d = 0. So c + id = 1. Thus we see that the number 1 is unique. In this connection 
note that if k is any real number k(a + ib) = ka + ikb. In other words, multiplying a 
complex number * by a real number k amounts to multiplying the real and imaginary 
parts of * by k. 

If z as a 4- ib is a complex number, we denote a 4* *(— fe) = a — ib by z and call it the 
conjugate of z. It may be noted that the conjugate of f is z, i.e. (z) — z. If z is real, i.e. 
if fe as 0, then evidently z*=z. Conversely, if z = z, i.e. if a 4- ib = a - ib, then fe — —6 so 
that b = 0. 

lb sum up, a complex number z is its own conjugate if and only if it is real. Since 
z 4- f » (* 4* iy) 4- (* — iy) ,= 2®, 

ftez = x = 

a — g 

•Similarly, Im z = y = - 

it% 

Also, if z a> a 4- (fe. 

XS =S (o 4- tfc)(o — (fe) «■ O* + $ mg *, 
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since multiplication is commutative. Hence, we conclude that for any complex number 
z, the product zz is always a non-negative real number. 

If z € C, z se a 4- ib, a, b real, it is customary to denote the non-negative square root of 
a? + b^ by |*|i and call it the modulus or absolute value of the complex number z. 
Thus, 

zz = |z 2 | and |z| = y/cfl + b 2 

for any z € C. If z / 0, at least one of the two real numbers a and b is non-zero, so that 
|z| 0. (In fact, \z\ =* 0 if and only if z = 0, as is easily verified). Thus if z yt 0 


Z >P~ 1- |zV' • 

If z =s o + tb ^ 0, the complex number = p ° — ip~~p 

is again a complex number which is a multiplicative inverse of z, in the sense explained 
earlier. The inverse of z is denoted by z~ l or Thus zz -1 = 1. The uniqueness of 
the multiplicative inverse of z / 0 is easily verified. We know that a complex number 
a+ib = 0 if and only if a = 0 and also b = 0. This is equivalent to saying that a+tb — 0 
if and only if a 2 + b 2 = 0. Hence, a + ibjt 0 if and only if a 2 + b 2 / 0. In other words, 
|z| = 0 if and only if z s= 0. 

We are now in a position to define the binary operation of division in the set of 
complex numbers. As in the case of real numbers, this definition enables a complex 
number to be divided by a non-zero complex number. We define ^ as z.uT 1 . Thus if 
z a* * + iy, w = u + iv, u + i« # 0, i.e. u 2 + v 2 0> then 


- = z.w 1 = (® + iy).-. 


( xu + yv \ . / pu — xv \ 
u 2 + iP ) \ u 2 -I- u 2 / 


In particular, A = ■ ■ - n — i-r^—v as seen earlier. 

K ’ w u 2 +v 2 u 2 + t> 2 

We can now prove that the following simple and important result. If z and w are two 
complex numbers such that their product zur — 0, then at least one of the numbers z, tt> 
is zero. Suppose, as we may, that z / 0. Then z -1 exists. Now zw = 0. So z~ 1 (z.u>) as 0. 
By associativity of multiplication (z~ 1 z)tv = 0 or l.w = 0, i.e. tu = 0. Thus if z ^ 0, 
then w must be equal to zero. As a corollary of this result we can say that the product 
of two non-zero complex numbers is not zero. That is, if z ^ 0, w £ 0, then zw £ 0. 

Besides these properties, we have the following which connect addition and multipli- 
cation: 


if *i,*2,*» € C, 
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then , *1 (*2 + *s) * *1*2 + *1*3, 

(*1 4 - **)*3 = * 1*5 + * 5*5 

These properties are known as distributive properties and signify that multiplication 
distributes over addition. These properties are verified easily from the definition of addi- 
tion and multiplication in C. Addition and multiplication are related by the distributive 
laws, making C what is familiarly known as a field . Note that R too is a field. Every 
complex number a 4* iO can be identified as stated earlier with the real number a. It can 
also be seen that (o + iO) 4* (6 4- iO) = a -f b + *0 and (a 4- i0)(6 + i0)~.afr 4- <0. Hence, 
the sum and product of complex numbers a 4- iO and i 4- tO can be identified with the 
sum and product of the real numbers a and fr. Hence R,,the set of real numbers, can be 
considered to be a subset of C, the set of complex numbers. 

You may recall that in defining addition and multiplication of complex numbers, we 
have used the fact that i 2 = —1. Also note that (— *) 2 = — 1. 

For two complex numbers z\ and z 2i we have 

(imS) = + & ; (*i - = 

and , 

= zify ; ^ where *2 7* 0. 

These results can be verified by setting z\ = *1 4- iy\ and 22 = x 2 + iffr- 
Let us recall that for a complex number z t zz = | z 2 ). Now, for two complex numbers 
z\ and z 2) we have 

|*i*2| 2 = (*i*2)(*i*2) = *i*2*i*2 
= *1*1 -*2*5 ~ |*l| 2 -!*2| 2 

Taking square root and noting that positive sign can be taken on both sides, we get 

|*1*2| “ N’M 

The above result is expressed in words as follows: 

The absolute value of a product of two complex numbers is equal to the 
product of the absolute values of the numbers . 

If Z 2 # 0, then z\ = z% and so 

w-fel-w- 

H\ 

Hence, 

|*|_hi 

U IN 
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Before we give a formula for the absolute value of the sum of two complex numbers, 
let us recall that the real and imaginary parts of a complex number z = x + ip are given 
by Rex * & ^ & and Imz = £.=•*. Hence, 2Re z = z + z, and 2ilm z = z — z. Now, for 
two Comdex numbers *i and z-f 

|*i + *i| J 88 (*i + *a)(ii + Si) - *i*i + * 2*2 + z*^ + ijz t 

— |*i| a + |*a| a + *i *% + (*i *i) 

- |zi| a + |zj| a + 2Bez 1 j% (9.1) 

We have also / 

|*i - *»| a = (*1 - *a)(*i - 5) » *i*i + * 2*1 - (*i* + * 1 * 2 ) 

= |z 1 | 8 + |z2| a -2Rezi^ (9.2) 

Adding (9.1) and (9.2) we get 

|*l + * 2 | a + |*i-* 2 | a = 2(|z 1 |* + |z 2 | 2 ) (9.3) 

Again x 2 < x* and y 2 < i*+j/ 2 and taking positive square roots, we get |x| < |z| 
and |y| < |z| leading to the conclusion that — |z| < |x| < |z| and — |z| <y< |z|. The 
Re z = |z| implies x 2 = x 2 + y 2 if z = x + iy, so that y = 0. 

Using the inequality — |z| < Re z < |z| in (9.1), we get 

l*i + * 2 | a < |*i| a + |*a| a + 2|zi||*i| = (|*i| + |zj|) 2 , 

(since |z 2 | = |z 2 |) 

Taking positive square roots, we obtain 

|*i + *z| < |*i | + |*2| (9.4) 

(9.4) is called triangle inequality. The reasons for this nomenclature will be ex- 
plained later. 

Of the two complex numbers x\ and Z 2 , 

*: = *1 — *2 + * 2 i i-e. |*i| < |*i — * 2 ! + |*2| 

Thus, |*i | - i*»| < |*i - *a|. 

By interchanging *1 and **, we get 

N - 1*1 [ < 1*2 - *l|. 

Combining the two inequalities, we get 

||*i|-Nf£ 1*1- * 2 ! (9.5) 

for any two complex numbers zi and zj. The inequality (9.5) is also called triangle in- 
equality. The inequality (9.4) can be extended to n complex numbers by finite induction. 
In other words, 

|*i + *2 + . • • + n»| < |*i| + l^nl + • ■ • + |*w| (9,6) 

for any n complex numbers *i,*i, .. .a». 



Example 9.1 

Express (i) (-1 + 2*)+ (J-i) 

« (H‘)(-H‘) 


in standard form. 


Solution 

(i) (-l + 2i) + (j-i) 


- (-l + i) + (2-l)< 


(ii) 


64M-5-» 


(by definition) 


13 7 . 

48 24 1 


Remark 

When a, b are specific real numbers, we prefer to write a + hi to a-+ ib, e.g. we write 
2 + 3t instead of 2 + *3. Further, we prefer to write l.i as i. 

Example 9.2 

Show that for any real 0,(cos0 + isin0)(cos0 — isind) — 1 


Solution 


(cos 0 + i sin 0)(cos 9 — * sin 9 ) 
sb (cos 2 0 + sin 3 0) + *(-- coed sin 0 + sin 0 cos 0) 

= l + 0.i = l, since eo^0 + sin 3 0» 1 for any 0. 
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Remark 

This example shows that if z = cos0 + tsin0, then - = cos0 — imn0. U we denote 

1 X 

cos 6 4 i sin 0 by e 0 t this means ~rz = e‘*“^ which we may write as e~ 0 

e 

Example 9.8 

Show that (2 + 3i)(l — i) = (2 — 3i)(l 4* i) 

Solution 

(24* 3»)(1 — i) = (2 4 3) 4 (-2 + 3)i = STi = 5-i 

Again, (2 — 3i).(l -4 i) = (2 4 3) -I- (2 - 3)i = 5 — i, proving the equality. 

Remark 

The example suggests that if a complex number is given in terms of sums, products or 
quotients of complex numbers in standard form (i.e. of the form a + ib where a, 6 are 
real), then its conjugate is obtained by changing i to — t in all the constituents. 

Example 9.4 

Find the reciprocal or inverse of 1 — i. 

Solution 


Reciprocal or inverse of 1 — % 


1 

1 -i 


1 -4 i 1 4 i 1,1. 
(1— i)(l+i) = 2 2 + 2* 


EXERCISE 9.1 

1. If *i, Z 2 € C, show that (zj + zj) 2 = z\ + 2zizj + zj 

2. Show that (1 — i) 2 = — 2t 

1 — i 

3. Find the conjugate of y-j-j 
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9.2 The Argand Diagram and the Polar Form 

One can think of another notation for a complex number. Instead of writing; a -f ib, a, b 
real, we could write an ordered pair (a, b) of real numbers as standing for a complex 
number. We can rewrite the definition of addition and multiplication as follows: 

(a, b) + (c, d) = (a + c,6 + d) 

(a,6).(c,d) = (ac-Mj'ad-fbc) 

and develop whatever was done in Section 9.1 in this notation. This notation is suggestive 
of the fact that a complex number can be represented by a point (a, b) in a plane referred 
to a pair of rectangular axes. If a complex number z = a + *6, then the point P with 
coordinates (a } b) is taken to represent the complex number a 4- it. Since OP = y/cfi + 
we have |z| = OP. This representation of complex numbers as points in the plane is known 
as the Argand diagram . The plane is called the complex plane. Note that only one 
complex number corresponds to a given point in the Argand diagram and vice versa. 
Thus we have a bijection between C and R 2 (= R x R.) 



Note that if z € C is represented by P in the Argand diagram, z , the conjugate of 
z is represented by P which is symmetric to P with respect to the axis xfOx or P is the 
(mirror) reflection of P on the axis 2! Ox. (See Fig. 9.2). 

It is customary to call the axis x'Oz the rml axis and y'Oy the imaginary axis 
for the reason dial; points on xfOx corresponds to real numbers while those on y*Oy to 
purely imaginary numbers. i 
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Let Pi, Pi represents two complex num- 
bers *t =» *1 + iy\ and zj = i* 4- ijfc re- 
spectively in the Arg&nd diagram in the' 
complex plane as shown in the Fig. 9.3. 
Join the origin O with the points Pi and 
Pi, respectively, and complete the paral- 
lelogram by drawing a line parallel to OP\ 
from Pi and another parallel to OP? from 
Pi, which intersect at the point P. It is 
clear from Fig. 9.3 that the coordinates 
of P are (*i + xa, Vi + I/a)- 
Hence, the point P represents the complex 
number (xj + *j) + i(yi + yi) = z i + za- * 



y 



The length of the diagonal OP of the parallelogram OPiPPj or the distance of P 
from O is equal to |zi+zj|. Now the segment OPi = the segment P\P. Hence, the length 
of each of them is equal to |za|. We know from school geometry that the sum of two sides 
of a triangle is greater than the third ride. Hence, in AOPPi, OP < OPi + PiP\ 

This Is the inequality |zj + zj| < )zi| + 1 zj| (See inequriity (9.4) of Sec. 9.1). This is 
the reason why this inequality is called the triangle inequality. 1 

la Fig. 9.4 .^represents -zj. Completing the parallelogram OP^QPi, we find that? 
the point Q r e pr e s e nt s the sum of the complex numbers ziand-^orsi-ft. The length 
of segment OQ is equal to |*i - at |. Since OQ = the segment PiPt, it fallows that the 
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length of the segment P X I% is equal to \z% - ^|. A theorem in geometry says that the 
sum of the squares on the diagonal of a parallelogram is equal to the sum of the squares 
on the four sides. 

y 



Now in the parallelogram OP1PP2 of Fig. 9.3 f the length of the diagonal OP is equal 
to \z\ + Z 2 1 and we have just seen that the length of the other diagonal joining the points 
Pi with equal to (21 — 22 1. Henqe, the above theorem is expressed by the equality 

+ **| 2 f |*i - **| 2 =* 2([*j|* + |*j| 2 ) 

This equality was proved earlier (See equality (9.3) of Section 9.1). Hence, the geo- 
metrical interpretation of this equality is the theorem regarding the squares of diagonals 
of a parallelogram. 

Another theorem of geometry states that the absolute difference of two sides of a 
triangle is less than the third side. In the triangle formed by the points 0,Pj and Pi in 
Fig. 9.3 we find that the length of the side OP\ is equal to |*i| and that of the side OPi 
is |sfe|. Also the length of the side PjPi is | z\ — zq |. Hence, using the theorem mentioned 
above, we get 

IN - Ml £ |*i - *a| 

This is the inequality (9.5) of Section 9.1. Conversely, it should be now dear that 
At geometrical interpretation of the above inequality li the theorem stating that the 
absolute difference of two sides of a triangle is less than the third side. St, is also called 
triangle inequality. 
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Fig. 9.5 


93 Polar Representation 

The introduction of polar coordinates to represent complex numbers in the plane is helpful in 
various ways. First, it is helpful in giving a geometrical interpretation of the product of two 
complex numbers. Second, die powers and roots of complex numbers can be very conveniently 
obtained with the help of their polar representations. Let P represent in the complex plane a 
non-zero complex number z - x + iy and let the directed line OP make With the positive 
direction of the jr-axis an angle ft 6 is measured in radians. Note th at 2« radians are 360°. 
If we denote the lengthyjf the segment OP by r, then r = Vj t*Ty* = 1 z\ and x * r cos ft, 

y ■ rm ft and tan 6- 'J*. (r, ft ) are called the polar coordinates of the complex mutter z. 
r(cbs ft+ sin ft) is the polar form or polar representation of z. 

Dearly, r > 0, and as ft, the angle POx is measured in radians, 0 s ft < 2w. For every 
positive value of r and each value of ft between 0 and 2:t, vw get a unique point in die complex 
plane with polar coordinates as (r, ft ) and conversely, every point in the plane has polar, 
coor din ates (r, ft), wfaerer £0and0sft<2n. The segment OP is called the radius vector of 
the paint ft. Thenunterr a Oandifcnly ifr=0. This is in keeping y^r being the modulus 
ofz and dis called teorgssnem or ompfirnde. We write arg7 = ft . 



COMIfgX NUMBERS 


1*3 


Example 9.5 

Represe nt the complex number 1 + < in the polar term. 


Solution 

Let (r, 6 ) be the required coordinates. Then r cos 0 * 1 and r sin 0 * 1. Hence. 
, , 11 
r(caF0+ siir0)* 2, or r = V2 (r is always a 0) and cos 0 = — , sin 0* — and tan0 *1. 

V2 

w 

Hence, 0 - tan* 1 1 =— . Thus polar coordinates of 1 + / are (-J5 , *) and its polar form is 
4 


vs 


« n 

cos — + i sin — 
4 4 


Remark 

it 

In the above example the argument of the complex number 1 + / is 0 = — You can also 
n 4 

see that — + 2mt, n ~ 0, ± 1, ± 2, is also an argument of 1 + /. That value of 0 which is 
4 

such that -re < 0 £ 7t is called the principal value of arg z and is written sometimes as Arg z. 

The principal value of arg z in the above example is — . 

.4 

Let us consider the polar form of the product of two complex numbers z, and z 2 before 
we give a geometrical construction of their product z,z 2 . Let 

z, = r, (cos 0, + 1 sin 0,) and z 2 • r 2 (cos 0 2 + 1 sin 0 2 ). 

Then 


z,z 2 = r,r 2 (cos 0, + i sin 0,) (cos 0 2 + i sin 0 2 ) 

= r t r 2 (cos 0, cos 0 2 - sin 0, sin 0 2 ) + »(sin 0, cos 0 2 + sin 0 2 cos 0,) 

From formulae for cos(0, + 0 2 ) and sin (0, + 0 2 ) we have 

*1*2 = r i r 2 { <5OS (01 + 0 2 > + ' S,n (^l + (9.*) 

Hence, 

• *A * mr i r t 

and 

arg(z, 2 2 ) = 0, + 0 2 = argz, + argz 2 

If we write z, * z 2 ** (9.8) shows that z,z 2 * r^e*^ + V. 

Here the relation (9.8) is to be interpreted in the following manner: 
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Any argument of *\Xx can be expressed as any argument of zj plus any argument of 
and conversely, any argument of z\ plus any argument of 23 is equal to an argument 
of xixx. 

It may be remarked that equation (9.8) may not be valid if we use VArg* instead of 
‘arg’, i.e. if we take principal values. 

Now we give a geometrical representation of the product x\Zx- We will use relations 
(9.7) and (9,8) for this purpose. Let z-i — ri(cos0i+isin0j) and zj = rj(cos 03 + i sin 02 ). 

Let the points Pi and Pi represent the complex numbers z\ and 22 . In Fig. 9.6, O 
is the origin and / is the point representing the number 1 on the real axis. Then the 
points O, Pi, / are the vertices of a triangle, viz. A OP\I. Denote by V* the angle OIP\ 
as shown in Fig. 9.6. 


y 



Draw a line OP from O making angle equal to 0* with the segment OPx, and another 
line from the point Pi making an angle equal to V with the segment PiO, intersecting 
the line OP at the point P. Then the point P represents the complex number xixx. 

lb prove this we note that LOPil is similar to AOPPi, since LP\OI ~ LPOP% =a0i 
and LP\IO as LPPiO = V>. Thus the three angles of one triangle ate respectively equal 
to the three angles of the other triangle. Hence, 
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Thus 


OP * nr* and LPOI = 0j 4-0* 


Hence, P represents the complex number nn{cas(0i + 0a) + isin(0j 4- 9*)}. It follows 
from relations (9.7) and .(9.8) that P represents the complex number nn- “ 

Before giving a construction for — , (*j / 0), we observe that for x ^ 0, 


i.e. 


i.e. 


So 

since 



1 

r(cos0 4- *sin0) 

cos0 — iaing 

r(cos 0 + i sin 0) (cos 0 — t sin 0) 
cos 0 — i sin 9 
r(cos a 9 4- sin* 9) 


\ = \ {cos(-d) 4- isin(— 0)} 
cos (— 0) = cos 0, sin(— 0) * — sin 0 


Hence, for 0, we have 


— = — (cos0i 4-*sin0j){cos(— 0*)4-isin(— 0*)} 
z* r* 

= — {cos(0i -02 ) 4- * sin(0i — 0*)} 

?2 


The corresponding geometrical construc- 
tion is given in Fig. 9.7. 

In Fig.' 9.7, the point P represents the 
Zl 

complex number — . In the two similar 

za 

triangles OPP x and OIP 2 in which OJ - 1, 
we have 

OP OPj N n 
Ol ** OP% }a*| * r* . 

and the line OP makes with the real axis 
an angle equal to 0i — 0* 


y 

4 





fig 9.7 
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9.4 Power* and Roots of Complex Numbers 

If z\ = ri(cos0] +iain0]) and zj = r 2 (cos0 2 + tsin0 2 ), then it follows from relation 9.7 
of Section 9.3 that 

*i Zt — r j r 2 {cos(0i + 0 2 ) + 1 sin(0i + 0 2 )} 
if z 3 = r 3 (cos 6 3 + taints) is another complex number, then it follows that 
ZiZjXz * rjr 2 {cos(0i + 0a) + isin(0j + 0a)} rg(cos0s +*sin0j) 

= rir 2 rj {cos(0i + 0a) + i sin(0i 4- 0 2 )} (cos 0j 4- i sin 0s) 

= rjr 2 r 3 {cos(0i + 0a + 0 3 ) + * sin(0i + 0a + 0s)} 


Using induction, it can be shown that the above formula can be extended to an 
arbitrary product of finite number of complex numbers. That is, if zj, zj . . . , Zn are n 
complex numbers, then 


Z 1 Z 2 . . . Zn = rjr 2 . . . r„ {cos(0] + 0 2 + . . . + 0„) + i sin(0j + 02 + . . . + 0 n )} (9.9) 


Taking z\ — Z 3 = z 3 = . . . = Zn = z, and 

0j = 0a a* . . . ss 0 B = 0, and n = r 2 = . . . = r„ = r in (9.9), we get 

z” = r B (cosn0 + tsinn0),n = 1,2,3, . .. (9.10) 

Taking r = 1, and z = cos 0 + i sin 0 in (9.10) we have 

(cos0 + tsin0) n = cosn0 + tsinn0, for n = 1,2,3,... (9*11) 


(9.11) gives the important De Moivre’s formula for positive integral exponents n. The 
above formula (9.11) is evidently true for n = 0. Also, since 


(cos0 + isin0) -1 


1 

z' 

1 

cos0 + isin0 

. COS0 — ian0 

(coe0 + isin0)(cos0-isin0) 
c°s(— 0) + isin(— 0) 


(91?) 


Hence, formula (9.11) is valid for n s —1. Let n be a negative integer, say » *> 
—m, where m > 1. Then (cos 0 + i sin 0) n = (cos0 + isin0) _w = {(cos0 + *sin0) -1 } m 
= (ooe(— 0) +*sin(-0)} m [from (9.12)] r . 

Hence 


(cos 0 + i sin 0) n = cos(-m0) + i sin(- m0), 
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since m is a positive integer. 

Therefore, (9.11) holds for n = -m,m a positive integer. 
In other words, 


(cos 4- * sin 0) n = cos n0 4* i sin n0, for n =* ±1,±2,±3, . . . (9.13) 


Thus, De Moivre’s formula is valid for all integral values of n, positive, zero, and negative. 

This formula can be extended to any real number (rational or irrational), but proving 
that is beyond the scope of this book. 

We are now in a position to find the nth root of a given complex number for a positive 
integer n. Let 

a = p(cos*0 + i sin VO 


As the case n = 1 is trivial, we take n > 2. We have to find a complex number 
z = r (cos 0 + i sin 0) such that 

z n = a 


i.e. r n (cos n0 + i sin nO) = p ( cos xp + * sin VO , (9.14) 

If we take r n = p and n$ = Vs the equation (9.14) will definitely be satisfied. Thus 


r n as p and 0 = 


t 

n 


Hence we get a root 

z ae tfp ^cos ~ + i sin ^ , where qfp denotes the positive nth root of the positive real 

number p. But the equation (9.14) is valid, as observed earlier when we add an integral 
multiple of 2 n to ip. That is to say that 


i.e. 


Hence, 


n0 = ip + k. 2x, where k is an integer 

»-*+*£ 

n n 

' “ ** [“* (n + ) + i ’ to (j + ‘ f )] 


(915) 


where fc = 0, 1,2,.. .,(n — 1), 

For only these values of k will give different values of z and other integral values, positive 
or negative, of k will only repeat the values obtained by taking k = 0, 1, 2, . . . , (n — 1). 
Note further that if ^p(coe$i -Hain0i) is an nth root of a, then Q\ =* V*i + for some 

*6 

k m 0, 1,2, .... w - 1, where tfo » — 

It 

Thus, the number of the nth root of a non-zero complex number is n and the modulus 
of each of these roots is the same non-negative real number. The arguments of these 
n roots ok equally spaced in the sense that if if is the principal value of arg a i.e. 
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—ir <il> < if) then the arguments of other roots of a are obtained by adding respectively 

Let us apply this result to find the square root of a complex number a = p(cosV>+t sin V>)» 
— * < Using the result (9.15), the required square roots of a, are ^(cos^r + 

tsin ^)and y^{ cob (3^ + ir) + * sin + w) } . The second root can be written aa 
—y/p { cos 5jr+isin ^r). 

If a = 1 , then pal and = 0. Hence the two square roots are 1 and —1. 

The cube roots and fourth roots of 1 are of special interest. Since 1 = l x (cos 0+isin0), 
the three cube roots of 1 are ^l(cos § 4- tsin §), ^l[cos(§ 4- 3p) + *sin(§ +-Hp)l and 

+ tain(§ + 4^)]. Hence the three cube roots of 1 are 1, 4-*^ and 

— ^ All these three roots lie on the circumference of the unit circle, as shown in 

Fig. '9.8, and the angles betweentheradfoa vectoraof the first and the second, the second 
and tint third, and the third end the first are each 3? radians car 120°. Hence, if these 
point# are joined by straight lines, they will form the three vertices of an equfiefte(!|| 
triangle. H we denote the second root by w i.e. w «oos^4-isia 3p,4hathind root wll 



be u? as can be seen by actual computation, since 


up 



1 _ .Vj[ 


2i 


1 

2 2 ) 


which is the third root. Hence the three roots are 1, w and w*. 

The fact that the third root is the square of the second root can also be seen without 
any computation, because u> = cos 2^ +tsin^ and the third root is coe^f + iain4p 
which can be written as (cos + isin ) a by using De Moivre’s formula. 

It can be easily seen by actual addition that 1 + w + w* = 0. In other words, the 
sum of the three cube roots of unity is zero. This result can also be deduced from the 
following identity: 

Fbr any complex number s £ 1, we have 

1 + z + * a = ^ — — (9.16) 

1-2 


The identity (9.16) can be immediately deduced from the following simple result: 
For * / 1, 

(1 — *)(1 + JS + z a )=sl + Z + * a -*-* 3 -* 3 *'l-2 S . 


If we set z = w, the second cube root of unity, then 


1 +w + w 2 = 

If in relation (9.15), we set n * 4, p = 1 and r/> « 0, we get the four roots of unity. 
These four roots are: 

1, cos + isin , cos ^ + isin ^ and cos~ + isln~. 
or 1, cos TJ + isin cos + i sin 3jF, and cos — + isin 

If we set w = cos Y+isin that the third and the fourth roots axe respectively (cos $ + 
isin^J 1 and (cos J 4- isin^)’. Thus the four roots are l.w.w 2 and w*, 
where w — cos + i sin ^ = i. Hence the four roots are l,i,i* and i* or the four 
roots are l,i. — 1, and — i. It is easily seen from the values of the four roots that thdr 
sum is zero. Hie four fourth roots of unity form the vertices of a square all lying oh the 
Ttnit circle as shown in Fig. 9.9. 
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Remark 

It may be noted that the symbol u has 
been used in the preceding discussion to 
denote first a cube root of unity, and later 
a fourth root of unity and these two roots 
an different. 

If we take p * 1 and — 0 in relation 
(9.15), we get the nth roots of 1. These n 
roots are 1, coe^f + isin 

coe2 ■ ^ + i sin 2 • ^ , 
coa3-^+tsin3-2j£..., „ • 

and c6s(h— l)2f +tsin(n — l)2jt. 

Again, if we set w = cos ^ 4- i sin then the n roots are l.WjW 2 ,!*; 3 , . . . ,u> n_:1 , by the 
De Moivre formula. As stated in the beginning of this remark, the use of w here is just 
for notations! convenience. 

It is easily seen that the nth roots of unity all lie on the unit circle and form the 
vertices of a regular polygon of n sides. 



Example 9.6 

Express 3 + 4* in polar form. 
Solution 


3 + «. 5 (! + !<) 

«*.5(coa0 + *sin0) 

where 9 is such that tan 0 = 4 as shown 
in Fig. 9.10. Note that r = 5 here. 

Example 9.7 

Express sin 30° + i cos 30 0, in polar form. 
Solution 

sin 30° = cos 60° and cos 30 s = sin 60°, 
so that 

sin 30° 4- t cos 30° m cos 60° 4- t sin 60 s * 
a» 1 (cos 60° + * sin 60°) 


V 



fig&ao 
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Hence, r« 1 and 0 s -7- The polar form is therefore I j col — + i tin — 

3 \ 3 3 

Example 9.8 

If * is an arbitrary complex number, where does it lie in the Argand plane under the 
condition |z + 2 — 1| * 4? 

Solution 


Let z sss* + ip, 

Therefore, |z + 2 — i| =4 

or, |x + iy + 2-»i| = 4 

or, + ty* + (v — l) 2 = 4 

or, (x 4- 2)* 4- (y - l) 2 = 16 

which is the equation of a circle with centre (—2, 1) and radius 4. 
Thus z lies on a circle with centre -2 4- 1 and radius 4. 


EXERCISE 9.2 

1. If two complex numbers zi,zj are such that |zi| = |z*|, is it then necessary that 

Zj = Z2? 

2. If Z], Zj, Z3 are three complex numbers such that there exists an z with | zj - z| = 
|zj — z| =s jzj — z| show that zi, 32, Zs lie on a Circle in the plane diagram. 

3. Show that arg i — 2ir — krg z for non-real z. 


MISCELLANEOUS EXERCISE ON CHAPTER 9 

1. Show that for z € C, |z| =* 0 if and only if z * 0. 

2. Show that the cube roots of unity lie on the unit circle and divide the circumference 
into three equal parts starting from z = 1. 

3. State and establish a property analogous to that in question 2 above for fourth roots. 

4. If Fi,I\ are points corresponding to zi f z» 6 C in the Argand diagram, show that 
Pift = |*i ~ S»|. 

5. Simplify: (i) (3 + 2i)(2 - i), 00 

6. Ifizi.zjare 1 — — 2+4», respectively, find Im 

7. Find the square roots of —15 — 8*. 
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8. Show that |ffjr§| = 2 represents a circle. 

9- Explain the fallacy: -1 = i.i = \Z-1 • y/—l 

= v f (-l)("l) = ^=l 

10. If 2 = x + ty, x, y real, prove that 

1*1 + Ivl < >/2|*|. 

11* Prove that 

Re ( 2 ] 22 ) = Re 2 ] Re 22 - Im zi Im 22 
hn ( 2122 ) = Re 21 Im 22 + Im 2 ] Re 22 

12. If w, u» s be imaginary cube roots Of unity, then prove that 
(3 + 3w + 5a. 0 4 - (2 + 6w + 2w a ) 3 = 0 

13. Find the value of 

(a) u> 18 (b)w 20 (c)ur 30 (d)u» J105 

14. Prove that 

(2 - u>X2 - w J )(2 - u> 10 )(2 ~u/ u ) = 49 

15. Perform the indicated operation and find the result in the form a+ib 



16. Find the multiplicative inverse of the following: 

(i) 3 + 2* 

(ii) (2 + v/3i) 2 

17. Find the square roots of the following: 

(a) 7-24* 

(b) 5 — 12* 

(c) -2 + 2^*3* 



CHAPTER 10 


Quadratic Equations 


10.1 Solution of Quadratic Equations 
You have studied polynomials in lower classes. 

3x 2 -f 2x — 1, 5x 3 — 3x + 2, 4x 5 — 7x 4 — 6x 3 -I- 2x 2 -I- 3x + 6, etc. 

are examples pf polynomials. A function / defined by 

f(x) == Oo 4- ojx 2 + . . . + a n x n l x € R 

where oo, oi, , On € R is called a polynomial of a real variable with real coefficients. 

If On ^ 0, it is said to be of degree n. If x is assumed to be a varying complex number and 

ao, Oi , , On € C, so that the function / : C C, it is called a complex polynomial or 

a polynomial of a complex variable with complex coefficients. In the last chapter we were 
concerned with the polynomial x 2 4- 1 and the corresponding equation x 2 + 1 = 0 which 
we noticed cannot be satisfied by any real x. This is a polynomial of second degree. 
Generally, we call a polynomial of the second degree a quadratic polynomial . Any 
equation /(x) = 0, where / is a quadratic polynomial, is called a quadratic equation. 
The general form of a quadratic equation is 

ax 2 + bx + c = 0 (10.1) 

where a,6,c are real numbers and a / 0. Note that if a = 0, then (10.1) becomes 
6x 4* c = 0, and this is not a quadratic equation because there is no term in x 2 . 

For a first degree (i.e. linear) equation 


6x + c = 0, (6/0) 

the root obviously is x = — This is the general solution of 6x + c = 0 because it gives 
the root in terms of the coefficients (b and c) of the equation. 

Similarly, if we can express the roots of (10.1) in terms of its coefficients a, 6 and c, 
we shall have found the general solution of (10.1). 
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You will be interested to know that the general solution of the quadratic equation 
was known in India at least from Brahmagupta’s time about 628 A.D. 

We find the general solution as given by the Indian Mathematician Shreedhara in 
the year 750 AJD. 

Multiplying ( 16 . 1 ) by 4a, we get 

4a*® 2 4- 4a6x 4- 4ac = 0 
i.e. (2a® 4- b) 2 — & 4* 4ac = 0 

or (2a® + 6) 3 = 6 2 - 4ac (10.2) 

We let A denote the number 5* — 4ac. If A > 0 t then taking square roots of both 
sides of (10.2)! we get 

2a® 4 6 = ±y/l? — 4ac 


which gives 


x 


—b ± yj\? — 4ac 
2a 


(10.3) 


This shows that when A > 0, (10.1) has two distinct real roots ®i and ®a where 




—6 + — 4ac 

2a 


®2 = 


—6 — y/b? — 4 ac 
2a 


(10.4) 


If A = 0, then (10.2) gives 

2a® -46=0 

<*> x= ~h (105) 

This shows that if A = 0, (10.1) has exactly one real root. Finally, suppose A < 0, then 
fc 3 — 4oc < 0, so 4ac — fe 2 > 0. In this case, we know from Chapter 9 that the complex 
numbers = iy/4 ac — bP, u ^ = —iy/4ac — b 2 are such that u\ 2 = ft 2 — 4ac == a^ 2 an d 
that no other complex number z is such that z 2 =b 2 — 4 ac. Note here that \/4ac — 6* is 
the unique positive square root of the positive real number 4ac — fc 2 . 

From (10.2) it follows that 

2a® 4 b = u>i or 

— 6 + u/i(ortU 2 ) — fe±i\/4ac— 6* 

so that ® — ... ■■ ■ m . — = -■■■ ■■ — 

2a 2a 

gives the solutions of (10.1) 

Hence, if A < 0, (10.1) has two distinct complex roots, namely 


Z\ 5 = 


—5 4* i>/4ac— b£ 
2a 


Z2 = 


—6 — i>/4ac — bP 
2a 


( 10 . 6 ) 


Note that the two complex roots are conjugates of each other (i.e. z% = z\ and Zj = zi). 
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Since it is A which decides the number of the roots of (10.1) and also whether the 
roots will be real or not, the number A = fc 2 - 4ac is called the discriminant of the 
quadratic equation (10.1). Shreedhara (in the year 750 A.D.) gave the method of solving 
ax 3 + bx =s c elegantly in just one shlaka as follows: 




This states: the equation (ax 2 4- bx — c) should be multiplied by 4a, and t 2 should 
be added to both sides, and then square roots should be extracted. 

Returning to the roots of (10.1), we note that except when A = 0, (10.1) has two 
roots. Sometimes, we say that even when A = 0, the equation has two roots but in 
this case both the roots are equal (equal to — or that the root is repeated. With 
this understanding we can say that (10.1) has always two roots, which are (i) real and 
distinct if A > 0, (ii) real and equal if A = 0 and (iii) complex coiyugates if A < 0. 

Finally, note that the sum of the two roots of (10.1) is.in any case, because 


when 


A > 0 : 


—fc -f vV — 4ac —6 — Vfc 2 — 4ac 
2a + 2a " 


—6 4- iy/iac — 6* —b — iy/4oc — 6^ 
2a + Ta 
Also, the product of the two roots is § . 

When b 7 — 4 ac > 0 

—6 -f y/l? — 4ac\ / — 6 — — 4ac^ 

2a ) ^ 2a ) 

( b\ a (V^-4ac) 2 
\ 2a/ 4a 2 


when 

A = 0 : 

and 


when 

A < 0 : 


b 2 (b 2 — 4ac) 2 _ c 
4 a 2 4a 2 a 


b 


b 

a 


When 6* — 4ac = 0 

(_b_\ (_±\ _ b 2 4oc _ c 
\ 2a/ \ 2a/ 4a 2 4a 2 a 

Verify similarly that when b 2 — 4ac < 0 
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Example 10.1 

Solve the equation x 2 — i - 12 = 0 using the general expression for the roots of a 
quadratic equation. 

Solution 

Here A = fc 2 — 4ac = (— l) 2 — 4.1 ( — 12) = 49 > 0. The two real roots of the equation 
are, therefore, given by 

—6) ± Vb 2 - 4oc 1 ± VS9 1 ± 7 , 

— i — I -2 — = — — = 4 or - 3 

2a 2 2 

Hcncc,the roots are 4 and —3. 

Example 10.2 

Does the equation 2x 2 — 4x + 3 = 0 have real roots? Find the roots. 

Solution 

Here A = (-4) 2 — 4.2.3 = -8 < 0. The equation has, therefore, no real roots. The 
complex roots are 

4±>/8i 4±2>/2 1 , , 1 . 

4 ■ 4 y/2 

10.2 Symmetric Functions of Roots 

Assume now, that two numbers a and /? are given. Clearly, the equation, having a and 
(3 os its roots, is 

(x — a)(x — /?) SB 0 

i.e. x 7 — (a + /3)x + a/3 = 0 

Of course, any equation 

a(x - a)(x - (3) = 0 

for non-zero a also has the roots a, /?. Thus a quadratic equation whose roots are numbers 
a, /3 is given by 

x 2 — (a /3)x + a/3 = 0 


or 

x 2 — (sum-of the roots) x -I- product of the roots = 0. 

It is sometimes possible, without explicitly solving for the roots of a given quadratic 
equation, to obtain another quadratic equation whose roots have some prescribed rela- 
tions. We shall illustrate this by an example. Let a, {3 be the roots of the quadratic 
equation 

(10.7) 


ax 1 + 6x + c = 0 
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we want to obtain an equation whose roots are twice the roots of (10.7). If cl, are the 
roots of the required equation, we have 

cl + =b 2a -I- 2/3 » 2(a + /?) =» — — 

a 

and c 

a'/r = ( 2a X 2/3) « 4 a/3 = 4- 

Hence, the required equation is 


. 26 4c 

x* + — X + — 


0 or ox 2 + 26x + 4c = 0 


Let us now find a quadratic equation whose roots are squares of the roots of (10.7). 
If at, are the roots of the required equation, at m a 2 and ft = /? 2 . Hence, 

a* a a* 

a'/? = a 2 /? 2 = (a/?) 2 = ^ 

Or 

The equation having these roots is, therefore, 


x 2 — 


9 



0 


or 

o 2 x 2 — ( b 2 — 2ca)x + c 2 = 0 

Note that in the above examples the sum of the roots of the desired equations is a 
symmetric function of the roots of the original equation in the sense that the expression 
is not affected by interchanging the roots. For instance, if a, (3 are the roots of (10.7), as 
earlier, 

o 2 + /? 2 , a s + /3 s , C?t3 -(- a/3 2 , i i and ^ ^ 

are all symmetric functions of a,/?. All these functions can be expressed in terms of the 
symmetric functions a + (3 and a(3 . 

For, 

o? + (3 2 = (a + /3) 2 — 2a/3 
a 3 + /J* — (a 4- /3) 3 — 3a/3(a 4- 0) 
afyj + a/J 2 = a{3(a + p) 

11 _ a + /3 
a /? a/3 

2. . JL _ (<* + /J) 3 -2a/J 
a» + /3» ~ (a/?)* 
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This shows how we can, without actually solving equation (10.7), obtain a quadratic 
equation whose roots are any one pair of the following pain of numbers: 


or*,/?* ; a 3 , 0 s i ; 


I I J_J_ 

a’ P'a 3 ' P' 


Example 10.S 

If a, P are the roots of the equation 

3x 2 - 2x - 6 = 0 


find of* + p 3 . 


Solution 

Since a, P are given to be tge roots of 3x 2 — 'lx — 6 = 0 
2 

a + P — - and o P — —2. 

Since (a + p) 3 = o 3 4- /9 s + 3 ap(a + /?), we have 

a 3 + P? = (a + p) 3 -3ap(a + p) 
- (a + p)[(a + P) 2 - 3aP] 



Example 10.4 

Find p if the sum of the squares of the roots of the equation x 3 +px — 3 = 0 is equal to 

10 . 


Solution 

If a, P are the roots of the given equation, we have o + P = — p, aP = —3 
Now 

a 2 + P 3 = (a + P) 2 - 2 aP — p 2 + 6 

But or 3 + P 3 =10 (gWen). 

/. p 2 + 6 =10 

i.e. p 2 =4 

p =±2 


or 
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10.S Graph of a Quadratic Polynomial 

We shall briefly study the graph ofaquadratic polynomial i.e. the curve whose equation 
is y = ax 2 + bx + c t (a ^ 0). 

Multiplying by 4a and completing the square on the right as before, the equation 
becomes 

4 ay = (2ax 4 b) 2 - (b 2 - 4ac) 
or 

4ay 4 A = (2 ax 4 b) 7 

which, on division by 4a, noting that a ^ 0, becomes 



If we now shift the origin to the point (— — ^), i.e. write X = x 4- Y = 

this equation becomes (in the new coordinates X t F), 

Y = aX 2 , 

which as we know is the equation of a parabola. Thus a quadratic polynomial always 
represents a parabola. 

If a is a real root of ax 2 4 bx 4 c = 0, then aa 7 4 k* 4* c = 0, so that the point 
(a, 0) lies ony = ax 2 -4 bx 4- c; every real root of ax 1 4 bx 4 c = 0 represents a point of 
intersection of the parabola with the z-axis. Conversely, if the parabola y = ax 2 4to4c 
intersects the x-axis at a point (p, 0) then 0 = aj? 4 6p 4 c, so that p is the real root of 
ax 2 4 bx 4 c = 0. Thus, the intersection of the parabola y * ax 7 4 bx 4 c with the x-axis 



(0 ( ii ) (»0 


Pig. io.i 
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give us all the real roots of the equation (10.1). We can, therefore, say that if A > 0, the 
parabola will intersect the x-axis in two distinct points; if A = 0, the parabola will just 
touch the x-axis at one point and if A < 0, the parabola will not intersect the x-axis at 
all. (Fig. 10.1). 

10,4 Applications 

In this section we shall illustrate some of the results presented in the earlier sections of 
the chapter. We also make use of quadratic equations in solving some problems. 

Example 10.5 

The roots a, j 3 of the equation x 2 — 3ox -fa 2 ~ 0 are such that a 2 -f /? 2 <= 1 .75. Find the 
value of a. 

Solution 

Here a -f /3 = 3a, a/3 = a 2 so that 
a 2 + /J 2 = (a + /3) 2 - 2a/3 « (3a) 2 - 2a 2 = 7a 2 . 

Thus 7a 2 = 1.75 which means that a 2 = 0.25 so that a = ±0.5. 

Sometimes quadratic equations are of use in solving polynomial equations of higher 
degree, as in the case of the following examples: 

Example 10.6 

Solve (x 2 — 5x) 2 — 30(x 2 — 5x) — 216 = 0. 

Solution 

This is an equation- of degree 4. 

Set x 2 — 5x sb y. Then we have 
y 2 - 30y - 216 = 0, 

a quadratic equation in the unknown y. By factorising or otherwise the two solutions of 
this equation are seen to be y = —6 or 36. Since y stands for x 2 — 5x, these solutions, in 
turn, give rise to two quadratic equations: 

(a) y sb x 2 — 5x = — 6 or x 2 — 5x -f 6 = 0 
and (b) y = x 2 — 5x = 36 or x 2 - 5x - 36 = 0. 

Both these equations are solved easily by factorising the corresponding quadratic expres- 
sions. Thus we have four solutions for x, i.e. 2, 3, -4, .9. 

Example 10.7 

Solve the biquadratic (a fourth degree) equation 


x*- 8* a -9 = 0. 
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Solution 

Set x 2 =*y. The equation then reduces to 

>^-8^-9 = 0 

which is easily solved to get two values of w, viz. y = 9 or - 1 
i.e. x* = 9 or -1 so that x = ±3or±i. 

Quadratic equations may be useful in solving simultaneous equations too, as illustrated in the 
following example. 

Example 10.H 

Solve the system of equations 

(x + yf- 2(x + y) = 15 *10.8) 

xy = 6 (10.9) 

Solution 

Putting x + y = u, (10.8) becomes 

u 2 - 2u- 15 = 0 (10.10) 

(10, 10) is easily solved and we get u = 5 or -3. This means that we have two systems of 
equations: 

x+ y = 5 x + v = -3 

(A). xy — t ^ xy — 6 

Eliminating v in (A), we get 

x(5 - x) = 6 

or x 2 - 5x + 6 = 0 

which gives x = 3 or 2. 

When x = 3,_y = 2. Whenx = 2,y = 3. Thus x = 3, y = 2: x = 2, y - 3 are solutions of the 
given equations. 

Similarly from (B), we have 

-3 + «>/5 -3 - /V5 „ “ 3 -'V5 

x= — , y= — andx= — . y~ ~ 


are also solutions of the given equations. 
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Hence required roots are: x - 2,y - 3; x = 3 % y=* 2; 


-3 4»Vl5 -3-/VT5 

*= — : — . y = — : — 


X = 


-3-/VB 


-3 + <VTs 

2 


Some problems can be transformed into equations whose solution may depend on quadratic 
equations as illustrated in the fallowing example. 

Example !0.9 

A two-digit number is four times the sum and three limes the product of its digits. Find the 
number. 


Solution 

If x is the digit in the ten's place and .v in the unit's place of the number, then the number is 
I Our + v We have now 


IQr + .v = 4{jr + y) 
lOtr + y = 3xv 

as the system of equations arising out of the data of the problem. The first of these 
equations is 

6x- 3 y or lx —y 

Substituting in the second we have 

IQr + lx = bx 2 . 


This gives x = 0 or x - 2. If x = 0, then y = 0 and the number in this case does not possess 
two digits The solution is, therefore, x = 2, y = 4, i.e. the number desired is 24. 

Example 10.10 

A swimming pool is fitted with three pipes with uniform flow. The first two pipes operating 
simultaneously, fill the pool in the same time during which the pool is filled by the third pipe 
alone. The second pipe fills the pool five hours faster than the first pipe and four hours 
slower than the third pipe. Find the time required by each pipe to fill the pool individually. 

Solution 

Let V be the volume of the pool and x the number of hours required by the second pipe alone 
to fill the pool. Then the farts of the pool filled by the first, second and third pipes in one 
hour are respectively 
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v v_ 

x + 5* x 


and 


V 


x — - 


V V V 

It 19 given that h — = 

x 4* 5 x x — 4 

Since V ^ 0, this means that 


x -f 5 x . x — 4 

giving rise to the quadratic equation x 2 - Sx - 20 = 0. Hence, x = 10 or —2. But the 
negative solution does not fit the problem. So x = 10. Thus, the time required by the 
three pipes to fill the pool is 15, 10, 6 hours, respectively. 


EXERCISE 10.1 

1. Obtain a quadratic equation whose roots are a = 2, /? = 3. 

2. Without computing the roots a, /? of 3x 2 + 2x + 6 — 0, 
find (i) 1 (ii) a 2 + (3 2 , (iii) a 3 + (3 3 . 

3. Solve the equation y/x = x - 2 in C. 

4. Solve the equation y/3x -f 1 - y/x — 1 = 2 in C. 

5. For what values of a is one of the roots of the equation 

x 2 4- (2a + l)x *f a 2 + 2 = 0 
twice the value of the other? 

6. A piece of cloth costs Rs 35.00. If the piece were 4m longer and each metre costs 
Re 1.00 less, the cost would remain unchanged. How long is the piece? 

7. A group of students decided to buy a tape-recorder from 170 to 195 rupees. But 
at the last moment two students backed out of the decision so that the remaining 
students had to pay 1 rupee more than they had planned. What was the price of the 
tape-recorder if the students paid equal shares. 

8. Solve (x 2 — Sx + 7) 2 — (x — 2)(x — 3) = ^ 

9. Solve the equation - vfo i x = g. in C given that a € R. 

VO + I — yd — X 

10. Solve the equation 

25at 2 - 30x + 9 = 0 

11. A factory kept increasing its output by the same percentage every year. Find the 
percentage if it is known that the output doubled in the last two years. 
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12. A number of points are marked on a plane and are connected pairwise by a line 
segment. If the total number of line segments is 10, how many points are marked on 
the plane? 

13. Solve the equation x 2 4 px 4 45 = 0, given that the square of the difference of its 
roots is equal to 144. 

14. Find the value of a for which the roots a. 3 of the equation x 2 — 6x 4 a = 0 satisfy 
the relation 3a 4- 2/3 = 20. 

15. Solve: 

? rr . * - s - g - _ x-6 

x — 2 x — 3 x — 6 x — 7 

16.. Solve the equation: 

5 *+i f 5 2-* _ 5 3 + j 

17. Solve the equation: 

18. For what values of k, 

(4 — fc)x 2 4- (2A: + 4)x 4 (8fc 4 1) = 0, is a perfect square. 

19. Show that the roots of 

x 2 — 2x(m 4 4 3 = 0 are real for real values of m. 
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Sequences and Series 


11.1 Sequences 

You may remember that we defined the notion of a function in Chapter 1. Denote by 
N* the set of natural numbers 1,2, . . . ,n, i.e. N„ = { 1 , 2 , . . . ,n}. N, as usual, denotes 
the set of all natural numbers 1, 2, 3 , . . .. Each N n has a finite number of elements, to be 
precise n elements, while N has an infinite number of elements. We define a sequence 
in a non-empty set A - to be a map / : N„ — > A or a map / : N — * A. If A = R, we 
call the sequence / a real sequence and if X — C, we call / a complex sequence. If 
dom / = N„, the sequence / is said to be a finite sequence and if / = N, it is called 
an infinite sequence. In this chapter, we shall be concerned only with real or complex 
sequences. If / is a sequence, then for any k £ N„ or N according as / is a finite sequence 
or an infinite sequence 

f{k) = at 6 A, where A is either R or C. 

Thus oi,02, ..., On { or 01,02,03,. On, . ..as the case may be, determine the function / 
or the sequence /. For, to get the definition of /, what we need precisely is the answer 
to the question: what is f(k) for k £ N„ or N as the case may be? On this account, it 
is customary to call 

Oil *»,•••*«« 


a finite sequence, and 


Ol,02,..,0, 


an infinite sequence. The following notations are in vogue: 
{otJJ^j for a finite sequence «i, «a, • • • , a*; 

{otJSL, or simply {a«} for an infinite sequence 01,02 o*, 


Sequences following certain patterns are more often called progressions. In this chapter, 
we study such special sequences. If 01,03,..., a*, or 01,03,..., a nr ... is a sequence, 
that for k £ N„ or N, as the case may be, 03 is called the kth term of the sequence. 
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More often, a sequence is given with explicit formula for the Jkth term e.g. the finite 
sequence 

2,4,6, 8, ...,24 

is given by a* ■* 2h, * € N«, i.e., k * 1, 2, . . . , 12 
The finite sequence 

1 , 2, 3, 6, 12, 24, 48, 96, 192, 384 

is given by 


ai = 1, 02 = 2, as = ai 4- a?, 04 == aj -f a* + fl3i • • • 
flfc 3 + Oj + • ■ ■ + ajk-i , k sr 3, 4, 5, . . . , 10 

In other words, the first two terms are respectively 1, 2 and beginning from the third, 
any term is the sum of all its preceding terms. Incidentally, in any sequence {a*}, a*_i 
is the preceding term of at if k > 1, a^i is the succeeding term for k > 1, provided in 
the case of a finite sequence o*+i is defined. a\ is called the first term and in the case 
of the finite sequence 01 , 02 , . . . , 0 *,^ is called the. last term. o*,Ofc+i are said to be 
consecutive terms if k * 1, 2, 3, . . . , n — 1 or k = 1, 2, 3, . . . according as the sequence is 
finite or infinite. 

To define a sequence we need not always have an explicit formula for the nth term 
e.g. we have the infinite sequence of all prime numbers 

2, 3, 5,7,11,13,17,... 

for which we may not be able to give an explicit formula for the nth term. Again, if 
we take the successive decimal approximations to the irrational number v^2, we get a 
sequence 

1.4,1.41,1.414,1.4142,... 

whose nth term may not be given by a formula. What is important is the rule which 
defines the nth term though it may not lend itself to an explicit formula for the term. 

11.2 Arithmetic Progression (A.P.) 

A finite or infinite sequence 

Ol>®2» •••»<*»» 


or 

01,02, ...,a,„... • 

is said to be an arithmetic progression (abbreviated as A.P.) 
if 

a* — o*-i 9d,i constant independent of k , for k « 2, 3, . . . ,n or k m 2, 3, . . . 
as the case may be. In other words, the difference between any two consecutive terms 
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is a constant. In the above definition, the constant d is called the common difference 
(abbreviated as C.D.) of the arithmetic progression. Now, 

Os -oj =^d, oroj = oj + d,oj - oj = dor as = a 2 + d=a\ + d + d = a k + 2d 

We can guess that 

<4 sot + (k-l)d,k « 1 , 2 ,. .., nor As 1 , 2 ,..., as the case may be. 

This is so as seen by induction: Foi A*=l,ot = ai + (A — l)d as is clear. Assume that 
at = a\ + (k — l)d. Then the sequence being an A.P., 


Ofc+l — a* = d or a* + i = a* 4- d 
Ofc + i — at + d = oj + (fc — l)d 4- d 
® Oj + Ad 

showing that the expression for a* holds for a* +1 also if it holds for a k . Thus, by induction, 
the expression holds for any relevant k since it holds for ai. Thus, in an A.P. whose first 
term is ai and common difference is d, the formula for the nth term is 

a„ = oi 4- (n - l)d (11*1) 

Formula 11.1 shows that the nth term of an A.P. is a linear function of n, i.e. the nth term a, is 
of the form 


On=pn + q 

where p and q are constants (not depending on n). In (11.1), p = d, q = oj — d. 
Conversely, if Oj , 03 , ... is a sequence in which the nth term is a linear function of n, say, 

an -pn + q 

then the sequence is an A.P., because for every k > 1 , 

= pfc + 9 - [p(A - 1 ) 4- 9 ) = p, 

i.e. a k — a*_] is a constant. 

We shall now obtain a formula for the sum S n of the first n terms of an A.P. 

Now, 

Sn — Ol + 02 + • • . + On 

Using the formula (11.1) for the nth term and letting = a, we have 

\ 

S» = *+(a + «Q + (o + 2d) + . •• + [« + (*-!)<*! + ... 4 l« + (n-l)d| (11.2) 
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Reversing the order of summation in (11.2) 

S n — (a 4(n — l)<fj 4 | a +(n—2)dl 4 ... 4 fa 4(n — k)d] 

4 ... 4 (a 4 d) 4 o (11*3) 

Note that the first summand in (11.2) and the first summand in (11.3) when added give 
2a 4 (» — l)d, the second summand in (11.2) and the second summand in (11.3) when' 
added give 2a 4 (n — l)d. Thus, adding both sides of (11.2) and (11.3), we have 

2S„ = 2a 4 (it — l)d 4 2a 4 (n — l)d 4 • . . 4 2a 4 (n — l)d (11.4) 

where there are n summands in (11.4), since equal number of summands are there both 
in (11.2) and (11.3). (11.4) can be rewritten as 

25„=n{2a4(»- l)d} 

Or, the sum of the first n terms of the A.P. 

S„ = £{2a4(»«-l)d} (11*5) 

. (11.5) can be interpreted as follows: 

= j(a + a + (n- l)d} 

= n(^±i) (11.6) 

i.e. the sum of the first n terms of the A.P. = n times the mean of the first and the 
nth terms. 

The above formulation helps to sum the terms of an A.P. starting from its fcth term upto 
the Ith term k < 1. 

Note that 


Ok, Ofc+lr • • . Oi 

is itself an AJP. as seen from the definition. Thus, the formula (11.6) yields the desired 
sum 

S„ = (l-*41)(2‘±2) 

As the number of terns is (I - k 4 1) and j is the mesa of kth term sad last 

term Le. tbs Ith term, Su denotes the sum from term to I** 1 term. 
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Example 11.1 

Find the sum to n terms of the sequence {a*} when 

On =* 5 — 6n,n € N 

Solution 

Oo+i — an = 5 — 6 (n + 1) - (5 — fin) = — 6,n € N. Thus {a*} is an A.P. with first term 
— 1 and common difference —6. So the sum S n to n terms is given by 

S„ = ^ « n(2 - 3w). 


Example 11. £ 

Find the nth term of the A.P. 


5, 2, -1,-4, -7,. 


Solution 

The difference between the (n + l)th term and nth term is —3. So, if On is the nth term, 
then 

o* = oj + (n — l)d = 5 + (n — 1)(— 3) 

= 8 — 3n. 


EXERCISE 11.1 

1. The third term of an A.P. is 25 and the tenth term is —3. Find the first term and 
the common difference. 

2. A sequence {a*} is given by 

a» =n* — l,n € N. 

Show that it is not an A J*. 

3. How many terms of the sequence 18, 16, 14, ... should be taken so that their sum 
is aero? 

4. If the ji ^ term of an A.P. is e and the g“ term is d, what is the r** term? 

5. Split 69 into 3 parts in A.P. such that the product of the two smaller parts is 483. 

6. Ifo+6 + c/ 0 and k±-®, Cr t g , are in A.P., prove that 4, ^ ate also in 
AJ». 

7. Fbr the AJ».,ai, 03 , if find §*. 
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8. Sums of the first p, q and r terms of an A.P. are o, 6, c respectively. Prove that 

£(9 “ r) + V -p) + ;(p — q) = 0 

p q r 

9. If the 12 th term of an A.P. is -13 and the sum of the first four terms is 24, what is 
the sum of the first 10 terms? 

10. If the 5 th and the 12** terms of an A.P. are 30 and 65 respectively, what is the sum 
of the first 20 terms? 

11. If the first term of an A.P. is 22, the common difference is —4 and the sum to n 
terms is 64, find n . Explain the double answer. 

12. If the p th term of an A.P. is ^ and the q th term is prove that the sum of the first 
pq terms must be ^(pg + 1). 


11.3 Examples of A.P. and Insertion of Arithmetic Means 

We shall now consider some examples of an arithmetic progression. The simplest arith- 
metic progression is that of the sequence N of natural numbers: 

1,2, 3, ... 

In this case, both the first term and the common difference are 1 If S n stands for the sum of the 
first n natural numbers, it follows from (11.6) that 


o _(!+»») «(» + !) 

Sn ~ 2 “ 2 


(11.7) 


The sequence 2, 4, 6, 8, . . . is, again, an arithmetic progression whose first term is 2 and 
the common difference is 2. The n th term On here is 


a„ = 2 4- n — 1.2 = 2n 

By (11.6), the sum S„ of the first n terms of this A.P. is given by 

2 + 2n , s 
S n - n — - — = n(n + 1) 

Comparing this with (11.7) it may be noted that this is twice the sum of the first n 
natural numbers, as it should be. 

The sequence 1, 3, 5, 7, . . . of odd natural numbers is also an A.P. Here the first 
term is 1 and the common difference is 2. So 

On = 1 + n — 1.2 = 2n — 1 


Hence, Sn the sum of the first n odd natural numbers is given by 


Sn 


1 + 2n — 1 
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As a check 


1 42434 .. .4 2n * (2 4 4 4 ... 4 2n) 4* (1 4* 3 4" ... 4" 2rt — 1) 

= n(n + l) + n* 

* r\(2i% 4 1 ) 

= 2n (according to (11.7)) 

Given one or more A.P., we can generate more A.Ps. For example if {a*} and {bn} 
are two A.P a so is 

{<*n 4 6„} . 

Verify this. As an illustration, On = n and bn^2n give rise to the A.P. {on 4 bn} where 

On 4 bn = 3n 

If On == n, bn = 2n — 1, we obtain a* 4 6 n = 3n — 1 so that we have the A.P. 

2,5,8,11,... 

with first term 2 and common difference 3. Again, by adding a constant to each term of an A.P., 
we obtain another A.P. By adding the constant 1 to the A.P. 


1 , 3 , 5 , 7 , . . . 


we obtain the A.P. 

2 , 4 , 6 , 8 , . . . 

It is also possible to construct an A.P. which is a finite sequence such that a given 
number a is its first term and another given number 6 / a is its kth term for any 
prescribed natural number k > 1. This would mean that there would be k — 2 terms 
in between the terms a and b in the A.P. The procedure is known as inserting k — 2 
arithmetic means between a and 6 . For convenience of notation, we shall insert n 
v arithmetic means between a and b. Assume that these means are 02 , , a tH -i 

so that a = 01 , 03 , . . . = b 

is an A.P with first term a and (n + 2)th term b. lid is the common difference of the A.P., then 

b = an +2 * o 4 (w 4 2 - l)d 
= o4(n41)d 


Thus 


d 


6 — 0 
n4 1* 



234 


MATHEMATICS 


It is then from formula (11.1) that 

a *“ a+ n+T’ °4 s “ 0 + 3 ^Ti* » 

, b — a 

°*+i =* o+n--— j 

are the n arithmetic means (abbreviated as A.M.J. 

Example lt.S 

Insert three A.M s between 3 and 19. 

Solution 

IS 3, at, «s.« 4 . 19 is the resulting A.P. whose common difference is d, then 

19 as 3 + (5 — l)d s= 3 + 4d 
or* 4<f — 16 or d s 4 
Thus <*j as 7,o« — 11,04 = 15 are the three A.Ms. 

Example 11. 4 

find the sum of all the natural numbers with two digits. 

Solution 

The sequence of the numbers is 

10,11,... ,99 

which is an A.P. with common difference 1. Hence, the sum 5 of these numbers is 

S = 90.^±i? = 45 x 109 = 4905 

Example 1U5 

If the numbers a*, 6*, c 3 are given to be in AJ., show that are in A.P. 

Solution 

The result is established, if we show that 

1 1 _1 1 

c+o 6+c #+4 c + o 

, b — a c — b 

(c+t)(4+c) (a + 5)(c+o) 

j b — a _ c — b 
b+c a+b 

is. h* — a* = <? — I? 

i.e. areinA.P. 
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Note: 


It is customary tossy that (6 + c), (c + a), (o + b) are in harmonic progression (H.P.) 


when their reciprocals 


are in A.P. More generally, a*, «*,<*, *, . is an 


HP. if and only if of. of >*;.••• an A.P. Problems about HP. thus get converted 
immediately to those about AP. 


Example 11.6 

If o,6,*carein AP., prove that fc + c,c + o,a + 6 are also in A.P. 

Solution 

b + c,c + a,a + b would be in A.P. if c + a is the (one) A.M. between fr + cand a + 6. 
This would be the case provided 

c +° as ^{( 6 + c ) + (®+ ft )} 

i.e. c + a = -(26 + o + c) 

It is given that a, b , care in A.P., so fc = |(a + c), or, 2fc = a+-c. 

Thus, we have 

c+o* — (o + c + o + c) 

which is true. 

Example 11.7 
Solve the equation 

1 + 6+ 11 + 16 + ... + * = 148 


Solution 

1, 6, 1 1, 16, ... is an AP. with first term 1 and common difference 5. Thus the equation is 
equivalent to the assertion that the sum of the first k terms of this A.P. is 148 ifthefthterm is x. 
In other words, 

S k = | [2-1 -K*- 1)5| 

*j(5*-3) = 148 

be. 5** - 3* = 296 or 5** - 3fc - 296 = 0 

in. SJfc* — 40k +■ 37Jfc — 296 = 0 

be. (5* + 37)(fc-8) =0 
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The only solution admissible is k = 8, in which case x = 1 + (8 — 1)5 m 36. 

EXERCISE 11.2 

1. Show that if the positive numbers a, 6, c are in A.P. so are the numbers 

Vi-f >/c v^+Vo* y/a+ y/b * 

2. Insert 6 arithmetic means between 3 and 24. 

3. Find the common difference of an A.P. whose first term is 100 and the sum of whose 
first six terms is five times the sum of the next six terms. 

il.4 Geometric Progression (G.P.) " 

We now turn to the study of yet another special, kind of sequence! viz. a geometric 
progression. Let oi, o 2 , . . . , a*; a \ , 02 , . . . , a*, ... be respectively a finite or an infinite 
sequence. Assume that none of the o^s is 0. and that 

— r, a constant (i.e. independent of k) (11.8) 

for k = 1,2,. .. , n or k = 1,2,3, ... as the case may be. We then call {a*}]^ or {a*}^, 
as the case may be, a geometric progression (abbreviated as G.P.). The constant ratio 
r in (11-8) is called the common ratio (abbreviated as C.R.) of the G.P. Now (11.8) 
implies 

o/M-i = a*r = a*_, r 2 = a t _ 2 r 3 = . . . = o,r*. 

Thus if ai = a is the first term of a G.P., the kth term at of the G.P. is 

Ojt = oir*” 1 = or*" 1 (11.9) 

It follows that, given the first term a and the C.R. r, the G.P. can be rewritten as 

a, or, or 2 , . . . , or”" 1 


or 

a, or, or 2 ,.... .or"" 1 ,... 
according as it is finite or infinite. 

Thus we have seen that the nth term of a G.P. is On = or n_1 where a is the first term 
and r the common ratio. Conversely, any sequence, oi , ogf, . . . in which the nth term is 
given by Or » or n-1 where a and r are constants, is a G.P. with first term a and common 
ratio r. This is because the first term = ai = or 1 " 1 = a and for all k > 2,. 

gfc+i or* _ 


A 
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Next, we obtain an expression for the sum S n of the first n terms of a G.P. 

o, or, or 3 , . . . , ar n ~ l 


Now, 


S n as a + or + or 3 + . . . 4- or 11 " 1 


and 


rS n =s or 4* or 3 + . . . + ar n ~ 1 + ar n . 


If r * 1, the sequence reduces to a constant sequence o, o, o, — Hence we can assume 
that r ^ 1. Now, subtracting the second sum from the first, we get 


(1 — r)S n as o — or" 

0 o(l - r n ) ai-ran 
r ’ Sn “ (1-r) ~ 1 — r 


(1-r) 

where oi is the first term, On is the nth term and r is the common ratio. 

If 01,02, . . . , On; or 01,03, . . . ,On, ... is a G.P. with positive terms, then 


( 11 . 10 ) 


03 

02 


02 

Ol 


Ok 


= r 


Thus aia s = < 4 , ■ • • , ot-io/t+i = a* 

k = l,2,...,n, or A; = 1,2,3, . . . ,as the case may be. 


Rewriting, we get 


02 = y / a l O3 , 03 = , Ot = 

a 2 is called the geometric mean (G.M.) of a, and a 3 ; o 3 that of a 3 and a 4 , and so on. Generally, 
a k is the G.M. of <k-i and Ok*i If the positive real numbers a,, a v . . . , a n are in a finite 
geometric progression, 03, 03, ... , 0*-! are said to be (n — 2) geometric means between 
the numbers a] and a*. Given any two positive real numbers o, 6, we can find n positive 
real numbers a3,...,On+i such that o a 01,03, ... ,an+i,an+2 = b form a G.P. This 
procedure is known as insertion of n geometric means between any two positive numbers. 
Assuming that n geometric means 03, . . . ,On+ 1 have been inserted between a and .b, it 
then follows that 6 is the (n+ 2)th term of the above G.P. If r is the common ratio, then 
by (11.9) 

6 « o*r n+1 

So r" +1 ~-orr=- *v/^ 
a V a 

^denoted by (^) 



( 11 . 11 ) 



228 


MATHEMATICS 


Note that there exists a unique positive real number a such that a w+1 m Then the n 
geometric means inserted between a and 6 are 

aa t act 1 , . . . , aa n 


Remark 


Out discussion of A.P. and G.P. goes through even when the terms ire complex num- 
bers except that we have difficulties in inserting geometric means between two complex 
numbers since square root, cube root, . . . , nth root sure not unique for complex numbers. 
This difficulty surfaces even in the case of (n 4- l)th roots when n 4* 1 is even and when 
one of a, 6 is a negative read number. 


Examples of G .P’s are 


1»2,4,8, .. .,2",. 


for which the first term a = 1, and the common ratio r = 2, and 


i _i i _i flr i 

’ 2’4’ 2**’ 


for which a = 1 and r = —5. 


Example 11.8 

Determine the number of terms in a geometric progression {a„}, if ai = 3,a„ = 96 and 
S n » 189. 


Solution 

If r is the common ratio, then 



On = ojr" -1 = 3r" _1 

(A) 

(11.12) 

is. 

3t * -1 = 96 or r"" 1 = 32 


(11.13) 

Now 


(B) 

(11.14) 

ao that using (A) and (B), we get r" = 63r — 62 



or. 

32r = 63r - 62 


(11.15) 

Hence, 

31r «b 62, i.e. r»2 


(11.16) 


a* = 96 = 3.2* = 3 2*' 3 


(11.17) 

so that 

n — 1 = 5 or n =* 6 


(11.18) 


Example 11.9 

Insert three geometric means between the numbers 1 and 256. 
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Solution 

Let the numbers inserted be 03,03,04 so that 1,03,03, 04, 256 are in C.P. Then assuming 
that the common ratio is r, the 5th term of the G.P. is 

256 = lr*" 1 = r 4 
or, r 2 = 16 
or,r = ±4 

If r as 4, then 03 = 4, a 3 = 16 and 04 = 64 
If r * ~4, then 03 — —4, 03 — 16 and 04 = — 64 
But geometric means are defined only for G.P's of positive numbers. 

Thus 03 = 4, 03 = 16 and 04 = 64 are the three geometric means. 


Example 11.10 

Find all sequences which are simultaneously arithmetic and geometric progressions. 


Solution 

Let 01,03, ... .a*, ... be one such sequence. Then, since it is an A.P. 


_ °n + ^ , 

**n+l 2 » ** — I* 

Since it is a G.P, a t ^ 0, and a„ = air" -1 , where r is the common ratio. Hence 

oir n_1 + oir n+1 
o,r" = On + , = 


so that 

1+r 2 
r 2 

In other words r 2 — 2r + 1 = 0 or (r — l) 2 = 0 i.e. r = 1. This means that only a constant 
sequence a, a, a, ... is both an A.P. and G.P. 

Example 11.11 

The sum of three numbers which are consecutive terms of A.P is 21. If the second number is 
reduced by I while the third is increased by 1. three consecutive terms of a G.P. result. Find these 
numbers 

Solution 

Let a, a + d,a + 2d be the three consecutive terms of A.P. The sum of these numbers 
— o + o + d + o + 2 d as 3(o + 4) 

It is given that this sum is 21. Hence, 3(o + d) = 21 

or, o + d =s 7 (C) 

It is, further, given that 

o,(o+d— I), (o + 24f 1) 
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form a G.P. 

** e * (a 4- d — l) 2 * o(o + 2d + 1) 

i.e. a 2 + d 2 + 1 + 2ad —2d — 2a * o 2 + 2ad + a 

i.e. (d-1) 2 = 3a = 3(7-d) [from(C)] 

i.e. d 2 + d - 20 =0 

i.e. (d + 5)(d-4) =0 

i.e. d = — 5 or 4 

FYom (C) we have then, correspondingly, 

a « 12 or 3 

Thus, we have two sequences having the desired property, viz. 

12,7,2 

3,7,11 

EXERCISE 11.3 

1. F'ind four numbers forming a geometric progression in which the third term is greater 
than the first by 9, and the second term is greater than the fourth by 18. 

2. The first term of a G.P. is 1. The sum of the third and fifth terms is 90. Find the 
common ratio of the G.P. 

3. Find a G.P. for which sunf of the first two terms is —4 and the fifth term is 4 times 
the third term. 

4. If the sum of three numbers in G.P. is 38 and their product is 1728, find them. 

5. If the 4th, 10th and 16th terms of a G.P. are x, y y z respectively, prove that x,j/,z 
are in G.P. Generalise. 

6. If the pth, qth and rth terms of a G.P. are o, 6, c respectively, prove that 


7. If a, 6, c, d are in G.P.,show that 

(a 2 + 6 2 + c 2 )(t 2 + c 2 -f d 2 ) as (ah 4* be 4- cd) 2 . 

8. The sum of three numbers in A.P. is 15. If 1, 4 and 19 are added to the numbers, 
the resulting numbers are in G.P. Find the numbers. 
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9. If the first and the nth terms of a G.P. are a and b respectively and If P is this 
product of the first n terms, prove that 

P 2 = (o6)\ 


10. If a, b, c are in G.P., prove that the following are also in G.P. : 

(i) (ii)a 3 f fcV 

(iii) a 2 + 6 2 ,a 6 + bc, 6 2 + c 2 . 


. 11.5 Sum to infinity of a G.P. 

It is of interest to see how the sum to n terms of a geometric progression 

a, or, or 2 , . . . ,ar n , . . . 


behaves for large n, a being fixed. It is clear that the behaviour depends on the behaviour 
of the sequence {r n }£l 0 . Irrespective of whether r is positive or negative, it is clear that 
if r is numerically (i.e. in absolute value) greater than 1, then r n becomes larger and 
larger in absolute value with n. Hence, 


Sn 


1 ) 

r — 1 



(r"-l) 


also becomes larger and larger in absolute value as n increases. On the other hand, if r 
is, in absolute valueless than I, it is clear that the absolute value of r n becomes smaller 
and smaller as n increases. As an illustration, if r = the sequence {r 11 } is 


ill! 

’ 2 ’ 2 2 ’ 2 s ’ 


If r 


1 

“?■ 


the sequence {r n } is 


In both these cases, it is clear that the numerical value of r n becomes smaller and smaller 
as n becomes larger and larger. In fact, given any positive number e one can find a 
natural number no such that [r n °|, |r"* +1 |, |r" 0+2 |, ... are all less than e. This phenomenon 
is noticed, for that matter, for any r with |r| < 1. We describe this situation by saying 
that r” — » 0, as n — » oo when |r| < 1. The arrow head — * stands for "tends to”. Thus 
when |r| < 1, 1 — r" can be made to be as close to 1 as we like by choosing n sufficiently 
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large. This, in turn, means that S n = (1 — r") can be made to be near j by 

making n sufficiently large. This is expressed by saying 

S n — ► ** 71 — * 00 

An equivalent phraseology is that the sum of the infinite series 

a + or 4- or 2 + . . . 


is | - fr - provided |r| < 1. A crude way of expressing this fact is to say that the sum to 
infinity of the geometric progression 

o, or, or 2 ,... 

is y-^~ r provided |r| < 1. For instance, 


1 + 5 + ? 


1 1 . 1 1 


>-5 


= 2; 


1 


-(-*) 


1 + 


I 3/2 


The idea of the sum to infinity in a geometric progression is inherent in the infinite 
recurring decimal expansion of some real numbers. Take the simple case of 0.3333 .... In 
terms of r e p rese n tation of rational numbers* formally this decimal stands for 


3 3 3 

10 + 10 * + 10 * + ‘*' 


to. infinity of this G.P. is 


.is a C.P. with first term ^ and common ratio ^j(< l). Thus the sum 


±/( 

10 '\ 10/ .9 3' 


Thus the significance of the recurring decimal is precisely that you can get rational 
numbers closer and doaer to | by taking successively 


.3, .33, .333,... 

Far example, if we take 333 in the place of 


i - 0.333 < 0.0004 
3 


10000 
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Thus the difference | — - S m | , where 

t . 3 3 3 

S — 1- *■...+ 

* 10 10 2 10 " 

4 


is less than < 
found such that 


10000 


where n2 3. It is also clear that for any c > 0,a stage n 0 for n can be 


S < « 

3 

for n k n 0 . In other words, in the language introduced earlier 

1 

S — ► — asn -> oo 
" 3 

Sometimes the recurrence of the decimals is not always simple, e.g 0.2321 . In terms of 

23 23 23 

representation of rational numbers.this decimal stands for + + — - + . . . 

100 100 2 100 s 


23 23 23 

100 ' Totf ’ Too* 

The sum to infinity of this G.P. is 


23 1 

is a G.P. with first term and common ratio 

100 100 


2L I [ = 

100 / l 1 100/99 

23 

In the sense explained just above — has, therefore, the recurring decimal expansion .23. To 

23 99 

be more explicit if we expand — in decimals by dividing 23 by 99, thedecimal expression will 
be 0.232323. . . 


Example U.12 

Find the sum to infinity of the G.P. 

5 5-5 

“T ’ 16’ "64’ 

Solution j j 

Here a * - —and r *= - —• Also kl < 1. 

- 1-1 

4 4 

Hence, the sum to infinity is * ■-!. 

1 5 
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Example 11. 13 

Which is the rational number having the decimal expansion 0 3 56 ? 


Solution 

— 56 56 

0.356 = 0.3 + + + . 

1000 l 00000 

56 56 56 

= 03+ + + + . , 

10 ' 10 ' 10 1 

56 3 56 

= 0.3+ = — + 

990 10 990 

353 

990 

EXERCISE 11.4 


I . Verify that 1 0. -9, 8. 1 .... is a geometric progression Find ihe sum to infinity of the G.P. 

2 The first term of a G.P. is 2 and the sum to infinity is 6. Find the common ratio. 


11.6 Arithmetico-Geometric Sequence 

The procedure we adopted to find the sum of n terms of a geometric progression can be used to 
get the sum to n terms of some sequences which are not geometric progressions. One such is what 
is called an arithmetico-geometric sequence. Recall that a typical arthmetic progression is 

a, a + d, a + 2 d, . . . 

A typical geometric progression is 

o, ar, or*. . . . 


A typical arithmetico-geometric sequence is 

a, (a + d) r, (a + 2d) r 3 , . . . (11.19) 

The nth term of this sequence is therefore 

(a + n - Id) r *~ '. 

We shall obtain a formula for the sum S m to n terms of the arithmetico-geometric sequence 

(1U9). 

S m = a + (a + d) r + (o + 2d) r 1 + . . . + (a + n - ldy ~ ' 
or rS if = ar + (a + d)r , + ... + (a + n- 2 d ) 1 + (a + n - Id) r * 

Subtracting, we get 

(1 - r)S - a + dr + + . . . + dr"' ’ - (a + n - \dy 

l-r*~ 1 __ 

■ a + dr (o + n - 1 dy 

1 -r 

a 1 -r" _1 (a+n-l</y 

i.e. 5. = + dr — — - — ; 

" 1 - r (1-rJ* 1 - r 

When I r| < 1, as observed earlier 

r", r** 1 -♦ 0 as n — ► oo 
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It can also be shown that 


n»r n — ► 0 as n — ► oo 


Thus 


dr 


as n 


oo 


1-r (1-r)*’ 

In other words, when |r| < 1 the sum to infinity of the arithmetico- geometric series is 


a dr 

T37+<n^)5 


Example 11.14 

Find the sum to infinity of the series 


l+2.j+4+4.I 


-h ... 


Solution 

If S n is the sum of the first n terms of the sequence 



,3. 


1 

3 2 * 


1 




3 n-l* 


S n = 1 + 2 - 3+3-JT+-- + n.^T 
or » 3 s n = 3 + 2 *Jr + (n- 1)3^1- + n -yr- 


Hence, 



Noting that ^r,n.^r — * 0 as n — > oo, we have 


3 3 /3V 

2 X 2 (2/ 


9 

i 


EXERCISE 11.5 

1. Sum to infinity the series 

3 + 5 .i + 7.^ + ... 

2. If the sum to infinity of the series 3 + Sr + 7 r 2 3 + ... is 4^, find r. 

3. If the sum to infinity of the series 

3 + (3 + *>i 4 (34 2d)^j f 4* . . . is 4^, find d. 
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4. Sum to n terms, the series 



'1 

5 * 



11.7 Sum to n Terms of Special Sequences 

We shall now turn to finding the sum to n terms of some other special sequences. If the 
sequence is 

i.e. the sequence of natural numbers, then we have seen [vide sections 11.3, equation 
(11.7)], the sum S n of n terms of the sequence is given by 


„ n(n +-1) 
* n_ 2 ’ 


n = 1,2,... 


We shall now consider the sequence of squares of the natural numbers, viz. 


l 2 ,*^ «*, (n + l) a , . 


If S n is the sum to n terms of this sequence i.e., if 

S n = l 2 + 2 s + ... + n 2 = £jfc J , 

t=i 


we will prove that 


.S„ 


ri(n + l)(2n + 1) 
6 


Consider the identity 

(x + l) 3 — x 3 — 3x 2 + 3x + 1 

Putting x *s n, (n — 1), (n — 2), . . . , 1 in this identity, we have successively 


(n + l) s -n 3 = 3u* + 3n + 1 

n* — (n — l) 3 = 3(n - l) 2 + 3(n- 1) + 1 


2 s -l s = 31 a + 31 + l 
Adding these equations we have 

(n + l) 3 -l 3 «3£fc* + 3]£fc + n 

M km\ 
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i.e. n» + 3n* + 3n - 3^*» + + „ 

M 

Hence, S, = £** - nVt-ffi+ ja _ nSZ+H _ £ 

M 

— 2n 3 4- 6n 2 4- 6n ~ 3n 2 — 3n — 2n 
-s w (2n 3 4 3n 4 1) 

M n(w 4 lj(2nTl) 

We shall next get an expression for the sum of the cubes of the first n natural 
numbers, viz. 

s»=i> 3 

*=i 

Here we use the identity 


(x 4- 1) 4 - x 4 = 4x 3 4 6x 2 4 4x 4 1 


As earlier, we put x = n, (n — 1), (n — 2), . . . , 1 in the above identity and add both sides 
of the resulting n equations. 

We, then, have 

n n n 


(n4 1) 4 ~l 4 = 4^Jb 3 46^ifc 2 44^jb4n 


*=i 


*= i 


t=i 


So 


= 45 „ + « 2fe± I j ffe ±11 + 4 5fa+i2 -t- n 

= 4<S„ 4 n(n 4 l)(2n 4 1)4 2n(n 4 1) 4 ti 


S„ = .i [n 4 + 4n s + 6 r? + 4n — n(n + l)(2n + 1) — 2n(n + 1) — n] 
= i [n 4 + 2i» s + n a ] 

= ^n 2 (n 2 4 2n 4 1) 

- in a (« + l) a = {li^^} 2 


Remark 

We note that the sum of the cubes of the Brat n natural numbers is the square of the 
sum of the first n natural numbers. 

Example 11.15 

Find l 2 4 3 2 4 5 2 4 . . . 4 (2n — l) 2 
Solution 

I s 4 3 2 4 5 2 4 ... 4 (2n — l) 2 

« l 2 4 2* 4 3 2 4 ... 4 (2n) 2 — {2* 4 4 2 4 ... 4 (2n) 2 ] 
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■ - 4 S m (Where S t is the sum of the squares of the first k natural numbers). 

= 1 • 2n(2n 4- l)(4n 4- 1) - g n(n 4- l)(2n 4- 1) 

= - [n(2n 4- 1) {4n 4- 1 - 2(n -4 1)}] 

= gn(2n 4* l)(2n — 1). 

Example II I 6 

Sum to n terms the series whose nth term is n (n + 1 ) (n + 4) 


Solution 
The nth term is: 

n (n + 1) (n + 4) = n (n 2 + 5n + 4) 

- n 3 + 5 n 2 + 4 n 

Thus, the sum to n terms .V w is given by 

S ,=I* J+ 5j ** + 4$; A 

*•» I 

fn(»+l)1 2 5 »(«+!) 

= I J + — «(«+ 1)(2n+ l) + 4. — - 

i 3/I 1 + 23» + 34 1 

12 L -J 

Example 11.17 

The sequence N of natural numbers is divided into classes as follows: 

1 2 

3 4 5 6 
7 8 9 10 11 12 


Show that the sum of the numbers in the nth row is n(2n 3 4- 1). 


Solution 

The number of numbers in the nth row is clearly 2n. The number of numbers up to the 
nth row (including nth row) is 2 + 4 4- . . . + 2/i = 2(14-2+... 4- n) = n(n + 1). If 
Sn is the sum of the first n natural numbers, then the desired sum is 
e * _ n(n + l){n(n + 1) + 1} (n - l)n{(n - l)n + 1} 

d »(n+ 1) — £>(n~l)n ~ 


2 2 
n(n + l)(rr + n -H) — (n — l)n(n 2 — n + 1) 


— — |n* + 2n* + 2n + 1 — 71 ® + 2n* — 2n + 1 } 

m 

® + 2) = n(2n a + 1). 
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Example 11.18 

An odd number of stones lie along a straight path, the distance between consecutive 
stones being 10 tn. The stones are to be collected at the place where the middle stone 
lies. A man can carry only one stone at a time. He starts carrying the stones beginning 
from the extreme stone. If he covers a path of 3 km, how .many stones are there? 

Solution 

Assume that there are n = 2* + 1 stones so that there are * stones to the right and k 
stones to the left of the middle stone. The distance covered by the man to bring to the 
middle position the extreme right stone is 10 k metres. To bring the stone which lies in 
the ( k — l)th place on the right the distance covered is 2 x 10(* — 1). Proceeding thus to 
collect all the stones on the right of the middle position, the man has to cover in metres 
a distance of 

Si = 10* 4- 20 (* - 1) + 20(* - 2) + . . . + 20-1 

Note that this distance is independent of the order in which the stones are collected. To 
collect now the stone* on the left, the man has to cover a distance of 10* metres to reach 
the left extreme stone and thereafter do as he did for the stohes on the right. In other 
words, the distance covered by him to collect the stones on the left would be 

10* + Si 

Now, the total distance covered is 
Sj + S, + 10* = 30* + 40[(* - 1) + (* - 2) + . , . + 1] 

= 3000 (given) 

i.e. 3000 = 30 Jfc + 40 ^~^* 

= 30* + 20*(*-l) 

= 10fc + 20* 2 
i.e. 2 k l + k — 300 = 0 
i.e. 21k 2 - 24* + 25fc-300 = 0 
i.e. 2k(k - 12) + 25 (* - 12) = 0 
i.e. (k-12)(2* + 25) = 0 
Hence, * = 12 or * = — 

The latter value being inadmissible, * = 12orn = 2* + l = 24 + l = 25. 

The number of stones is, therefore, 25. 

Example 11.19 

Prove, by mathematical induction, that 

l 2 -jr 2* + . . . + n 2 ms gn(n + l)(2n + 1) 
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Solution 

For n =s 1, the left side = l I 2 = 1, The right side = ^1-2*3 = 1. 

Hence the result is true for n = I. Assume that the result is true for n = k. i.e. assume 
that, 

l 2 + 2 2 + 3 a + ... + * a = ijfe(fc+l)(2* + l) . 
o 

Now I s 4- 2 s 4- . . . + k 2 4- (* + l) 2 

= Ifc(*+l)(2*+l) + (*+l) 2 

- |(*+l){*(2*+l) + 6(fc+l)} 

|(*4-l)(2* 2 4-7*4-6) 

= |(*4-l)(*4-2)(2*4 3) 

— g(* + 1) {(fc + 1) 4- 1} {2(* + 1) + 1}, 

which shows that the result is true for n = k 4- 1. Thus by the principle of mathematical 
induction the result is true for any k = 1, 2, . . .. 

EXERCISE 11.6 


1 . Find 2 2 4- 4 2 4- 6 2 4- . . . 4- (2n) 2 . 

2. Find I s 4-3* 4- 5 3 4- ... 4- (2n - l) s . 

3. Use mathematical induction to prove that 

I s 4- 2 s 4- . . . n s = in 2 (n 4- 1) 2 . 

4 

MISCELLANEOUS EXERCISE ON CHAPTER II 


1. If the pth, qth, rth terms of an A.P. are x, y, z respectively, show that 

x(q - r) + y(r - p) + z(p - q) = 0. 

2. If the sum of the first n terms of a sequence is of the form An 2 + Bn where A t B 
are constants independent of n, show that the sequence is an A.P. Is the converse 
always true? Justify your answer. 

3. There are^ n arithmetic means between 3 and 17. The ratio of the last mean to the 
first mean is 3:1. Find the value of n. 

4. The sum of three numbers in A.P. is —3, and their product is 8. Find the numbers. 

5. The digits of a positive integer, having three digits, are in A.P. and their sum is 15. 
Tiie number obtained by reversing the digits is 594 less than the original number. 

; Find the number. 

dTwocars start togetherin the same direction from the same place. The first goes with 
uniform speed of 10 km/h. The second goes at a speed of 8 km/h in the first hour 
and increases the speed by 1/2 km each succeeding hour. After how many hours will 
the second car overtake the first if both cars gp non-stop? - 
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7. An insect starts from a point and travels in a straight path one mm in the first second 
and half of the distance covered in the previous second in the succeeding second. In 
how much time would it reach a point 3 mm away from its starting point? 

8 . The first term of a geometric progression is I. The sum of the third and fifth terms 
is 90. Find the common ratio of the geometric progression. 

9. The sum of three numbers in geometric progression is 56v If we subtract I, 7, 21 
from these numbers in that order, we obtain an arithmetic progression. Find the 
numbers. 

10 . The inventor of the chess board suggested a reward of one grain of wheat for the 
first square, 2 grains for the second, 4 grains for the third and so on, doubling the 
number of the grains for subsequent squares. How many grains would have to be 
given to the inventor? (There are 64 squares in the chess board). 

11 . If a ,. 6 are two numbers, by their harmonic mean c is meant such that \ are 

a c o 

in A.P. If a, 6 are positive and A, G, H denote respectively the arithmetic, geometric 
and harmonic means of a, 6 , show that A,G , H form a G.P. 

12. If Si,S 2 , Sz are the sums of the first n natural numbers, their squares.and their cubes 
respectively, show that 

9Sj = S 3 (l + 8 S 1 ). 

IS. Show that 

1 x 2 s + 2 x 3 J + . . . + n x (n + l) a 
1* x 2 + 2* x 3+ .. ,+n* x (n + 1 ) 

14. Show that the sum of the cubes of any number of consecutive integers is divisible by 
the sum of those integers. 

15. Find the sum to infinity of the aeries 

, 3 5 7 

1 + 2 + v + ¥ + -- 

16. If m times the mth term of an A.P. is equal to n times its nth term, then show that 
(m + n) th term of the A.P. is zero. 

17. Determine the 25th term of the A.P., whose 9th term is -6 and common difference 
is 5/4. 

18. If §, k, §, are in A.P, find the value of k . 

19. If pth term of an A.P. is q t and the 9 th term is.p, show that their rth term isp+g-r. 

20. How many terms of the sequence - 12 , -9, -6, -3, . . . must be taken to make the 
sum 54? 

21. Find four numbersin A.P. whose sum is 20 and the sum of whose squares is 120. 
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22. Find the sum of 50 terms of the sequence 7, 7.7, 7.77, 7.777, . . . 

23. How many terms of the sequence 3, 3 2 , 3 s , . . . are needed to give the sum 120? 

24. Find the sum of the following series: 

(i) 5 + 55 + 555 + . . . n terms 

(ii) .6 4- .66 4- .666 + . . n terms 

25. If the first term of a G.P. is 729 and the 7th term is 64, find S oo. 

26. If the A.M. between two positive numbers is 34 and their G.M. is 16, find the numbers. 

3 5 7 

27. Find the sum of the series 1 — - 4- h . . . 

2 4 8 

28. Find the sum of n terms of 

(i) 1*2*3 + 2-3-4 4- 34-5 4-... 

(ii) 1-2 2 + 2-3 2 + 3-4 2 + . . . 



CHAPTER 12 


Permutations and Combinations 


12.1 Introduction 

In some counting problems, we can find out the answer without actually counting fully. 
For example, consider the problem : How many trees are there in the diagram below? 



Pig 12.1 
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We need not count them from the first to the last.' It is enough to observe that 
there are four rows and in each row there are six trees. So, we conclude even without 
fully counting that there are twenty four trees. Here, multiplication is the idea that has 
simplified the counting. 

In this chapter, we shall see some other techniques of answering some counting prob- 
lems without actually counting, or even listing, all of them. m 

Such problems have been of interest since thousands of yean, as the following passage 
from Mahabharata indicates: “O King: I am surprised to find (after a long verificafcjpn) 
that your quick counting has indeed given the correct answer. Will you please teachme 
the techniques therein?, "Bahuka asked the king Rituparna. Thereafter the king taufclif 
him the art of counting fast. 

12.2 Fundamental Principle of Counting 

We start with an example from day-to-day life. Ram was allotted a roll number for his 
examination. But he forgot his number. What ail he remembered wag that it was an 
even two-digit number without zero. How many such numbers are there? 

One way to count them is to list all of them as under: 


12 

22 

32 

42 

52 

62 

72 

82 

92 

14 

24 

34 

44 

54 

64 

74 

84 

94 

16 

26 

36 

46 

56 

66 

76 

86 

96 

18 

28 

38 

48 

■ 58 

68 

78 

88 

98 


and then count them as 9 x 4 = 36 

Is there a cleverer method to arrive at this answer 36 without listing them at all? 
Let us see. 

The digit in the unit’s place can be any one of the four digits 2,4, *6, 8. 
Explanation: This is because our number is an even number without involving zero. 
The digit in the ten’s place can be any one of the nine digits 1, 2, 3, 4, 5, 6, 7, 8, 9. 

Thus there are nine ways to fill up one of the two digits, and there ate four ways to 
fill up the other. Totally, therefore, there are 9 x 4 = 36 ways to fill up the two digits as 
required. 

This example illustrates the following general principle: 

Fundamental Principle of Counting: If an event can happen in exactly m ways, and 
if following it, a second event can happen in exactly n ways, then the two events in 
succession can happen in CXietly m x, n he. mn ways. 

Explanation} This is because for each of the m ways in which the first event can happen, 
there are n ways in which the second can happen. In the example above, the first event 
is the filling up of the left-digit of the two-digit number. Here m = 9. The second event 
is the filling up of the right-digit of the two-digit number. Here n = 4. The total number 
of 2-digit numbers satisfying our requirements is, therefore 9 x 4 « 36. 

The same principle can be generalised to three or more events occurring in succession. 
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Example 12.1 

It has been decided that the flag of a newly formed forum will be in the form CXX3 of 
thiw Weeks, each coloured differently. Iff there ere six diffetwtf on tlus wiiofe m 
choose from, how many such designs are possible? 

Solution 

The first block can be coloured in 6 ways, because there are 6 colours to choose from. 

The second block can be coloured only in 5 ways, because among the 6 colours, one 
would have been used for the first block , and there are 5 remaining colours to choose 
from. 

Similarly, the third block can be coloured only in 4 ways. Therefore, by the fund*- 
mental principle of counting, the number of flag-designs as required is 6 x 5 x 4 = 120. 

Example 12.2 

In a class there are 27 boys and 14 girls. The teacher wants to select 1 boy and 1 girl to 
represent the class in a function. In how many ways can the teacher make this selection? 

Solution 

Here the teacher is to perform two operations: (i) selecting a boy from among the 27 
boys, and (ii) selecting a girl from among the 14 girls. The first of these can be done in 
27 ways (since any one of the 27 can be selected) and the second can be performed in 14 
ways. Therefore, by the fundamental principle of counting, the required number of ways 
is 27 x 14 * 378. 

Example 12.3 

(i) How many numbers are there between 100 and 1000 such that 7 is in the unit’s 
place? 

(ii) How many numbers are there between 100 and 1000 such that at least one of their 
digits is 7? 

(iii) How many of them have exactly one of their digits as 7? 

Solution 

t 

(i) First note that all these numbers have three digits. 7 is in the unit's place. The 
middle digit can be any one of the 10 digits between 0 and 9. The digit in 
hundred's place can be any one of the 9 1 digits between 1 and 9. Therefore, by 
the fundamental principle of counting, there are 10 x 9 — 90 numbers between 100 
and 1000, having 7 in the unit's place. 

(ii) Total number of 3 digit numbers having atleast one of their digits as 7 = (Total 
number of three digit numbers) — (Total number of 3 digit numbers in 'which 7 
does not appear at all) 
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(iii) We want to count all the 3-digit numbers having 7 as exactly one of their digits. 

Here again there are three kinds of numbers: 

First, those numbers that have 7 in the unit's place but not in any other place. 

Secondly, those numbers that have 7 in the ten’s place but not in any other place. 

Thirdly, those numbers that have 7 in the hundred’s place but not in any other place. 

We shall count these three kinds of numbers separately and add them up to arrive 
at our answer. 

In the first kind of numbers, the unit’s place has 7, the ten’s place can have any one 
of the digits except 7, and there are 9 possibilities here (namely 0, 1, 2, 3, 4, 5, 6, 8, 
9); the hundred’s place can have any one of the digits except 0 and 7, and there are 8 
possibilities here. Thus there are 9 x 8 = 72 numbers of the first kind. 

Similarly, in a number of the second kind, the ten’s place is fixed, the hundred’s place 
has 8 possibilities and the unit’s place has 9 possibilities. Therefore, there are 8 x 9 * 72 
such numbers. . 

Similarly, in a number of the third kind, the hundred’s place is fixed, the other two 
places can be occupied by any one of the digits except 7. There are 9 x 9 = 81 such 
numbers. 

Note that these three kinds are mutually exclusive and that no number has been 
counted in more than one of them. 

The required number is 72 -f 72 -f- 81 * 225. 

Explanation: We have shown that there are 252 numbers with 7 as at least one of their 
digits and that there are 225 of them with 7 exactly one of their digits. It means that 
there are 252 - 225 = 27 numbers having 7 in more than one place. This can be directly 
checked (and used to give an alternate solution for (iii) using (ii)). These are the nine 
numbers 177, 277, 377, 477, 577, 677, 777, 877, 977, the nine numbers 707, 717, 727, 737, 
747, 757, 767, 787, 797 and the nine numbers between 770 and 779 (except 777 that has 
already been counted). 

Example 12.4 v 

In how many ways can this diagram be coloured subject, to the following two conditions? 
(i) Each of the smaller triangle is to be painted with one, of three colours: red, blue or 
green, and (ii) no two adjacent, regions reoeive the same colour? . 
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Solution 

These conditions are satisfied exactly when we do as follows. First paint the central 
triangle in any one of the three colours. Next paint the remaining 3 triangles, with any 
one of the remaining two colours. By the fundamental principle of counting, this can be 
done in 

3x2x2x2 = 24 ways 


EXERCISE 12.1 

1. A lady wants to select one cotton saree and one polyester saree from a textile shop. 
If there are 10 cotton varieties and 12 polyester varieties, in how many ways can she 
choose the two sarees? 

2. In a monthly test, the teacher decides that there will be three questions, one from 
each of Exercises 7, 8 and .9 of the textbook. If there are 12 questions in Exercise 7 , 
18 in Exercise 8 and 9 in Exercise 9, in how many ways can the three questions be 
selected? 

3. How many three-digit numbers can be formed without using the digits 0, 2, 3, 4, 5, 
and 6? 

4. How many numbers are there between 100 and 1000 in which all the digits are 
distinct? 

5. How many words (with or without meaning) of three distinct letters of the English 
alphabets are there? 

6. The students in a class are seated according to their marks in the previous examina- 
tion. Once it so happens that four of these students get equal marks and therefore 
the same rank. To decide their seating arrangement, the teacher wants to write down 
all possible arrangements, one in each of separate bits of paper, in order to choose 
one of these by lots. How many bits of paper are required? 

7* from Madras to Hyderabad, there are three routes; air, rail and road, from Hyder- 
abad to Vikarabad, there are two routes, rail and road, from Madras to Vikarabad 
via Hyderabad, how many kinds of routes are there? 
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8. A mint prepares metallic calendars specifying months, dates and days in the form of 
monthly sheets (one plate for each month). How many types of February calendars 
should it prepare to serve for all the possibilities in the future years? 

9. For a set of five true-or- false questions, no student has written the all-correct answers, 
and no two students have given the same sequence of answers. What is the maximum 
number of students in the class, for this to be possible? 

10. How many numbers are there between 100 and 1000 such that every digit is either 2 
or 9? 

11. Each section in the first year of plus two course has exactly 40 students. If there are 
4 sections, in how many ways can a set of 4 student-representatives be selected, one 
from each section? 

12.3 The factorial Introduction 

In this short section, we introduce the term and notation of the factorial. This will be 
loften used in ail the sections that follow in this chapter. 

Definition and Notation 

Consider the products 
l 

1-2 

1-2-3 

1-2-3-4 

etc. 

We denote them respectively by It, 21, 31, 41 etc. In general, nl denotes the product of the 
first n natural numbers. 

nl = 1-2-3. . . -n 

This nl is read as “n factorial”. Thus, for example 

41 « 24 because 1-2-3-4 = 24 
SI = 120 because 1-2-3-4-5 = 120 

Alternate Notation: The notation la is also used sometimes in place of n! 

The zero factorial: What is 01? It does not make sense to define it as the product of 
integers from 1 up to 0. We do not leave it undefined, because we require it in the later 
sections. 

We define 01 to be equal to 1. By defining 01 to be 1, we make sure that many of 
the properties of nl remain true even when n = 0. For instance, for all n > 1, it can be 
easily proved that 


(n + 1)1 a* (n + 1) x nl 
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If wa take 01 = 1, then this result will be true even for n = 0 (as you can see). 
Remark 

We do not define the factorial of proper fractions or negative integers. The factorial 
defined only for whole numbers. 

Example 1S.S 
Prove that 

n!(n + 2) = n! + (n 4- 1)1 


Sol/tttion 

The right hand side = n! + (n+ 1)! 

= nl +n!(n + 1) 

= n![l + (n + 1)] 

= n!(n + 2) 

= The left hand side 

Explanation: Here we have used: (n -f 1)! = n!(n + 1) 

This is because (n + 1)1 = 1-2-3 n.(n + 1) 

= n!(n + 1) 


Example 12.6 
If (n + 2)! as 2550(nl), find n . 

Solution 


(n + 2)! = 1-2-3 n(n + l)(n + 2) 

= n!(n + l)(n 4- 2) 

This is given to be equal to 2SS0 (»!) 

Therefore, we get (n + l)(n + 2) = 2550 

or, n 2 + 3n - 2548 = 0 

This is a. quadratic equation in n. Its roots are 

-3±n/ 9 + 4 x 2548 
n ss — 


-3 ± 101 
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a 49 or — 52. 

Of these two values of n, the second is ruled out because, we do not speak of n! when n 
is negative. Therefore n — 49. 

Explanation : Note the importance of brackets in expressions like (n-4 2)1, 2550(n(), etc. 
When the brackets are removed, n + 2! means n + (1 x 2). 2550nt gives room for a doubt 
that the factorial may be taken for 2550n. 

Example 12.7 
Find the value of • 

Solution 


10 ! 

5151 ” 


1-2-3-4-5-6-7-8-9-10 


1-2-3-4-5-1-2-3-4-5 


7-8-910 

4-5 


7-4-9 = 252 


Remark 

Expressions of the form that is, of the form r j| will be frequently met in 

later sections. 


EXERCISE 12.2 


1. Compute ^|. 

2. Which of the following are true? 

5(4!) « (5 x 4)! 

(2 + 3)! = 2! + 3! 

(2 x 3)! » 2! x 3! 

3 ‘ If A + A " ITT' find x - 

4. Find the LCM of the numbers 4!, 5! and 6!. 

5. If (n + 1)! = 12 ((n — 1)!] , find n. 

6. When n == 5 and r = 2, find the values of and 




are in the ratio 2:l f find the value of n. 



1-3-5.... (2n- 1)2". 


8. Prove that 
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331 


9. Prove the inequalities (nl) a < n".nl < (2n)l for all positive integers ». 

10. Convert into factorials: (i) 4-5-6-7-8-91011, (ii) 2-4-6-810 

11. If (n + 2)1 = 20(nl), find n. 

12. Prove that there are exactly 41 numbers between 1000 and 10000 that contain the 
digits 1,3,5 and 7. 

13. Prove that 331 is divisible by 2 15 . What is the largest integer n such that 331 is 
divisible by 2”? 

14. Prove that n! -4- 1 is not divisible by any number between 2 ahd n. 

12.4 Permutations 

The word permutation means ‘any of the ways in which a set of objects can be arranged’. 
For example, consider the set { pen, chair, teacher}. Then “chair, pen, teacher” is a 
permutation of this set. "pen, chair, teacher” is another permutation, “teacher, pen, 
chair” is one more permutation of this set. Note that the order of arrangement is taken 
into account; when the order is changed, a different permutation results. 

Example 12.8 

Write down all the permutations of the set of three letters A, B, C* 

Solution 

The desired permutations are: 


A 

B 

C 

A 

C 

B 

B 

C 

A 

B 

A 

C 

C 

A 

B 

C 

B 

A 


i.e., there are six permutations. 

Example 12.9 

Write down all the permutations of the English vowels A, E, 1, O, U taken three at a 
time, and starting with A. 
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Solution 

The desired permutations are: 

A E I 
A E O 
A E U 
A I O 
A I U 
A O U 
A I E 
A O E 
A U E 
A O l 
A U I 
A U O 

i.c., there are 12 such permutations. 

A Notation: In example 12.8, we find that there are six permutations, on a set of three 
letters, taken all at a time. We denote this fact by 

P(3,3) = 6 

In example 12.9, we find that there are 12 permutations, on a set of five letters, taken 
three at a time, starting with A. There will be 12 such permutations starting with E, 
and so on. Totally, there are 60 permutations on a set of 5 letters, taken 3 at a time. We 
denote this fact by 

P(5,3) = 60 

More generally, if n and r are integers such that 1 < r < n, the symbol P(n,r) denotes 
the number of permutations of n elements, taken r at a time. 

Theorem 12.1 
Let 1 < r < n. Then 

P(n, r) = n(n-l)(n-2)...(n-r+l) 

Explanation: When r = 1, the expression in the right side is interpreted as n. When 
r = 2, it is interpreted as n(n — 1). This is because it means the product of all integers 
between n and (n — r 4- 1). 

Proof of the Theorem: While arranging n objects taken r at a time, the first position 
can be filled by any one of the n objects. This can be done in n ways. The second 
position can be filled by any one of the remaining n — 1 objects. This can be done in 
n — 1 ways and so on. Finally, the rth position can be filled in n — r 4* 1 ways, because 
after filling up the previous r — 1 positions, exactly n - (r — l)=n- r + 1 objects remain. 
After filling up the rth position, we are through in arranging r objects. 

By. the fundamental principle of counting, the total number of ways of arranging r 
objects from n objects is n(n — 1) ... (n — r 4- 1). Thus 

P(n, r) = n(n - 1) . . . (n - r + 1) 
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Restatement: Let 1 < r < n. Then 


P(n,r) = 


nl 


Proof : Noting that n! = 1*2 (n — 1 ) n 

and (n — r)! = 1*2 (n — r — l)(n — r), 

we observe that many factors are common to both the numerator and the denominator 
°f . After cancelling them, = (n - r + l)(n — r 4- 2) ... n. 

This is the same expression for P(n, r) obtained in the above Theorem. 

Explanation: When r = n, (n - r)! = 01 = 1 and therefore P(n,n) * nl. This can also 
be derived directly from the theorem. 

Corollary: P(n,n) = n! 

Remark 

The formula P(n, n) = n! is easily verified in some particular cases. We have already seen 
that P( 3, 3) = 6 and P(5, 5) = 120, whereas we already know that 3! = 6 and 5! = 120. 

Remark 

When r > n, we do not talk of P(n, r). Because, we cannot arrange more objects, taken 
from less number of objects. So also, in our formula , there is no sense when 

r > n, because factorial of a negative number is not defined. 

Formulae to Remember 


When 1 < r < n, 


P(n,r) = n(n - 1) . . . (n — r + 1) = ^ 
P(n,n) = n\ 


Remark 

When r = 0, some meaning can be attached to P(n,r). In fact P(n,0) should be 
the number of permutations of n objects taken 0 at a time. There is only one such 
permutation, taking nothing at all. Therefore P(n, 0) = 1. Note that this is in conformity 

with the formula P(n, r) = ^ 

Example 12.10 
Find the value of P( 4, 3). 
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Solution 

We know P(n, r) = n(n - 1) . . . (n - r + 1) 

Here n = 4,r = 3,n — r 4- 1 = 4 — 3 + 1= 2 
P(n,r) = 4-3-2 = 24 

Example 12.11 
If2P(5,3) « P(n, 4), find n. 

Solution 

Note that 2 x P( 5, 3) = 2 x 5 x 4 x 3 

= 2x3x4x5 = 51 

Hence, P(n,4) = 5!, 

i.e. n(n — l)(r» — 2)(n - 3) = 5 x 4 x 3-x 2 


This shows (as n is a natural number) that n = 5. For,- if n € N, n > 6, the left hand 
side is greater than the right, n cannot be 0, 1, 2, 3. If n = 4 the left hand side is less 
than the right. So n = 5. 


EXERCISE 12.3 

1. Prove that P(n, n) = 2 P(n, n — 2) 

2. Prove that P(10,3) = P(9,3) + 3P(9,2) 

3. Prove that P(n, r) = P(n — 1 , r) + rP(n — 1, r — 1) 

4. Prove that if r < s < n, then P(n,s) is divisible by P(n,r). 

5. If P(5, r) = 2P(6, r - 1), find r. 

6. If 5P(4,r) = 6P(5,r - 1), then find r. 

7. If P(5,r) = P(6,r — 1), prove that r = 4. 

8. If P( ll,r) = P(12,r — 1), find r. 

9. If P(n - 1,3) : P(n,4) = 1 : 9, find n. 
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12.5 Practical Problems on Permutations 
Example 12.12 

It is required to seat 5 men and 4 women in a row so that the women occupy the even 
places. How many such arrangements are possible? 

Explanation: In the row of 9 positions, the second, fourth, sixth and the eighth are the 
even places. 

Solution 

There are exactly four even places, and exactly 4 women to occupy them. Therefore, 
these even positions can be filled in P(4,4) ways (ways of arranging 4 women in 4 
positions). The remaining 5 positions can be filled up by the 5 men in P(5,5) ways. 
Therefore, by the fundamental principle of counting, the number of seating arrangements 
as required, is P(4, 4)-P(5, 5) = 4!. 5! = 24 x 120 = 2880. 

Example 12.13 

How many three-digit numbers are there, with no digit repeated? 

Solution 

There are as many such numbers as there are permutations of the ten digits 0, 1, 2, 
3, 4, 5, 6, 7, 8, 9, taken three at a time, with the condition that 0 is not in the left-most 
position. This is P(10,3) — P(9,2) because, P(10, 3) js the number of all permutations 
of the ten digits taken three at a time, and P( 9, 2) is the number of such arrangements 
with 0 in the left-most position and therefore disallowed. 

Explanation: When 0 is in the left-most position, the other 9 digits are to be arranged 
in the other two positions. 

P(10, 3) — P(9, 2) = 10x9x8-9x8 = 648 

Explanation: You may ask, ( Why don’t we do this problem directly by the fundamental 
principle of counting?’ The hundred’s place can be filled by any one of the nine non-zero 
digits from 1 to 9. The ten’s place can be any one of the nine digits, except the one 
that is in the hundred’s place. The unit’s place can be any one of the remaining 8 digits. 
Therefore, the answer is 9 x 9 x 8. Do you see that we get the same answer? 

It is interesting to note that a single problem can be done in many ways, arriving at 
the same answer. Here is one more method: The three-digit numbers without repeated 
digits are of three kinds: First, those that do not contain zero. There are P(9, 3) numbers 
of this kind. Next, those that contain 0 as the middle digit. Since the other two places 
are to be filled by the other 9 digits, there are P(9, 2) numbers of this kind. Lastly, those 
that contain 0 in the unit’s place, and there are P(9, 2) numbers of this kind. 

Therefore, there are P(9, 3) 4- P(9, 2) -I- P(9, 2) numbers. Do you see that this also gives 
the same answer 648? 
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Example 12.14 

There are 6 items in column A and 6 items in column B. A student is asked to match each 
item in column A with an item in column B. How many possible (correct or incorrect) 
answers are there to this question? 

Solution 

Each answer to this question is an arrangement of the 6 items of column B so as to 
correspond to the given arrangement of items in column A. Therefore, there are as many 
answers as these are permutations of 6 objects. Hence, our answer is P( 6, 6) = 6! = 720. 


EXERCISE 12.4 


1. There are 3 different rings to be worn in four fingers with at most one in each finger. 
In how many ways can this be done? 

2. In how many ways can five children stand in a queue? 

3. Four books, one each in Chemistry, Physics, Biology and Mathematics, are to be 
arranged in a shelf. In how many ways can this be done? 

4. Ten students are participating in a race. In how many ways can the first three prizes 

be won? 

( 

5. Four letters E, K, S and V , one in each, were purchased from a plastic warehouse. 
- How many ordered pairs of letters, to be used as initials, can be formed from them? 

6. How many words, with or without meanings, can be formed using all the letters of 
the word EQUATION, using each letter exactly once? 

7. How many four-digit numbers are there with distinct digits? 

8. In an examination hall, there are four rows of chairs. Each row has 8 chairs one 
behind the other. There are two classes sitting for the examination, with 16 students 
in each class. It is desired that in each row, all students belong to the same class 
and that no two adjacent rows are allotted to the same class. In how many ways can 
these 32 students be seated? 

9. How many three-digit numbers are there, with distinct digits, with each digit odd? 

10. FVom among the 36 teachers in a school, one principal and one vice-principal are to 
be appointed. In how many ways can this be done? 
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12.6 Permutations under Certain Conditions 

In actual life, the problems of counting the number of arrangements do not always occur 
in the simplest form. Sometimes, repetitions are allowed in the arrangements. Some- 
times, distinctions between some of the objects are ignored. Sometimes, certain distinct 
arrangements are considered to be the same for other reasons. Let us see some examples. 

Example 12.15 

A child has plastic toys bearing the digits 2,2 and 5. How many three-digit numbers 
can he make, using them? 

Solution 

Let us list all the possible numbers that can be formed using all the three toys. They 
are 225, 252 and 522. Therefore, the answer is three. 

Explanation : Even though there are 3 toys to be arranged, the number of arrange- 
ments here is less than P( 3,3). This is because two of these three toys are considered 
indistinguishable. 

Example 12.16 

There are five round stickers. 3 of them are red and the other 2 green. It is desired to 
make a design by pasting them in a row. How many such designs are possible? 
Explanation: There are P( 5, 5) arrangements of these 5 stickers. But since the stickers 
are distinguishable only by their colour, many arrangements may give the same design. 
How many permutations corresponds to one design? Let us take the design RRGRG 
(meaning red, red, green, red, green). Let the stickers be named Red 1, Red 2, Red 3, 
Green 1, Green 2. Then each of the following permutations corresponds to the design 
RRGRG. 


Red 1 

Red 2 

Green 1 

Red 3 

Green 2 

Red 1 

Red 3 

Green 1 

Red 2 

Green 2 

Red 2 

Red 3 

Green 1 

Red 1 

Green 2 

Red 2 

Red 1 

Green 1 

Red 3 

Green 2 

Red 3 

Red 1 

Green 1 

Red 2 

Green 2 

Red 3 

Red 2 

Green 1 

Red 1 

Green 2 

Red 1 

Red 2 

Green 2 

Red 3 

Green 1 

Red 1 

Red 3 

Green 2 

Red 2 

Green I 

Red 2 

Red 3 

Green 2 

Red 1 

Green 1 

Red 2 

Red 1 

Green 2 

Red 3 

Green 1 

Red 3 

Red 1 

Green 2 

Red 2 

Green 1 

Red 3 

Red 2 

Green 2 

Red 1 

Green 1 


All these twelve permutations correspond to the design 

Red Red Green Red Green 
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Solution 

There are 5! =120 permutations of the five stickers. To each design, there are 12 
permutations. Therefore there are ^ = 10 designs. 

These two examples illustrate the following: 

Theorem 12.2 

If there are n objects, of which m objects are of one kind, and the remaining n— m objects 
are of another kind, then the total number of (mutually distinguishable) permutations 
that can be formed from these is 

n\ 

m!(n — m)! 


Explanation; In Example 12.15, there are 3 toys, so n = 3. Of these two are of the 
same kind. Therefore m = 2, our answer was 3. Also, g)'! “ 2”xT == ^ * 

In example 12.16,there are 5 stickers. So n = 5. Of these three are red. Therefore, 
m as 3. Our answer was 10. Also, 

5! 120 

31(5 — 3)1 ~ 6 x 2 “ * 

Here the denominator 3! (5-3)! = 12 is the number of permutations corresponding 
to one design. 


Proof of Theorem 12.2: We know that there arc n! permutations, when all the n objects 
are treated distinct. But now m objects are treated to be of the same kind, and all the 
remaining to be of another kind. 

Fix one particular permutation. If we re-arrange the m objects of the first kind 
among themselves, and the remaining n — m objects among themselves, the resulting 
permutation is to be treated as same as the one already fixed. There are m!(n — m)! 
such. 

Thus to each permutation in the collection of n! permutations, there are m!(n — m)! 
treated as same as that. Therefore there are 


a/ permutations, mutually distinct. 

m!(n — m)! 


We state without proof, a more general result. 

Theorem 12.3 

Let Pi 4- Pa + • • • +p r = n. Let pi objects be of the first kind, p 2 objects be of the second 
kind, . . . and p r objects be of the rth kind. Then the number of permutations of these n 

The next theorem is merely a reformulation of the above, but considered in a different 
type of situation. 
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Theorem 12.4 

Suppose there are r objects to be arranged, allowing repetitions. Let further pi ,pj, . . . ,Pr 
be the integers such that the first object occurs exactly pi times, the second occurs exactly 
P 2 times, etc. Then the total number of permutations of these r objects subject to the 
.above condition is 

(Pi +P2+-- + IV)! 

Pi!p2!...p r ! 

We omit the proof of this also. 

Theorem 12.5 

The number of permutations of n different objects, taken r at a time, when repetitions 
are allowed, is n r . 

Proof: The first place can filled up by any one of the n objects. There are n ways to do 
so. 

The second place can be filled up by any one of the n objects because repetition is 
allowed. There are n ways to do this. 

Thus there are n x n = n 2 ways to fill the first two positions. 

Similarly, one proves that there are ways to fill up the first r positions. 


Circular Permutations 

Hitherto, we were considering the arrangements of objects in a line. Suppose we consider 
arrangements of objects in the form of a circle, instead of a line. Then we speak of circular 
permutations. (The usual permutations are sometimes called linear permutations.) 
Suppose four numbers 1, 2, 3, 4 are to be arranged in the form of a circle. 


2 



Fig 12.3 

One such arrangement is shown in the figure. t This arrangement is read in the 
anticlockwise direction, starting from any point. Thus it may be read as 1234 or 2341 or 
3412 or 4123. Thus these four usual permutations correspond to one circular permutation. 
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It is natural to expect that the number of circular permutations is less than the number 
of usual (linear) permutations in all nontrivial cases. 

Theorem 12*6 

The number of circular permutations of n different objects is (n — 1)!. 

Proof: Each circular permutation corresponds to n linear permutations depending on 
where (out of the n positions) we start. Since there are exactly n! linear permutations, 
there are exactly ~ circular permutations. This number is the same as (n — l)t . 

Example 12.17 

In how many ways can 8 students be seated in (i) a circle, (ii) a line? 

Solution 

The eight students can be seated in a circle in (8 — 1)! = 7! = 5040 ways. They can be 
arranged in a line in 8 f = 40320 ways. 


Example 12.18 

How may permutations of the letters of the word APPLE are there? 


Solution 

Here there are 5 letters, two of which are of the same kind. The others are each of its 
own kind. Therefore the required number of permutations is 


5! 120 

2HI1I1! ~ 2 


= 60 


Example 12*19 

How many words can be formed using the letter A thrice, the letter B twice and the 
letter C once? 


Solution 

The six letters given are A, A A, B, B, C. The number of their permutations is 


6 ! 

3I2I1! 


= 60 


Example 12.20 

In how many ways can 5 children be arranged in a line such that 

(i) two of them, Ram and Shyam, are always together ? 

(ii) two of them, Ram and Shyam, are never together? 
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Solution 

(i) Temporarily, forget Shyam. Consider the other four children. They can be arranged 
in 4! **= 24 ways. For each such arrangement, Shyam can be placed adjacent to Ram, 
in two ways, left or right. Therefore, there are totally 24 x 2 * 48 ways of arranging 
as required. 

(ii) Among the 5! = 120 permutations of 5 children, there are 48 in which Ram and 
Shyam are together. In the remaining 120—48 = 72 permutations, Ram and Shyam 
are never together. 

Example 12.21 

If all permutations of the letters of the word AGAIN are arranged as in a dictionary, 
what is the fiftieth word? 

Explanation: The first word is AAGIN 

The secoiid word is AAGNI 

We need not write down the full list to find out the fiftieth word. 

Solution 

Starting with the letter A, and arranging the other four letters, there are 4! = 24 words. 
These are the first 24 words. Then starting with G, and arranging A, A, I and N in 
different ways, there are jfjjyy = ?£ = 12 words. Next, the 37th word starts with I. 
There are 12 words starting with I. This accounts up to the 48th word. The 49th word 
is NAAGI. The 50th word is NAAIG. 


EXERCISE 12.5 

1. There are three blue balls, four red balls and five green balls. In how many ways can 
they be arranged in a row? 

2. In how many ways can the letters of the word PENCIL be arranged so that N is 
always next to E? 

3. Three boys and three girls are to be seated around a table in a circle. Among them, 
the boy X does not want any girl neighbour and the girl Y does not want any boy 
neighbour. How many such arrangements'are possible? 

4. The principal wants to arrange 5 students on the platform such that the boy SALIM 
occupies the second position and such that the girl SITA is always adjacent to the 
girl RITA. How many such arrangements, are possible? 

5. When a group photograph is taken, all the seven teachers should be in the first row 
and all the twenty students should be in the second row. If the two corners of the 
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second row are reserved for the two tallest students, interchangeable only between 
them, and if the middle scat of the front row is reserved for the principal, how many 
arrangements are possible? 

6. How many even numbers are there with three digits such that if 5 is one of the digits, 
then 7 is the next digit? 

7. A codeword is to consist of two distinct English alphabets followed by two distinct 
numbers from 1 to 9. For example, C A 2 3 is a codeword. How many such codewords 
arc there? How many of them end with an even integer? 

8. If there are six periods in each working day of a school, in how many ways can one 
arrange 5 subjects such that each subject is allowed at least one period? 

r 

9. Find the number of permutations of n different things taken r at a time such that two 
specified things occur together? 

10. If the different permutations of the word EXAMINATION are listed as in a dic- 
tionary, how many items are there in this list before the first word starting with 
E? 


12.7 Combinations 

On many occasions we are not interested in arranging, but only in selecting r objects 
from n objects. In other words, we do not want to specify the ordering of these selected 
objects. For example, a student may want to choose three books from his library at a 
time; a firm may want to recruit 5 of the 10 applicants for a position; an agency may 
want to select 10 out of 40 students, for awarding scholarships; and so on. In this section 
we study the methods of counting the number of ways of such selections. 

For instance, consider the question: In how many ways can two persons be selected 
out of four persons? Let A, B, C, D be the four persons. We want to choose two of them. 
We may choose either A, B, or A, C or A, D or B, C or B, D or C, D. Note that we do 
not list B, A separately here because it is the same as the choice A,B. Thus there are six 
ways of selecting 2 persons out of 4 persons. 

Notation: We denote the above fact by writing C( 4, 2) = 6. This means them are exactly 
6 ways of selecting 2 objects from 4 objects. More generally, C(n,r) denotes the number 
of ways of selecting r objects from n objects. This makes sense only when r £ n. 

It is also customary to denote C(n,r) alternatively by (^) or by n C T . 

When we select r objects from n objects, each such selection is called a combination. 
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Difference Between a Permutation and a Combination 

In a combination only selection is made; in a permutation, not only a selection is made, 
but also an arrangement is there in a definite order. 

In a combination, the ordering of the selected objects is immaterial. In a permutation, 
this ordering is essential. For example A,B and B,A arc same as combinations, but 
different as permutations. 

Usually {that is, except in trivial cases) the number of permutations exceeds the 
number of combinations. For instance, C( 4,2)= 6 and P(4,2) = 12. The trivial case is 
when r = 0 or 1. We have C(n,0) = 1 = P(n, 0) and C(n, 1) = n = P(n, 1). 

In higher mathematics, you will see the combinations C(n, r) occur more often than 
the permutations. 

Each combination corresponds to many permutations. For example, the six permu- 
tations 12 3, 13 2, 231,21 3, 312 and 3 2 1 correspond to the same combination 
12 3 

Formula for C(n,r); We have already obtained in section 1 2.4 a formula for P(n,r) 
namely, 

P(n,r) = n(n - l)(n - 2) . . . (n - r + 1) = 

Now we obtain a similar formula for C(n, r). 


Theorem 12.7 

Let n and r be non-negative integers such that r < n. Then 


C(n,r) 


n! 

rl(n-r)!' 


Proof: For each selection of r objects from n objects, the selected r objects can be 
arranged in P(r, r) ways. We know P(r, r) = r! .Thus for each combination counted in 
C(n r r), there are r! permutations counted in P(n, r). Therefore 


C(n,r) 


n! 

rl(n — r)! 


Explantion: Sometimes, it is easier to apply it in the form 


C(n,r) = 


n(n - 1) . . . (n — r + 1) 
1-2-3.... r 


This is obtained from the above formula by cancelling out (n — r)! in the denominator 
with the factors 1, 2, . . . , n — r in the numerator. In order to remember this formula, 
it is good to note that the numerator is the product of r factors, starting from n and 
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decreasing one by one, whereas the denominator has the same number of factors starting 
from 1 and increasing one by one. 

Next, the formula " r y j requires an explanation when r = n. Then (n — r)! 

becomes 0! As already mentioned in sect ion 12.2, the value of 0! is 1 . 

Thus, C(n,n)~ -yjp =1. It is also seen that there is exactly one way of selecting n objects. 
This gives one more instance to show the consistency of taking 0! as 1. 

The formula makes sense even when r = 0; we get C(n,0) = 1. 

Theorem 12.8 

Let 0 < r < n. Then C(n,r) = C(n,n - r). 

Proof : C(n,n — r) = ’ / 

( n - r)!(n - (n - r»! 

n! 

(n - r)!r! 

= C(n,r) 

Explanation: This theorem simplifies the calculation of C(n,r) when r is large. For 

instance, if we want to calculate C(10,9), this theorem says that 

C(10, 9) = C(10, 10 — 9) = C(10, 1). It is easier to compute C(10, 1) as 10. 

The Theorem can be restated as follows: 

If p and q arc non-negative integers such that p 4- <7 = n, then C(n,p) = C(n,q). 


Theorem 12.9 

Let n und r be non-negative integers such that r < n. Then 
C(n,r) 4- C(n,r - 1) = C(n 4- l,r). 


Proof : C(n , r) 4- C(n, r — 1) 


Remark 


n! n! 

r!(n - r)! + (r — l)!(n - r -I- 1)! 


n! 

r!(n — r + 1)1 
n!(n 4-1) 
r!(n - r 4- 1)! 
C(n4- l,r). 


[(n — r 4“ 1 ) 4- r] 

= ( n + ! ) ! 
r!(n 4“ 1 — r)! 


, Such identities are called combinatorial identities. They can be alternatively proved by 
combinatorial arguments also. These proofs will be indicated in section 12.9. 
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Example 12.22 
If C(n, 7) = C(n, 5), find n. 

Solution 

We know that if p and g are non-negative integers such that p + q = n f 
then C(n,p) = C(n,g). Here taking p = 7 and q = 5, it follows that 

C(12,7) = C(12,5) 


Therefore, n = 12 is our answer. 

But this method does not answer the question. Are there other values of n satisfying 
C(n, 7) = C(n, 5)? In fact, there is no other. This can be argued as follows: 

The given equation C(n, 7) = C(n,5) means • This gives 

7!(n — 7)! = 5!(n — 5)! 

After cancelling the factors common to both sides, this gives 6x7= (n — 6)(n -“5). This 
yields the quadratic equation n 2 - lln — 12 = 0. Its roots are n = 12 and n = — 1. In 
this problem n should be non-negative. Therefore, n = 12 is the only solution. 

Example 12.23 

Prove that nC(n - l,r — 1) = (n — r + l)C(n, r -* 1) for all 1 < r < n. 

Solution 

Left hand side = nC(n — 1 , r — 1) 

n(n — 1)! 

= (r-l)!((n- l)-(r-l))! 

_ n! 

(r - l)!(n - r)! 

Right hand side = (n — r 4- 1 )C(n, r - 1) 

(n — r+l)n! 

(r — l)!(n — r 4- 1)! 
n! 

(r - l)!(n - r)! 

Thus both sides are found to be equal to the same quantity. 

EXERCISE 12.6 


1. Calculate C(10, 8). 

2. Verify the equality 2C(7,4) = C(8,4). 

3. Similar to the above problem, do we have 2C(8,4) = C(9,4)? 

4. If C(n, 8) * C(n,6), find C(n,2). 
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5. If the ratio C(2n, 3) : C(n, 3) is equal to 11:1, find n. 

6. Prove that C(2, 1) + C{ 3, 1) + C( 4, 1) = C(3, 2) + C(4, 2). 

7. Prove that ^PC(5,r) = 31. 

r=l 

8. Prove that 1 + C(3, 1) + C(4, 2) = C(5, 3). 

12.8 Practical Problems on Combinations 

In this section, we solve some problems in actual life where the formula for C(n,r) can 
be applied. 

Example 12.24 

In how many ways can 5 sportsmen be selected from a group of 10? 

Solution 

The required number is C(10, 5) = = 252. 

Example 12.25 

If there are 12 persons in a party, and if each two of them shake hands with each 
other, how many handshakes happen in the party? (Explanation: When two persons 
shake hands, it is counted as one handshake, not two. Therefore this is a problem on 
combinations, not permutations.) 

Solution 

The total number of handshakes is the same us the number of ways of selecting 2 persons 
from among 12 persons. This is C(12,2) — 

Example 12.26 

A student has to answer 10 questions, choosing at least 4 from each of Part A and Part 
B. If there are 6 questions in part A and 7 in Part B, in how many ways can the student 
choose 10 questions? 

Explanation: In this problem, after choosing 10 questions, the student may answer them 
in any order. We do not want to count the number of these arrangements of the chosen 
10 questions. We want to count only the number of ways of choosing them. 

Solution 

The possibilities are: 

4 from Part A and 6 from Part B 
or 5 from Part A and 5 from Part B 
or 6 from Part A and 4 from Part B 
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Therefore the required number of ways is 
0(6, 4)C(7, 6) + C(6, 5)C(7, 5) + C(6, 6)C(7, 4) 

6x5 7 6 7x6 7x6x5 

1x2 X 1 + 1 X 1x2 + 1x2x3 
= 105 + 126 + 35 = 266 

Explanation : Here we have used 0(7,0) = C(7, 1) etc. 


EXERCISE 12.7 

1. FYora a class of 32 students, 4 arc to be chosen for a competition. In how many ways 
can this be done? 

2. A question paper has two parts, Part A and Hart B, each containing 10 questions. If 
the student has to choose 8 from Part A and 5 from Part B, in how many ways can 
he choose the questions? 

3. A boy has 3 library tickets and 8 books of his interest in the library. Of these 8, he 
does not want to borrow Chemistry Part II, unless Chemistry Part I is also borrowed. 
In how many ways can he choose the three books to be borrowed? 

4. A sports team of 11 students is to be constituted, choosing at least 5 from class XI 
and at least 5 from class XII. If there are 20 students in each of these classes, in how 
many ways can the teams be constituted? 

5. Prom a class of 25 students, 10 are to be chosen for an excursion party. There are 
3 students who decide that either all of them will join or none of them will join. In 
how many ways can they be chosen? 

6. FYom a class of 12 boys and 10 girls, 10 students are to be chosen for a competition, 
at least including 4 boys and 4 girls. The 2 girls who won the prizes last year should 
be included. In how many ways can the selection be made? 

7. In a village, there are 87 families, of which 52 families have atmost 2 children. In a 
rural development programme, 20 families are to be helped chosen for assistance, of 
which at least 18 families must have atmost 2 children. In how many ways € an the 
choice be made? 

8. If 20 lines are drawn in a plane such that no two of them are parallel and no three 
are concurrent, in how many points will they intersect each other? 

9. How many different products can be obtained by multiplying two or more of the 
numbers 3,5,7,11 (without repetition)? 

10. In a certain city, all telephone numbers have six digits, the first two digits always 
being 41 or 42 or 46 or 62 or 64. How many telephone numbers have all six digits 
distinct? 
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12.9 Combinatorial Identities and Arguments 

There are certain identities or equations involving the symbols P(n, r) and C(n,r ). Here 
we list some of them, ineluding the ones that we have already seen: 

1. P(n,r) — r\C(n t r) 

2. P(n,n) = P(n,n - 1) 

3. P(n,n) =■■ nP(n — l,n — 1) 

4. (n + l)P(ri,r) — (n - r 4 l)P(n 4* l,r) 

5. P(n t n) = r\P{n,n — t) 

6. P(n, r) = P(n — 1 , r) 4* rP(n - 1 , r - I) 

7. C(n,r) + C(n f r-l)*C(n + l f r) 

8. rC(n, r) = nC(n — 1, r - 1) 

9. C(n, r) = C(ti, ti - r) 

10. C(n, 0) 4- 6>, 1) + C(n, 2) + . . . + C(n, n) = 2 n 

All these can be proved, using the formulae for C(n,r) and P(n,r). 

But many of them can be proved by other arguments as well. Let us see some 
examples. 

Example 12.27 

Prove that P(n, r) = P(n — 1, r) -f rP(n — 1, r — 1). 

Solution 

Consider n objects, out of which r are to be taken and arranged. Among these n objects, 
fix one of them for the present, and consider the two cases: those permutations in which 
this fixed object is not taken, and those in which it is taken. 

(There are exactly P(n — l,r) permutations of the first type. We shall prove that 
there are rP(n — l,r — 1) permutations of the second type. Now r every permutation of 
tjie second type contains the fixed object at some position. How many of them have this 
fixed object as the first position? There are exactly P(n — l,r — 1) of them. Similarly, 
there are exactly P(n — 1, r — 1) permutations in which this fixed object is in the second 
position. 
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Thus proceeding, since there are exactly r positions, we obtain that there are exactly 
rP(n — 1, r — 1) permutations of the second type. Thus among the P(n,r) permutations 
of n objects, taken r at a time, there are P(#i - 1, r) that are of the first type, and 
rP(n — 1, r — 1) that arc of the second type. Therefore 
P(n, r) — P(n - 1, r) *f rP(n — 1, r — 1). 

Example 12.28 

Prove that C(n,r) = C(n f n — r). 

Solution 

For each way of our choosing r objects Put of the given n objects, imagine that there is an opponent 
who chooses the remaining n- r objects out of n objects. We notice that each choice of n~ r objects 
out of n objects, can arise in this way. Therefore there are as many ways of (our ) choosing r objects 
out of n objects, as there are ways of (opponent's) choosing (w - r) objects out of n objects 
Therefore C(w, r) - (\n, n - r). 

Example 12.29 

Give a set-theoretic argument to prove C(n, r) = C(n t n — r). 

Solution 

Let A be the set {1 , 2, 3, . . . , n}. How many subsets of A are there, containing exactly 
r elements? This number is precisely C(n,r). 

Whenever B is a subset of A having r elements, it is true that the complement A—B 
is a subset of A having n — r elements where A — B means the set of those elements of 
A which are not in B . 

Also, every subset of A having n~ r elements is from A - B where B is a subset of A having 
r elements. 

Thus the number of subsets of A having r elements is the same as the number of 
subsets of A having n — r elements. 

In other words, C(n, r) = C(n, n - r). 

Example 12. SO 

Prove by combinatorial argument that 

C(n -h 1 , r) = C(n, r) + C(n, r - 1) 


Solution 

Consider all possible choices of r objects from a given collection of n 4- 1 objects. There 
are C(n + 1, r) such choices. 

Now fix one object, say A and u$e it to divide these choices into two types: Those 
that include A arc of the first type, those that do not include A are of the second type. 
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Every choice of first type, includes A and r — 1 other elements chosen from the n 
objects that are other than A. Thus there are C(n, r — 1) choices of first type. 

Every choice of second type, has r elements chosen from the n objects that are other 
than A. Thus. there are C(n t r) choices of the second type. 

Summing the two, there are C(n y r) 4- C(n,r - 1) choices of both the types. This 
proves that C(n4 l,r) must be equal to this number. 


EXERCISE 12.8 

Give combinatorial arguments for the following identities: 

1. P(n, n) =s P(n,n - 1). 

(Hint: For each permutation of n objects taken all at a time, a permutation of 
n objects, taking n — 1 at a time, can be associated by omitting the last object. 
Conversely, each permutation of n objects, taken n — 1 at a time, determines a unique 
permutation of n objects, taken all at a time, obtained by adding the omitted object 
at the end.) 

2. P(n y n) = n P(n - 1 , n - 1 ) . 

(Hint: Fix an object A from among the given n objects. Every permutation on 
these n objects is uniquely determined by a permutation on the n - 1 objects that 
are other than A and by the position of A therein.) 

3. C(n,r)P(r,r) = P(n,r). 

(Hint: Every permutation of n objects, taken r at a time is uniquely dt termined by 
first choosing r objects out of these n objects and then by arranging these r objects.) 

4. P(n, n) = P(r, r)P(n, n - r). 

(Hint: Fix r objects among the given n objects. Kvery permutation of n objects is 
determined by first choosing the r blank spaces from among n of the blank spaces, by 
next arranging the fixed r objects in these r blank spaces, and then by arranging the 
remaining n — r objects in the remaining n - r blank spaces. Also, use the previous 
identity.) 

5. rC(n,r) = nC(n - 1 ,r — 1). 

(Hint: Consider the number of ways of choosing r objects from n objects, and then 
choosing one of the already chosen r objects.) 

6. C(n, 0) + C(n, 1) 4 C(n, 2) 4 . . . 4 C(n, n) = 2 n . 

(Hint: Let A be a set having n elements. Then C(n,r) is the number of subsets of 
A having exactly r elements. Every subset is uniquely determined by answering the 
question for each of the n elements, whether that element is or is not in that subset.) 
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7. C(n, r)C(r, s) = C(n, s)C(n — s, r - >•). 

(Hint: First choose r objects from objects, and then choose 9 objects from the 
already chosen r objects.) 

8. (n — r)C(n,r) = (r 4- l)C(n,r + 1). 

(Hint: Each choice of r objects from n objects is obtained in n - r ways, by choosing 
r + 1 objects from n objects and then omitting one of them.) 

9. C(n,n) = 1. 

10. C(n, 2)= ^n(n — 1). 

11. Prove all the above identities by using the formulas for C’(ri, r) and / J (?i,r). 


MISCELLANEOUS EXERCISE ON CHAPTER 12 

1. In how many ways can a football team of 11 players be selected from 16 players? 
How many of these will 

(i) include 2 particular players? 

(ii) exclude 2 particular players? 

2. A committee of 5 is to be selected from amongst 6 boys and 5 girls. Determine the 
number of ways of selecting the committee if it is to consist of atleast one boy and 
one girl. 

3. In an examination, a student has to answer 4 questions out of 5 questions; questions 
1 and 2 are however compulsory. Determine the number of ways in which the student 
can make the choice. 

4. Find the number of diagonals of a hexagon. 

5. A polygon has 44 diagonals. Find the number of its sides. 
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x 2 4- f/ 2 — 2.x 4- 6?y - 40 = 0 


(iii) 

13a; 2 4- 13// 2 - 64a; 4-10 y - 332 = O 


(iv) 

x 2 4- y 2 4- 4a: 4- 6*/ — 12 = 0 

2. 

.00 

x 2 4- y 2 ~ ax — by = 0 


0>) 

x 2 -by 2 — 2 fix — 2ky = p 2 4 </ 2 — 2hp -■ 2A»v/ 

3. 

a; 2 y 2 

- 4a; — „2y — 20 = 0; (2, 1 ), 5. 

4. 

a; 2 -4- I/ 2 

— 4x — 6j; — 87 = 0 



EXERCISE 7.3 

1. 

(0 

2 2 
x — cos a, t/ = sin a 


00 

x = —1 4- 3 cos a , 2 / = 2 4- 3 sin o 


(iii) 

x = 4 cos or, j/ = — jjf *+■ ^ a 
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2. (i) 

x 2 + y 2 = 9; (0,0), 3 

00 

(i - o) 2 4- (y - b) 2 = c 2 ; (a, 6), c 

0*0 

(* — 7) 2 4- (</ 4- 3) 2 = 16; (7. -3), 4 

(iv) 

4x ~ y — 5 = 0 


EXERCISE 7.4 

1. x 2 4- y 2 — (p 4- r)x - (q + #)y + pr 4- </.« = 0 

2. x 2 + y 2 - 3x - 2y - 21 = 0 


EXERCISE 7.5 

1. (3, - 4) and (4. 3) 

—me ± \J a 2 (l 4- m 2 ) — c l c±m\J a' 2 (l 4- m 2 ) — c' 2 
* 1 4 - to 2 ’ 1 + tip 

3. (0,2) and (2,0) 

4. ±5 

EXERCISE 7.6 


I. 0) 

X 4- V = 2 

(ii) 

* 

1 

II 

o 

(Hi) 

3x 4- 4y = -25 

(iv) 

1 lx - 2y = 46 

(v) 

1 lx - 2y = 16 

(vi) 

4x 4- 3y 4- 6 = 0 

(vii) 

x cos a 4 -y sin a = a(l 4- cos a) 

3. a 2 (I 2 4- 

m 2 ) = » 2 


4. 2x + y ± 3\/5 = 0 


5. Jn/46 

6. 4 y/l 

8. y = afy^3±2\/3 


;o 2 (l 4-m 2 ) = c 2 
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EXERCISE 7.7 

1. x 2 4- y 2 — 4x + 2y + (5 - r 2 ) = 0, a; 2 + y 2 - Ax + 2y - 4 = 0 

2. a: 2 + y 2 + 8x — 4y 4- (20 — r 2 ) = 0, 2a: 2 + 2j/ 2 + 16a; — 8y — 41 =0 

3. x 2 + y 2 — 6a: + lOy + (34 — r 2 ) = 0, x 2 + y 2 — 6x + lOy + 9 = 0 

4. (i) 6** + 6y* - 44* + 43 = 0 

(ii) 23x* + 23y“ - 156* + 38 y + 168 - 0 

Qk-A? 

5. jc* + > J -(3*-4)x-2*y + + **-/* = 0 

4 

EXERCISE 7.8 

1. 3** + 3.V 2 - 14* + 23v- 15 = 0 

EXERCISE 8.1 

1. (a) (2,0), a: = - 2 (b) (0 ,|),y = -§ 

(c) (—3,0), a; = 3 (d) (0, -4,),v = 4 

2. (a) y 2 = -16a; (b) a; 2 = -8?/ (c) 2|/ 2 = 9a; 

3. (a) (l,J),(l,2),y= J,x = l 

( b ) (|. &)« (J 1 2 ]’ R’f = l 

( c ) ^ = ~ 3 ' * = 2 

4. (a) y 2 = 12a: - 36 (b) x 2 = 32 - 8 y 

(c) • 4a: 2 + 4xy + y 2 + 4a: + 32y +16 = 0 

EXERCISE 8.2 

1. (a) 10, 8, (±3,0), (±5,0), jj (b) 8 , 6, (±^7,0), (± 4, 0), 

(c) 2^2/2', (0,±1), (O.is/31, (d) 2, 1, (1 ± & 0), (2, O'), (0, 0), & 

2. (a) 9x 2 + 25y 2 = 225 (b) 100x 2 + 36y 2 = 3600 

(c) 25x 2 + 9y 2 = 225 (d) 7a: 2 + 15y 2 = 247 

(e) x 2 + 2 y 2 = 18 (f) 16x 2 + 7 y 2 = 688 

3. 3X 2 + 4y 2 — 36x = 0 

4. 9x 2 + 5y 2 = 180 
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EXERCISE 8.3 

1. (a) 6, 8, | , (±5,0), (±3,0) 

(b) 2^3, 2V5,yf, (±A 0),(± >/3.0) 

(°) yf> (±yi,o),(±-i-,o) 

2. (a) 24c* - 25 y* = 600 (b) 9x 2 - 7 y 2 - 343 = 0 (c) y 2 - a: 2 


3. 15x* t- y 2 = 15 

4. 2V / 3,8, 


5 


3. (2,4> 


5. yt = x + at 2 

6. § cos 0 + ^ sin 0 = 1 


7. y = 



(=F 


8. 24y = 30x±v / T6l 


EXERCISE 8.4 



Miscellaneous Exercise on Chapters 4, 5, 6, 7 and 8 


2. (7. 3), (-1,-1) 

3. p*(x* + v 2 ) * 4x 2 y* 

4. 3x + y + 7 *= 0 orx - 3> - 31 « 0 
7". x 2 + y 2 ± lOx — 8y + 16 = 0 

8. 4* + 3y + 19 - 0 and 4x + 3y - 31 * 0 

9. X s + y 2 — 16x — 18y — 4 = 0 

10. 4x* 4- y 2 — 4xy — 72x - 64y 4- 24 = 0 

11 . ( 1 ,§) 

13. 7x* - 2y* 4- 12xy - 2x 4- 14y - 22 = 0 
15. (W) 
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3. 


EXERCISE 9.1 


EXERCISE 9.2 

1. No, For example |2 4- 3i| = |3 4- 2i| but 2 4* 3i ^ 3 4- 2i 


Miscellaneous Exercise on Chapter 9 


5. (i) S4? 


11 10 ? 

0.) rj - jjr 


6 . 2 

7. 1 ~4/\ -1 4-1/ 

9. The relation — s/as/b^ assumed here, is valid only when a,b are nonnegative 
real jiinnljrrs. 


13. (a) 1 (l>) w 2 (c)l (?/)1 

3 

T 

2 V3 


is. (i) i? + 3 ~- 

17 17 


(ii) 


— i 
i 


16. (i) y|j - ^ (ii) — - yi 

17. (a) ±(J - 30 

00 ±0* - 3/') 

(c) ± (1 + Vli) 


EXERCISE 10.1 


1 . x 2 — 5.r 4-6 = 0 

2. (i) 

3. 4 


1 

3 


00 -iP 


(iii) 3$ 


4. 1,5 

5. a=4 

6. 10/ra 

7. Rs 180 

_ . , 5±V3 » 

8 . 2.3, — - — 

2 

9. ±a 


10 * i’l 

11. 10(n/2- 1)% 

12 . 5 

13. 3 arid 15 or —15 and —3 

14. -16 

15. § 

16. -1, 2 

17. 

18. 0, 3 
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EXERCISE 11.1 

1. a, = 33 , d = -4, 3. 19 4. cr - dr + dp -eg 5. 21,23,25 

4 

7. — 9. ° 10. 1150 11. 4,8 

5 


EXERCISE 11.2 

2. 6,9,12,15,18,21 3. -10 


EXERCISE 113 

-4 

1. 3, -6,12, -24 2. ±3 3 , a = — , r = 2 or a = 4, r = -2 4. 8,12,18 

8 . 26, 5, -16 or 2, 5, 8 

EXERCISE 11.4 


_ 2 . — 

19 3 

EXERCISE 11.5 


8 

4 — 

2 . — or 

17 

3. 2 

4. 

/if 

(,-i| 

9 

4 

TT 



\2 / 

\ 3* | 


EXERCISE 11.6 


2n(n+ 1 )( 2 *+ 1 ) 


1 


3 


2. w 2 (2w 2 - 1) 
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MISCELLANEOUS EXERCISE ON CHAPTER 11 

2. Converse is not true 

3. 6. 4. -4, -1,2 5. 852 6. 9 hours 7. Never 

31 

8. ± 3 9. 8, 16, 32 10. 2 M - 1 15. 6 17. 14 18. — 

48 

20. 12 21. 2, 4, 6, 8 22. — (4490 + 10-”) 


50 5w 2 2 

23. 4 24. (i) — (10" - 1) n, (ii)— n - — (1 - 10-") 

81 9 3 27 

2187 2 

25. 2187 or 26. 4,64 27. — 

5 9 

i 1 

28. (i) — n (« + 1) (n + 2) (n + 3) (ii) — n (n + 1) (n 4 2) (3» + 5) 


EXERCISE 12.1 


1 . 

120 

2. 

1944 

3. 

64 


4. 

648 

5. 

15600 

6. 

24 

7 6 

8. 

' 14 

9. 

31 

10. 

8 

11. 2560000 


EXERCISE 12.2 

1. 870 2. None of them is true. 3. x = 121 

4 . LCM is 6! 5. 3 6. 60 and 10 

7. 5 10 . (i) (ii) 2 s 5! 11. 3 13. 31 

3! 

EXERCISE 12J 

5. 3 6. 3 

8 . 9 9 . 9 
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&XERC1SE 12.4 


1 . 

24 

2. 

120 

3. 24 

4, 

720 

5. 

12 

6. 

P 

7. 45 16 

8. 

2(16!)* 


60 

10 , 

1260 





EXERCISE 12.5 


1. 

27720 2. 120 

3. 

4 4, 8 


5. 

181(1440) 6. 365 


46800; 20800 

8. 3600 

<>. 

2 w 1 1 (-<» . 2 . / -2) 

JO. 

007200 



EXERCISE 12.6 

1. 45 3. No 4. «1 5. 6 

EXERCISE 12.7 

I. UnoO 2. 11140 3. 41 

4. 2< (20, 51 ('(20, 6) 

5. 8171O0 

6. 104874 

7. CtS?.. 18) ( ' ( 15. 2! • < <52. 10)1(1.5. 1) * 052. 20) 

8. 100 0. n 10. 8400 

MISCELLAENEOUS EXERCISE ON CHAPTER 12 

1. 4168 <i) 2002 (in 364 2. 455 3. 3 4. 9 5. 11 












